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Chapter 10

Alternating Current Network
Theory

In this chapter we will study the properties of electronic networks propa-
gating sinusoidal currents (alternate currents/AC). In this case, voltage or
current sources produce sinusoidal waves whose frequency can be ideally
changed from 0 to co. The AC analysis of such circuits is valid once the
network is at the steady state, i.e. when the transient behavior (such as
that produced by closing or opening switches) is extinguished.

In general, if we have a sinusoidal signal (voltage, or current) applied
to a circuit having at least one input and one output, we will expect a
change in amplitude and phase at the output. The determination of these
quantities for quite simple circuits can be very complex. It is indeed im-
portant to develop a convenient representation of sinusoidal signals to
simplify the analysis of circuits in the AC regime.

10.1 Symbolic Representation of a Sinusoidal Sig-
nals, Phasors

A sinusoidal quantity (a sinusoidal current or voltage for example) ,
A(t) = Agsin(wt + ¢),

is completely characterized by the amplitude Ay, the angular frequency w,
and the initial phase ¢. The phase ¢ corresponds to a given time shift t* of
the sinusoid (wt* = ¢ = t* = ¢/ w).

3
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Figure 10.1: Sinusoidal quantity A(t) and its phasor representation A at
the initial time t = 0 and at time ¢.

We can indeed associate to A(t) an applied vector A of the complex
plane with modulus | A| = A > 0, rotating counter-clock wise around the
origin O, with angular frequency w, and initial angle ¢ (see figure 10.1).
This vector is called phasor.

The complex representation of the phasor is indeed!

A — Aoej(wH(P), i=v-1,

or
- : x = Agcos(wt + ¢)
A—x+]]/, { y:Aosin(wt+qo)

Extracting the real and the imaginary part of the phasor, we can easily
compute its amplitude Ag and phase ¢, i.e.

|A| = \/%[AP + S[A]? ¢ = arg [fq = arctan (;%D , (t=0)

and reconstruct the real sinusoidal quantity. It is worthwhile to notice that
in general, amplitude Ay and phase ¢ are functions of the frequency.

The convenience of this representation will be evident, once we con-
sider the operation of derivation and integration of a phasor.

1To avoid confusion with the symbol of the electric current 7, it is convenient to use
the symbol j for the imaginary unit.
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Figure 10.2: Ideal voltage and current generators symbols.

10.1.1 Derivative of a Phasor

Computing the derivative of a phasor A, we get

(Z—? = jwAe/ W) = jwA,

i.e. the derivative of a phasor is equal to the phasor times jw.

10.1.2 Integral of a Phasor

The integral of a phasor A is
b / 1 i(wt+9) i(wty+o) 1~
/ Adt' = — [Aoe] ?) — Agel'“ho 9"] = —A + const.,
to jw Jw

i.e. the integral of a phasor is equal to the phasor divided by jw plus a
constant. For the AC regime we can assume the constant to be equal to
zero without loss of generality.

Symbols for ideal sinusoidal voltage and current generators are shown
in figure 10.2.

10.2 Current Voltage Equation for Passive Ideal
Components with Phasors

Let’s rewrite the I-V characteristic for the passive ideal components using
the phasor notation. For sake of simplicity, we remove the arrow above the
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phasor symbol. To avoid ambiguity, we will use upper case letters to indi-
cate phasors, and lower case letters to indicate a generic time dependent
signal.

10.2.1 The Resistor

For time dependent signals, Ohm’s law for a resistor with resistance R is

o(t) = Ri(t).

Introducing the phasor I = Ipe/*! (see figure above), we get
o(t) = Rlpe/",

and in the phasor notation
V=RL

Note that in this case, the frequency and time dependence is implicitly
contained in the phasor current I.

