SEI/SUS module for the LIGO end-to-end model: Formalism

Soumya D. Mohanty

This note describes the formalism I have developed for implementing the SEI/SUS module in the
LIGO e2e model.

I. OVERVIEW

The basic idea at the core of the formalism is the computation of action-reaction forces between
the elements constituting the SEI/SUS. These forces are computed in terms of given external forces
or displacements. The motion of each element (say, a wire, a spring or a rigid body) is solved,
in a formal sense, in terms of the forces acting on the element. Some of these forces would be
internal (i.e., action-reaction) and the rest would be external. One then computes, again formally,
the acceleration of each point at which the element is connected to other elements in the system.
The same excercise is carried out for each element and finally the acceleration of the points of
attachement are equated. This then allows us to solve for the action-reaction forces in terms of
given external forces and/or given displacements.

II. SIMPLE EXAMPLES

I will illustrate the formalism by applying it to some simple systems.

A. Simple pendulum
Consider a simple pendulum as shown in Fig. 1.
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FIG. 1. The length of the string is [ and the mass of the bob is m. The mass per unit length of
the string is p.

I will assume that the transverse displacement of the string, denoted by u(z,t), is confined to the
XZ plane. I do not include the longitudinal mode of the string for the present. The driving force
f(t) acts on the bob alone. A transverse force g(t) also acts at the suspension point of the string.
I will compute the motion of the bob with the effect of the internal transverse modes of the string
included. I assume viscous Damping specified by . The tension in the string (assumed constant
along the string) is 7.

The equation of motion for the string and the boundary conditions appropriate to this problem
are,
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Here r(t) is the force exerted by the bob on the string and is the unknown force that needs to
be computed in order to solve for the bob’s motion. Without loss of generality, assume the inital
position and velocity of the string to be zero at all points :

u(z,0) =0; @(z,0)=0.
The velocity of transverse waves a is of course given by,

T
a=/—.
p
We can formally obtain a solution for u(z,t) by using the Green’s function G(z,¢,t,7) and the
standardising function w(z,t) for the above equation and boundary/initial conditions,

t l
u(zt) = / dr / 4 Gz, €, PYw(E, 7)
0 0

w(z,t) = —a%(z)# +a’0(z — l)? .
Thus, we obtain,
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Now, the wave equation is time translation invariant. Therefore, G(z,&,t,7) = G(z,£,t — 7). Thus
it makes sense to talk about the Laplace transform of the Green’s function here.

Let the Laplace transforms of G(z,&,t — 7) with respect to the time argument be W(z,¢&, s). Let
the Laplace transform of u(z,t), g(t), r(t) and f(t) be U(z,s), G(s), R(s) and F(s) respectively.
From Eq. (7), we obtain

2 a2
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The Laplace transform of ii(z,t) is given by s*Ul(z, s).
Now comes the crucial step in the formalism. Since the bob and string are attached at all times,
the bob and the end of the string attached to it must have the same acceleration. Let the transverse
displacement of the bob be z;(¢). Then,

mIy = f(t) —r(t) .
Equating the acceleration of the bob and the string at z = [, we obtain in the Laplace domain,

o[ a? a’ _ F(s) = R(s)
s —TW(Z,O,S)G(S) + ?W(l,l,s)R(s) =

Eq. (10) can be solved for R(s) yielding,

)Jm + 50 (1,0,5)G(5)/T
1/m+ s2a?W(l,1,s)/T '

R(s) = F(s

It is possible to get closed form expressions for W(I,0, s) and W (l,[,s). From a standard table [1],
we get

1
W09 = 5o
W(l,l,s) = X

a?s'tanh(s'l) ’

1
s = E\/SZ +2sv/p .

One would expect that the transfer functions obtained above would include the pendulum mode.
However, this is not so. Initially this was a bit puzzling until I realized that such a solution is
obtained for a different set of boundary conditions where the displacement of the string at z =0 is
forced to be zero (or a specified function of time).

