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The overlap reduction function ! ( f ), Þrst calculatedin
closed form by Flanagan"7#, quantiÞesthesetwo effects.
This is a dimensionlessfunction of frequencyf, which is
determinedby therelativepositionsandorientationsof a pair
of detectors.Explicitly,
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where(̂ is a unit vectorspecifyinga directionon the two-
sphere,) x!» x!1!x!2 is the separationvector betweenthe
centralstationsof the two detectorsites,and
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is the responseof the ith detector(i"1,2) to the A"#,$
polarization."SeealsoEq. $3.14%.#Thesymmetric,trace-free
tensordi

ab speciÞestheorientationof thetwo armsof the ith
detector.The overlap reductionfunction ! ( f ) equalsunity
for coincidentand coaligneddetectors.It decreasesbelow
unity whenthedetectorsareshiftedapart$sothereis a phase
shift betweenthe signalsin the two detectors%or rotatedout
of coalignment$so the detectorsare sensitiveto different
polarizations%. In Sec. III C, we will see that ! ( f ) arises
naturallywhenevaluatingthe expectationvalueof the prod-
uct of the gravitational strains at two different detectors
when they are driven by an isotropic and unpolarizedsto-
chasticbackgroundof gravitationalradiation.

To get a better feeling for the meaningof ! ( f ), let us
look at eachterm in Eq. $3.30%separately:$i%The overall
normalizationfactor 5/8& is chosenso that for a pair of
coincidentandcoaligneddetectors! ( f )"1 for all frequen-
ciesf. $ii%ThesumoverpolarizationsA is appropriatefor an
unpolarizedstochasticbackground.$iii %Theintegraloverthe

two-sphereis an isotropic averageover all directions(̂ of
the incoming radiation.$iv%The exponentialphasefactor is
the phaseshift arising from the time delaybetweenthe two
detectorsfor radiationarriving alongthe direction(̂ . In the
limit f ! 0, this phaseshift also goesto zero, and the two
detectorsbecomeeffectively coincident. $v%The quantity
' AF1

A( (̂ )F2
A( (̂ ) is the sumof productsof the responsesof

the two detectorsto the # and $ polarizationwaves.For
coaligneddetectors,F1

A( (̂ )"F2
A( (̂ ) andthe integralof this

quantityoverthetwo-sphereequalstheinverseof theoverall
normalizationfactor. "SeeEq. $3.17%.#

Figure2 showsa graphof the overlapreductionfunction
! ( f ) for the Hanford,WA andLivingston,LA LIGO detec-
tor pair.13 Note that the overlap reductionfunction for the
LIGO detectorpair is negative as f ! 0. This is becausethe
armorientationsof thetwo LIGO detectorsarenotparallelto
one another,but are rotated by 90¡. If, for example,the
Livingston, LA detectorarms were rotated by 90¡ in the
clockwise direction, only the overall sign of ! ( f ) would
change.Note also that the magnitudeof ! (0) is not unity,
becausethe planesof the Hanford,WA andLivingston,LA
detectorsare not identical.14 Thus, the armsof the two de-
tectorsare not exactly parallel, and "! (0)""0.89, which is
lessthan1.

13Figures16Ð20 in Sec.VI B showgraphsof the overlapreduc-
tion functionsfor different detectorpairs.

14The two LIGO detectorsareseparatedby an angleof 27.2¡ as
seenfrom the centerof the Earth.

FIG. 2. The overlap reductionfunction ! ( f ) for the Hanford,
WA andLivingston,LA LIGO detectorpair.$Thehorizontalaxisof
the left-handgraphis linear, while that of the right-handgraphis
log10.) Theoverlapreductionfunctionhasits Þrstzeroat 64 Hz, as
explainedin the text. It falls off rapidly at higher frequencies.