10.2.2 The Capacitor

The variation of the voltage difference dv across a capacitor with capaci-
tance C, and due to the amount of charge dQ, is

_4Q
==,

If the variation happens in a time dt, and considering that

, d
i =2

dou
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we will have

w0 _ L, o o= L [0 +o00)

Introducing the phasor I = Ipe/! (see figure above), we get

t
o(t) = % /O Toe " dt’ + v(0),

Using the phasor notation and supposing that for ¢t = 0 the capacitor is
discharged, we finally get

10.2.3 The Inductor

The induced voltage v(t) of an inductor with inductance L, is

o) — L0

dt
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Introducing the phasor I = Ipe/*! (see figure above), we get

d .
—_7 = jwt
Z)(t) Ldt I()e ,

and in the phasor notation

V =jwLl

10.3 The Impedance and Admittance Concept.

Let’s consider a generic circuit with a port, whose voltage difference and
current are respectively the phasors V = Vpe/(@+®) and I = Iye/(«W!*¥),
The ratio Z between the voltage difference and the current

VW

j(o—1)
i I e .

Z(w)

is said to be the impedance of the circuit.
The inverse

is called the admittance of the circuit.
For example, considering the results of the previous subsection, the
impedance for a resistor, a capacitor, and an inductor are respectively

ZR = R, Zc(a)) = jCL)_C’ ZL(C(J) = ](UL,
and the admittances are
1 ) 1
YR = — Yc(w) = ]CL)C, YL(aJ) = —.

In general, the impedance and the admittance of a circuit port is a com-
plex function, which depends on the angular frequency w. Quite often
they are graphically represented by plotting their magnitude and phase .
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10.3.1 Impedance in Parallel and Series

It can be easily demonstrated that the same laws for the total resistance of
a series or a parallel of resistors hold for the impedance

Ziot =21+ Zr+ ...+ Zy, (impedances in series)

—+=—+..+ L, (impedances in parallel)
N

10.3.2 Ohm’s Law for Sinusoidal Regime

Thanks to the impedance concept, we can generalize Ohm’s law and write
the fundamental equation (Ohm’s law for sinusoidal regimes)

E— S—
I lout T

T
\A H ((.0) Vou
: :

Figure 10.3: Two-port network circuit representation. The Voltage differ-
ence signs and current directions are conventional.

A linear circuit with one input and one output is called a two-port net-
work (see figure 10.3).

To characterize the behavior of a two-port network, we can study the
response of the output V, as a function of the angular frequency w of a
sinusoidal input V;.

In general, we can write
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Figure 10.4: RC low-pass filter circuit.

where the complex function H(w) is called the transfer function of the two-
port network. The transfer function contains the information of how the
amplitude and the phase of the input changes when it reaches the out-
put. Knowing the transfer function of a two-port network, we characterize
completely the circuit?. The definition of H(w) suggests the way of mea-
suring the transfer function. In fact, exciting the input with a sinusoidal
wave we can measure the amplitude and the phase lead or lag respect to
the input of the output signal.

To graphically represent H(w), it is common practice to plot the mag-
nitude |H(w)| in a double logarithmic scale, and the phase arg [H(w)] in
a semilogarithmic scale for the angular frequency.

It is important to notice that it is not necessary to have an ideal sinu-
soidal generator to make the transfer function measurement. In fact, if the
input amplitude changes with the frequency the ratio between the output
will not change. The same is true for the phase, i.e. if the input phase
changes the difference with the output phase cannot change.

Let’s study three common two port networks, the RC low-pass filter,
the RC high-pass filter and the LCR series resonant circuit.

2A much deeper understanding of the transfer function , requires the concept of the
Fourier transform and the Laplace transform.
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Figure 10.5: RC low-pass filter circuit transfer function.

10.4.1 The RC Low-Pass Filter

Figure 10.4 shows the RC low-pass filter circuit. The input and the output
voltage differences are respectively®

1
Vin = ZinI:(R+_> I,

jwC
V. = Zoyul = 1 I
out — outt — ]a)C ’
and the transfer function is indeed
Vout 1
H = = , = RC.
(w) Vi 14 jTw B
or
1 1

) =1 Fo/ay O~ we

3V,ut as function of V;, can be directly calculated using the voltage divider equation.
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Computing the magnitude and phase of H(w), we obtain
I
V1+ T2w?
arg(H(w)) = —arctan (i)

wo

[H(w)| =

Figure 10.5 shows the magnitude and phase of H(w). The parameter
T and wy are called respectively the time constant and the angular cut-off
frequency of the circuit. The cut-off frequency is the frequency where the
output Vy, is attenuated by a factor 1/ V2.