(11)



Let the motion of the string at the suspension point be a given function z.(t). Then the force
g(t) must be such that the displacement u(0,t) = xs(¢). This implies that (using Eq. (8)),

TXs(s)/a®> — W (0,1, s)R(s)

G(s)=— 16
(5) N , (16)
where X;(s) is the Laplace transform of z(t). From the symmetry of Green’s function,
W(0,1,s) = W(l,0,5) , (17)
and it can be shown that, in the present case,
W(l,1,s) = W(0,0,s) . (18)
Substituting for G(s) in Eq. (10) and using the above relations, we get,
R(s) = F(s) —ms®X,(s)W(I,0,s)/W (0,0, s) (19)
T 1+ ms2a2[W(l,1,s) — W(I,0,5)W(0,1,5)/W(0,0,s)] /T’
F(s) —ms®X,(s)/cosh(s'l)
= : (20)
1 4+ ms?tanh(ls’)/(T's")
I will now work out the motion of the bob in some limiting situations as a check on the above
analysis. (a) Let z5(¢t) =0 and v = 0. Then s’ = s/a and
2 1
X =F 1-— . 21
ms"Xo(s) (s) [ 1+msatanh(ls/a)/T} (21)

In the Fourier domain, the transfer function becomes!,

1b(w) 1 [ atan(lw/a) ] . (22)

Flw) wT | 1 — mwatan(lw/a)/T

B. Simple pendulums in series

I will now consider a more complicated system which will illustrate the method that will be
followed for the SEI/SUS model. Consider the system shown in Fig. 2.
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FIG. 2. Simple pendulums in series. The mass of each bob is kept the same for simplicity.

!The transfer function, being causal in the time domain, is zero for ¢ < 0. Hence, the transfer function in the Fourier domain
is obtained by s — iw.
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The equation of motion of the j** string and its boundary conditions are given by,

O%uj(z,t) T 0%u;(2t) | y0uj(zt) _

o2 p 027 p ot 0,
ou; ((j — DIt ou(gl,t
—Tjij((]az LY =7jj-1(t) ; Taigz ) =75 (t)

where 7; ; (t) is the reaction of the j** bob on the i*" string and r1o(t) is understood to be the same
as g(t). The equation of motion of the k** bob is,

ma'i‘k = fk (t) — Tk-,k(t) - T'k+1,k(t) .

The initial positions and velocities are assumed to be zero.
As in the previous example, u;(z,t) can be formally solved in terms of the reaction forces. For
the j* string we get,

2 2

= —;—WJ‘,O(Z, s)Rjj—1(s) + ;—W',z(z,S)Rj,j(S) .
j j

Wj,o(z,s) = W(Z - (.7 - 1)l707 5) )

Wj I(Z,S) = W(Z - (.7 - 1)l7l75) )

>

Uf(zas)

Where W (z,£, s) is as defined earlier.
I then equate the acceleration of the k' bob with those of the end points of each of the two
strings attached to it. Thus, I get two acceleration balance equations for the j* bob when j # N,

s {_%WJ,O(J'l:S)Rj,j—l(S) + %W‘J(jl,S)Rj,j (5)} File) = Ry (5) = Rynis o)
J J

m

Fi(s) = Rjj(s) = Rjs1i(s)

Tjta Tj+

3

For j = N, we get a single equation,

Fn(s) — Rn,n(8) .

2 2
52 |:_;_NWN’0(NZ’ S)RN,Nfl(S) + ;—NWN,I(Nl, S)RN,N(S):| = ™

Eq. (29) and Eq. (30) can be recast as follows. First, write Eq. (29) and Eq. (30) as a single matrix
equation,