FIG. 3. The surfaceof the Earth (15¡% latitude%75¡,!130¡
% longitude%20¡) including the LIGO detectorsin Hanford, WA
$L1%and Livingston, LA $L2%, the VIRGO detector$V%in Pisa,
Italy, and the GEO-600$G%detectorin Hanover,Germany.The
perpendiculararms of the LIGO detectorsare also illustrated
$though not to scale%. A plane gravitationalwave passingby the
Earth is indicatedby successiveminimum, zero,andmaximumof
the wave. As this wave passesby the pair of LIGO detectors,it
excitesthe two in coincidenceat the momentshown,since both
detectorsaredrivennegativeby thewave.During thetime whenthe
zero is betweenL1 and L2, the two detectorsrespondin anti-
coincidence.Providedthat the wavelengthof the incident gravita-
tional wave is larger than twice the separation(d"3001 km) be-
tween the detectors,the two detectorsare driven in coincidence
moreof the time thanin anti-coincidence.
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Stochastic search 
requirements H1/L1 O.R.F.

¥Overlap reduction 
function = 1 for 
H1/H2 

¥Nonstationary 
noise = 60s h(f)

¥Environmental 
correlations      
(cf. N Fotopoulos)

~60 Hz



¥ Multi-channel 
regression

¥ Unknown transfer 
functions

¥ “Inner product” of 
FFT intervals

¥ Minimize the variance 
of true signal

f domain 
regression

from Allen, Hua and Ottewill 
gr-qc/9909083
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Inner 
product

¥Subdivide complex 
FFT into Fbin 
intervals

¥ Take inner product

¥Derive transfer 
function
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Transfer function

r(b) =

(
!X(b),!Y(b)

)

(
!Y(b),!Y(b)

)
assume:min

(
!x(b),!x(b)

)
!x(b) = !X(b) ! r(b)!Y(b)

true
signal
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Covariance 
coefficient

¥Quantitative 
significance 
measure

¥Thresholding

¥a.k.a. “Coherence”
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Covariance 
expectation
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¥Well defined 
for gaussian 
noise

¥Threshold 
on #

¥Avoid false 
subtraction



Reduced DARM
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N Channels

¥Extensible to N channels

¥Generate N x N matrix of 
correlations

¥ Invert matrix to remove 
crossterms

¥Apply pairwise transfer 
functions to regress data

Rate # Channels
IFO / PEM

16384 37 / 4

2048 219 / 151

256 20 / 33

16 4198 / 166



Algorithm Optimization

F bins

T sample duration

R sample rate

$ threshold

N channels

Freq. resolution

Sensitivity

Stationarity

Resources



Channel “strength”
H1 Channel S4 + 3 hrs S4 + 398 hrs S4  + 676 hrs

LSC-MC_AO 49 +/- 5 64 +/- 5 49 +/- 5

LSC-REFL_Q 56 +/- 11 38 +/- 6 44 +/- 4

LSC-MICH_CTRL 153 +/- 71 160 +/- 8 157 +/- 6

LSC-PRC_CTRL 408 +/- 103 613 +/- 9 450 +/- 24

PEM-ISCT4_ACCY 46 +/- 8 171 +/- 6 197 +/- 5

PEM-BSC2_ACCX 35 +/- 8 72 +/- 4 80 +/- 9

PEM-BSC2_ACCY 35 +/- 8 83 +/- 4 83 +/- 6

PEM-BSC3_ACCX 32 +/- 5 82 +/- 6 85 +/- 7

PEM-BSC3_ACCY 34 +/- 7 94 +/- 7 85 +/- 7

PEM-BSC3_ACCZ 35 +/- 9 95 +/- 6 91 +/- 3

PEM-HAM4_ACCY 34 +/- 7 80 +/- 3 93 +/- 6

PEM-PSL1_ACCX 38 +/- 5 44 +/- 3 44 +/- 4

PEM-PSL1_ACCY 50 +/- 3 53 +/- 4 57 +/- 6

PEM-PSL1_ACCZ 45 +/- 2 58 +/- 3 55 +/- 3

PEM-IOT1_ACCY 31 +/- 5 36 +/- 2 37 +/- 3

ASC-QPDX_Y 31 +/- 2 18 +/- 2 13 +/- 1



Multi-
channel
results 10
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¥Broadband PRC 
coupling

¥ seismic@200Hz

¥Broadband 
DARM 



Conclusions

¥ Insensitive to H1/H2 common noise

¥Possible introduction of coherent noise

¥Much algorithm optimization needed

¥Hierarchic scheme may be required

¥Remove PRC,  improve DARM ≤ 10% 
from 100 to 300 Hz

¥Useful commissioning tool