It is worthwhile to analyze the qualitative behavior of the capacitor
voltage difference V,,; at very low frequency and at very high frequency.

For very low frequency the capacitor is an open circuit and Vp; is es-
sentially equal to V;,,. for high frequency the capacitor acts like a short
circuit and V,,; goes to zero.

The capacitor produces also a delay as shown in the phase plot. At very
low frequency the V,,; follows V;, (they have the same phase). The output
Vout loses phase (wt = ¢ = t = ¢@/w) when the frequency increases
the frequency V,,; starts lagging due to the negative phase ,p, and then
reaches a maximum delay due to a phase shift of —7/2.

10.4.2 The CR High-Pass Filter

Figure 10.6 shows the CR high-pass filter circuit. The input and the output
voltage differences are respectively

1
Vin = Zipl = (R+—) I

jwC
Vout :ZoutI: RI/

and indeed the transfer function is

- Vout o ij o
H(w) = Vo 14t = RC.
or ) .
H(w) = 70 Wy = 5=

1+ jw/wy ~ RC’
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Figure 10.6: CR high pass filter circuit

Computing the magnitude and phase of H(w), we obtain

Tw
H@| = e
arg(H(w)) = arctan (%)

13

Figure 10.7 shows the magnitude and phase of H(w). The definitions
in the previous subsection for T, and wg hold for the RC high-pass filter.
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Figure 10.7: CR high pass filter circuit transfer function.
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Figure 10.8: LCR series resonant circuit.

10.4.3 The LCR Series Resonant Circuit

Figure 10.8 shows the LCR series circuit. Considering the voltage difference
across the capacitor as the circuit output, we will have

) 1
1

7C

Vout

and the transfer function will be

1

Helw) = s R — At +1

Computing the magnitude and phase of H(w), we obtain

He(w)| = —
V(1= @2LC)? + (wRC)?
arg [Hc(w)] = arctan (%)

For sake of simplicity It is convenient to define the two following quan-

tities
1 1 /L
2 _ - — = -
@“w=1c  QQ=x\Ve:

The parameter Q is called the quality factor of the circuit. Considering
the previous definitions, and after some algebra Hc(w) can be rewritten
as
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2
Wy

He(w) = .
c(w) —w? + jwE + wj

(10.1)

The magnitude has an absolute maximum for

1
wE = w3 (1 ) , (angular resonant frequency)

22

and the maximum is

|He(we)| = ——2—,
V-2

Far from resonance the approximate behavior of |Hc(w)] is

ifQ>1 = wc~wo, |He(we)l ~Q

w < wc = |He(w)| ~ 1
W5
w > wc = |He(w)| ~ 2

Figure 10.9 shows the magnitude and phase of Hc(w).
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Figure 10.9: Transfer Function Hc(w)of the LCR series resonant circuit .
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10.5 First Laboratory Week

10.5.1 Pre-laboratory Exercises

1. Calculate the total impedance of a series of a resistor with a capacitor
and for a parallel of a resistor with a capacitor. Do your results con-
firm the statement that capacitors behave as a short circuit at high
frequencies and as an open circuit at low frequencies ?

2. Calculate the magnitude of the total impedance for a series of a re-
sistor with a capacitor having R = 10k}, C = 2.5nF, and v = 20kHz.
Calculate the same quantity for a parallel of a resistor with a capaci-
tor having R = 10M(Q), C = 30pF, and v = 20kHz.

3. The circuit shown below includes the impedance of the input chan-
nel of the CRT oscilloscope, and V; is indeed the real voltage mea-
sured by the instrument.

Py
<4>

Oscilloscope Input
Stage

Find the voltage V;(w) , and the angular cut-off frequency wy of the
transfer function V;/Vj,( i.e. the value of w for which |V;/V;,| =
1/V2).

Show that for w = 0 the V;(w) formula simplifies and becomes the
resistive voltage divider equation.

Demonstrate that the conditions to neglect the input impedance of
the oscilloscope are the following :

C > C,, R < R;

4. Considering the previous circuit, calculate the value of R to obtain
Vin =~ Vs with a fractional systematic error of 1%, if w = Orad/s and
Rs = IMQ.
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5. Read the first two sections of the oscilloscope notes (see appendix
?).