2 2 . s2a2 .
STj fJ(Jl:s) + % - % ( R; ; ) n _2 1211. Wio(jl, s)Rj,j-1 _ ﬂ (1
L T Wil s) + & Rjt1, T Wit1.0(L ) Rj+1,+1 m \ 1
By taking the scalar product of the above expression with, first, (1 1) and then (1 — 1), we get,
Rjj—1
—s2a? - s2a? - 2 —s2a? - 2 s2a? - Rj,j E]
F=Wio(il,s) F=Wia(ls) + & Fo5Witna(ls) + o £ 5 Wit 9) ) Rjsr.; =
Rjt1,+1
Rjj-1
732(12 - S2ll2 - 82(12 - 732(12 > R‘;‘
(=2 Wiolhs) SEWiGLs) FEWinalls) FEWinoGls) ) | 527 | =0.
Rji1,j+1
For j =1, Eq. (33) and Eq. (34) are slightly different,
242 5 _g242 9 5242 Rl’l F 52a2
( Wil s) + 5 =g=Weulls) + 5 5 W2,o(l,8)) Ron | =+ Wio(l,8)G(s) ,
Ry >
5242 5242 _s2q2 Rl’l s2a?
( iz Wl,l(l,s) T Wz,l(l,s) T Wz,o(l,s)) gg,l = T1 Wl,o(l,S)G(S) .
2,2

Collecting all the acceleration balance equations together gives a matrix equation of the form,

N——

(25)

(31)



1

TR =—F,
m
R=[R1,1(5), ..., Rjj=1(5), Rjj(8), Rj41,3(s), Rjp14+1(s), ..., Rnn(s)]"
2 9 2 2 T
F = |Fi(s) + 22 W0l 5)G(s), Zo"Wio(l,5)G(s), Fa(s), 0, F5(s), 0, ..., 0, Fx(s)|

T1 Tl

and T is a matrix containing all the W’s. Given F, one can solve for R,
R=L1F.
m

Using the reaction forces, one can then solve for the motion of each bob in the Laplace domain.

For k =1,2,..., N — 2, the non-zero elements of row 2k + 1 of T are given by the row vector on
the LHS of Eq. (33) with j substituted by k + 1. Similarly, the non-zero elements of row 2(k + 1)
are given by Eq. (34), again with j = k + 1. For every k, the first non-zero element of row 2k + 1
and row 2(k + 1) occurs in column 2k of T and the last non-zero element occurs in column 2k + 3.
The first and second rows of T are given by the row vectors in Eq. (35) and Eq. (36) respectively.
The first non-zero element in both rows occurs in column 1 and the last non-zero element occurs in
column 3. From Eq. (31), we obtain the last row of T,

$2

(o 0 ... =ELWyo(NL,s) TZQWN,l(Nl,s)—i—%) .

Pictorially, the matrix T would look somewhat like the schematic in Fig. 3. As one would expect,
most of the matrix is zero.
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FIG. 3. The structure of T. Each gray box is a 2 x 4 matrix. The black box is a 2 x 3 while the
unfilled box is a 1 x 2 matrix.

2N-1

III. THE FORMALISM

In the modelling of the SEI/SUS system, we will use the same technique as above. That is,
(1) obtain a formal solution for the motion of each element in terms of the forces,
action-reaction as well as external, acting on it. (2) From these solutions, find the
accelerations of the points at which the elements are attached to one another. (3)
Equate the accelerations for each point. This provides an equation such as Eq. (37)
which should be solved for R.

From our experience with the previous example, we can say that the matrix T would, in general, be
a sparse matrix. This is because the acceleration balance equations for any one point of attachement
would involve only a proper subset of the full set R of action-reaction forces. Hence, the row of T

(40)
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that corresponds to this point of attachement would have all elements zero apart from the ones that
pick up the proper subset of R that is involved. However, it is difficult to say whether this sparse
matrix would have a nice pattern as in the previous example. If it does have a special pattern, there
exist special techniques for inversion of such matrices that are quite efficient.

For any form of T, my approach would be to invert T using a symbolic algebra program. Each
row of T7' is a collection of transfer functions in the Laplace domain. It should be possible to
convert them into digital filters. Thus, all the action-reaction forces would finally be obtained as
digital filters acting on the given external forces or displacements in the time domain.

It should be noted this formalism can handle only linear systems, i.e., systems for which the
equations of motions for each element are linear differential equations. All that is required for such
systems is the set of Green'’s functions that describe each element. These can be computed before
hand either numerically or algebraically and stored as separate modules. Once a system design has
been specified, these modules can be connected together to yield T. I believe that the entire process,
for a given design specification, can be automated.

I now describe an algorithm that can be used for setting up the matrix T in Eq. (37). It should
be noted that many alternatives to this algorithm are possible. The steps are as follows.

(1) Fix a global cartesian reference frame (GRF). This frame is global in the sense that it describes
an entire SEI/SUS system at any one location in the interferometer. There may exist a frame that
describes the entire interferometer itself. Such a frame would be related to the GRF frame via a
fixed rotation matrix.

(2) Consider the state of mechanical equilibrium for the entire system. In this state record the lo-
cations of all the points of attachments between elements and also, for each element, the rotational
transformation needed to go from the GRF frame to the preferred frame (see below) of that element.
(3) Each element has a preferred frame (cartesian) in which its Green’s functions are expressible in
the simplest manner. For instance, for a wire the preferred frame is one where the wire lies along
one of the axes. (Say, the Z axis as in the previous examples.) Let the rotational transformation
from the GRF frame to the preferred frame for the i*" element be denoted by R;. For every ele-
ment, transform the GRF frame components of the external forces acting on it into the preferred
frame. The preferred frame Green’s functions would be computed and stored beforehand. Formally
solve for the acceleration of all the points of attachments of a given element in the Laplace domain.
Transform the acceleration components back into the GRF frame.

(4) So now we have the GRF frame components of the acceleration of each point of attachment.
Apply the equality of acceleration condition for each point of attachment and transfer terms con-
taining the action-reaction force terms to the LHS and terms containing driving forces to the RHS.
(5) The set of algebraic equations so obtained then furnishes the matrix T.

We will now compute the preferred frame formal solutions for accelerations of points of attach-
ments for several elements out of which a model of the LIGO SEI/SUS system may be built.

A. A straight wire
1. One transverse polarization, no longitudinal mode, viscous damping

This case has already been discussed (see Section IIA). Here the relevant expression is the one
given in Eq. (8) which can be used to obtain the accelerations at the two points of attachements.

2. One transverse polarization, no longitudinal mode, internal damping

The equation of motion of the wire [2] is,

0*u(z,t) _ 0*u(z,t) + E84u(z,t) —0
ot? 0z2 T 924 =
where F is the Young’s modulus and I is the area moment of inertia. with boundary conditions,

Ia3u(0,t) _ 0u(0,t)

3u(l, t) ou(l,t)
El= = — T2 = —r(t) .

We assume the initial conditions u(z,0) = %(z,0) = 0. To introduce damping in the wire, E will be
made complex in the final transfer function.



3. Two transverse polarizations, no longitudinal mode and viscous damping

%u, 5 0%y Oug

o "o T =0
220D gy 72200
_Tw =g,(t) ; Tau%i(zlyt) =rv(®).

The required values of the Green’s function for each degree of freedom have already been provided
in Eq. (12) and Eq. (13). However, v/p should be replaced by v, or -, as appropriate and so should
a in those expressions. We attach the appropriate subscript, ‘@’ or ‘y’, to distinguish between the
two Green’s functions and their Laplace transforms. Thus, from Eq. (8), we get,

2 2

Us(z,8) = =2 Wa(2,0,8)Ga(s) + Z Walz, 1, 9)Ra(s)
2 2

Uy (2,8) = =24, (2,0, )Gy (5) + W, (21, 5)Ry (5)

Using the above expressions we can write down the acceleration at the end points.

4. Two transverse polarizations, longitudinal mode and viscous damping

As discussed above, in the small deformation approximation, the three degrees of freedom can
be decoupled. Hence, the equations of motion for the transverse polarizations are the same as
before (see Eq. (49) and Eq. (50)). For the longitudinal mode, we have

d%u, _ 2 0%u, + % —0
otz a2 T oy T
Ou.(0,t) CLou(lt)
y 20D gy v 2l

where Y = wavire, Twire being the radius of the wire and ) is its Young’s modulus. In the Laplace
domain,

2 2
U.(z,s) = —(;/—ZWZ(;;,O, )G (s) + %Wz(z,l,s)Rz(s) .