6. Considering the figure below (a “snapshot” of an oscilloscope dis-
play), determine the peak to peak amplitude, the DC offset, the fre-
quency of the two sinusoidal curves, and the phase shift between
the two curves (channels horizontal axis position is indicated by an
arrow and the channel name on the right of the figure).

[ 111 !
[ ]

CH2

T r—_

-

distance between thicker lines)
-
I~

o=

CH1

Vertical Sensitivity 50mV/div (1div

1 [
[ [ 11

Horizontal Sensitivity 1ms/div (1div=distance between thicker lines)

10.5.2 Procedure

Read carefully the text before starting the laboratory measurements.

Note that instead of the angular frequency w, this procedure reports
the frequency v (w = 27tv), which is more often used in laboratory mea-
surements.

“BNC” cables and wires terminated with “banana” connectors are avail-
able to connect circuits to the available instruments.
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BNC* cables, a diffused type of radio frequency (RF) coaxial cable, have
an intrinsic capacitance due to their geometry as shown in the figure below

They have typical linear density capacitance AC/Al ~ 100pF/m. Sin-
gle wires have usually smaller capacitance than BNC cables. Unfortu-
nately, their capacitance strongly depends on how they are positioned one
respect to the others.

e Build a RC low-pass filter or a CR high-pass filter with a cut-off fre-
quency vy between 1kHz and 100kHz, using values for R and C,
which makes the input impedance of the oscilloscope Zsnegligible
compared to the impedance of your circuit.

e Measure the transfer function H(v) of your circuit by measuring
|H(v)|, and arg [H(v)]. Then, fit the experimental data with the proper
theoretical curves.

e Experimentally find |H(vp)| and arg [H(vp)] (at the cut-off frequency
1p), and compare them with the theoretical data.

e Build a RC low-pass filter using a capacitance C comparable with the
input capacitance Cs of the oscilloscope, and check the perturbation
induced by the instrument at the cut-off frequency vy.

10.6 Second Laboratory Week

10.6.1 Pre-laboratory Exercises

1. Considering an inductor made of a coil with large inductance (L ~
10mH), resistance R; = 80(), wire diameter d = 100um, and resis-

4“BNC” seems to stand for Bayonet Neill Concelman (named after Amphenol engi-
neer Carl Concelman). Other sources claim that the acronym means British Navy Con-
nector. What is certain is that the BNC connector was developed in the late 1940’s as a
miniature version of the type C connector (what does the “C” stand for ?)
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tivity of p ~ 16n() - m (copper), determine the length [ of the coil
wire.

2. Demonstrate that the magnitude of the LCR series transfer function
Hc(w) has a maximum for w = w¢ and the maximum is equal to the
quality factor Q, (Q > 1).

3. Supposing that R, wp, and Q of an LCR series circuit are known de-
termine L, and C.

4. Compute the Magnitude and phase of equation (10.1).

5. Determine the phase of the LCR series transfer function Hc(w) at
w = 0, at the angular resonant frequency wc, and for w — oo.

6. Determine the capacitance C of a LCR series circuit necessary to have
a resonant frequency vc = 20kHz if L = 10mH, and R = 800). Then,
calculate the quality factor of the LCR series circuit.

10.6.2 Procedure

——————————————————————————————————————————

R+ L R
W W
@ v, cC—— V%

e Construct a LCR series resonant circuit above with a resonant fre-
quency vc of about 20kHz. Note that the resistance R; is the internal
resistance of the function generator, and the resistance Ry is the re-
sistance of the inductor. Use a mylar capacitor to make the circuit.

e Measure magnitude and phase of the transfer function

Ve

Hc(l/) = VS .
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o Fitting the magnitude and phase of H¢, determine the frequency vy
and the quality factor Q .

e Experimentally find the resonant frequency vc where the maximum
of |[Hc(v)| occurs and compare it with the value indirectly obtained
from the fits.

e Experimentally find the resonant frequency vc where the proper phase
shift for the resonant frequency occurs and compare it with the value
obtained from the fits.

e Directly measuring the values of R, L, and C, calculate vp, and Q and
compare with the values obtained from the fits.

e Assuming that the direct measurement of R is correct, using vy and
Q values obtained from the fits, estimate L and C.