5. Two transverse polarizations, spring mode and internal damping
B. A rigid body

We consider the case of small angular motions for which Euler’s equations for the motion of a
rigid body can be linearised. Euler’s equations evolve the angles that describe the rotation from a
fixed orientation frame attached to the body’s centre of mass, say S, to the body axes that rotate
with the body (say, frame B). The angles used here are defined in Appendix A. We begin with a
description of the various reference frames that will be needed here apart from the GRF.

Let the body frame B be attached to the centre of mass (CM) of the body and oriented along
its principal axes. Let I1, I» and I3 be the principal moments of inertia. Determine the orientation
of B when the system is in mechanical equilibrium. We have already mentioned that S is attached
to the CM. However, it has a fixed orientation. We orient our space axes to match the body
axes at equilibrium. Let the rotational transform from GRF to S be denoted by R (which is a
constant matrix). Let the forces on the body be (¥1,72,...,7»), the set of action-reaction forces,
and (f, fs,---, f.), the set of external forces (such as control forces). The equation of motion for
the centre of mass in the GRF is

m n
MXem = Z?l -+ Z?i )
i=1 i=1

(51)

(52)

(53)

(54)



where M is the body’s mass and Xcm is the position of the centre of mass.
The rotational transformation from B to S at any instant is denoted here by Rpas,

Rb2s:1+€,

(50 )
€= o 0 -0 .
-n 6 0

For the derivation and definition of the angles used here, see Appendix A. For any vector X,
[X], = R (X1, -
The components of a vector in the S frame are obtained from the components in the GRF frame as,
[X]s =R [X]GRF :

Note that since € is an antisymmetric matrix,

X =exX,

5)-)

Let the r-forces act at points p,, ..., p,, respectively and let the f-forces act at points Pi,...,P,,
where these position vectors are measured from the CM. If we assume that the points at which forces
are applied are fixed with respect to B, the above position vectors would have constant components
in B. Let the torques, about the CM, due to the r-forces be 7; and those due to the f-forces be T;.
Let the sum of all these torques be N. Using Eq. (55), Eq. (57) and Eq. (59) we get

[N, = 303l x (RE [7s) + 30 [P, x (B [7.],)
:Z[ﬁi]g X [Fi]s-f-z [Fi]B X [7i]s+AE7
A= 2 (241 171s) b = il 17l + 3 [([Pe] - 70980 = [P, [

i=1 i=1

where [Y]Yj denotes the j*™ component of X in the frame Y. We can neglect the last term in
Eq. (61) since it is at a lower order in the angles with respect to the other terms. The latter just
approximate the B frame torque by keeping the B frame forces the same as the S frame ones. It is
possible that for some forces the first order term dominates over the zeroth order ones. However,
that would imply that such forces produce very small torques compared to the rest and hence will not
affect the rotational dynamics much. Thus, we get for Euler’s equations (see Eq. (A16) — Eq. (A18))

L6 n .
Lij | =Y (Bl x[Tils+ Y [Pi], x [T -
I3¢ i=1 Py

The above equations can be solved in the Laplace domain. Let the Laplace transforms of the angles
be denoted by placing a © on top of the corresponding time domain symbol. Then?,

n m

1 It 0 o0 B _ B
25_2(” 0 °)lZ[me[Ri<s>1s+z[a]3xm<s>]s

0 0 I?)_l i=1 i=1

TS >

Now, we need to obtain the acceleration of each of the points p;. The GRF components of p; are
given by,

2 Assuming as before that the initial values of the angles and angular velocities are zero.

(64)



[ﬁj ]GRF = RTRb2s[ﬁj ]B + Tem ,
=R'[p;]1s = R [ex[D; 1] + Fem -

In terms of Laplace transforms,

[7;(9) ] app = —R[ 18 +R"

TSt ™

X
3
=N

s}

+
>
Q
<

In the Laplace domain, the acceleration is given by ( using Eq. (54)),

m

S [5,0) ] gpe — 5 [RT[B;]8 + Rew(0)] = Y RTH1G,5) [Ri(s) ], + > R Ha(i, ) [Fi(s)] ¢ +

i=1 i=1

1 n m o
7 | 2R+ Y Fils) |
i=1 i=1
Di2pj,2/Is + pispjs/Iz —piipj2/Is —pipjz/1la
H, (4, 7) —pjpi2/Ia Pi1pj1/Is + piapja/li —pi2pja/Th ,
—pjpia/I2 —pj2pia/Th Pi,1pj1 /12 + pi2pj2 /11

where p; » stands for the m'™ component of [p, |z and similarly for p;,. The matrix Hs(i, j) can
be obtained by the replacement p; . — P . and leaving p; . the same. Eq. (67) is the key
equation for this module.

1. An ezample : viscously damped suspension wires and cylindrical mirror

Consider the model shown in Fig. 4 for the LIGO end mirror suspension. Note that instead of a
single loop of wire we have modelled the suspension as having two independent wires. We assume
that all those symmetries are present in the system that are required to make the body axes as well
as the space frame axes lie, at equilibrium, along the XYZ axes shown. However, the origins of
the B and S frame are attached to the CM. The GRF is also assumed to be the one shown in the
figure (== R =1).

The list of H; (4, j) and Hz(¢,5) (see Eq. (67) and Eq. (68)) matrices are given in Appendix B.
Since the S frame here is taken to be the same as the GRF, the acceleration of the attachment point
of the j*® wire is given by

ZHl i,7) Rl ZHQ ,] )+$ lz_:ﬁl(S)+Z:Fl(S)

@)

wire?

1 0 0
R‘(Nll)re: 0 cos¢p —sing | ,

The rotation matrix, say R from the GRF to the preferred frame of wire # j is given by,

0 sin (;5 cos ¢
0
R‘(Zl)re = cos (;5 sin ¢ ,
0 —sin¢g cos¢
sin ¢ = d— h

20

Let the preferred frame of the j* wire be denoted by PW;.

The acceleration of the j** wire-mirror attachment point in terms of the forces acting on the wire
can be obtained from Eq. (49), (50) and Eq. (53). The acceleration components of the j** in the
GRF are,

a2 — 2 —
—=W.(1,0,s) [GJ]PW]- _sz(l l,s) [_Rf]PWj,l

a2 - )
R\();IJI)I‘Z —FWy(1,0,5) [Gj]pwj,z + TyWy(l’l’ s) [_Rf]PW- ,2

2 — 2 —
—FW:(1,0,5) [Gj]pwj,s +FWe(l19) [_Rf PW; .3

(69)



In the above expression we have used the fact that the force on the wire because of the mirror is
opposite in direction to R; which was the force acting on the mirror. The equilibrium value of T is,

_ Mg
T= g (73)

We can re-express the acceleration as,

5" Rile [WORgi)reaj + WiR{) (—E—)] ;

2 2 2 2 2 2
WO = dla‘g _aTle‘(l: 07 S): _aTyWy(L 07 S): _%WZ (l7 07 5)j| ) Wl = dlag [%Wﬂ(h l7 S)7 a_yWy(la l7 S): a_ZWZ(l7 l7 5) . (74)

Let R‘(jl)rfWkR‘(jl)re be denoted by i’VV,(cj), for k =0, 1. Then the acceleration reduces to,
3 [W§G, + WO (R (75)

where the explicit expressions for i’VV(()j ) and Wg’ ) are given in Appendix B.

h/2

+

2R

mirror

L

FIG. 4. A mirror suspension model. The mass of the mirror is M and the centre of mass (CM) lies directly
on the Z axis. The length, [, of each wire is the length at mechanical equilibrium. The black
circles on one of the faces show the location of control forces. Each location is at an angle 6 to the
horizontal and at a distance 3 from the centre of the face. The control forces are assumed to be
acting along the X axis.

We have to now equate the acceleration components given by Eq. (69) and Eq. (75). We get,

> H(i, DRi(s) + Y Ha(i, 1)Fi(s) + % lZEi(s) +) Fi(s)| =+ [{Tvéﬂa(s) + Wgn(_}—gl(s))] : (76)
N H(L2)Ri(s) + Y Ho (i, 2)Fi(s) + % lZE(s) +3 Fus)| =& [va”@(s) + v~v§2>(—}_z2(s))} . (77)
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Rewriting the above expressions, we get

SN

[Hl(l, 1)+ WO 4 %] Bu(s) + [Hl(z, 1)+ %] Bols) = WG (s) = (Hz(i, 1)+ %) Fils)

[B.0,2) + | Ra(s) + [H12.2) + o + W Fals) = SWEGals) - 24: (Fati.2) + 57 ) Fils)

Finally, we can write the above expressions compactly as,

TR=F,

_ ( Ri(s)
R‘(E@)’

and the explicit expressions for T and F are given in Appendix B.

where

APPENDIX A: EULER’S EQUATIONS

The angular motion of a rigid body can be obtained in terms of Euler’s equations. We present a
brief derivation of these equations now. In the space frame S attached to the centre of mass, the
equation of motion is,

dL  —
22N
dt ’
where L is the body’s angular momentum and N is the total external torque as measured by an
observer at rest in S. Let Rp2s be the rotation matrix from the body frame B to the S. Then,
Rgop = Rl:2]‘§ = RbTZ.S
Eq. (A1) can be rexpressed in the body frame as,

d = —
7 (Beos [T] ) = Rias [N]
where the subscript ‘B’ indicates the vector components in the body frame. We know that, for any

vector X,

deZs [K]

at :ﬁX(szs [X]B) y

B

where Q is the angular velocity in the space frame. Applying this to Eq. (A2), we get

(Rb2s I:ﬁ]B)X(RbZS I:E]B) +Rb25 I:E]B = RbZS I:N]

B’

Now,

where I is the inertia tensor which is a constant in frame B,
Lon = Zmz (Ffémn - [Fi]B,m [FZ]B’n) ;
i

where the subscript ‘B, m’ denotes the m*™® body frame component. For simplicity in the following,

we will assume that the B frame axes are oriented along the principal axes of the body. By the
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definition of principal axes, this implies that the inertia tensor is diagonal, I = diag(Ii, Is, I3).
Substituting Eq. (A5) in Eq. (A4), we get

(@], xa[a],)+1[8] =[N], (A7)
L — (Iy — 13)Q2:Q03 = Ny, (A8)
L,Qs — (Is — 1,)Q3Q) = Na | (A9)
LQs — (I, = 1,)2:Q = N3 | (A10)

where we have dropped the subscript ‘B’ for convenience.

In order to get the equations motion for the angles, we must express € in term of the rotational
angles. It can be shown that if one chooses these angles to be the Euler angles, linearisation of
Eq. (A8)-Eq. ( A10) yields a non-dynamical equation of motion (i.e., the lowest order terms do not
have the second derivatives of the angles). Thus one has to choose a different set of angles. Euler
angles are given in Fig. (5) while the new set of angles called Kardan angles is given in Fig. (6).

4

X

FIG. 5. The Euler angles (6,¢,%v). The red axes (primed) are the body axes while the space
axes (unprimed) are in blue. The angle v lies in the X'Y" plane.

Lon() oz

’/_,—I.o.n. i

lon )

X

FIG. 6. The Kardan angles (8, ¢,n). The red axes are the body axes while the space axes are in
blue. The first rotation is around Z by angle ¢ giving the line of nodes (l.o.n.) Lo.n. (I).
The second rotation is around the new X axis by an angle #. (as measured from l.o.n.
(II).) The third rotation is around the new Y axis, Y', by an angle 5. (measured from
lL.o.n. (III).)
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We can obtain € from the definition given in Eq. (A3). In terms of Euler angles, Rys is given
in [3]. For Kardan angles,

Rys = [BCD]" |
cosnp 0 —sinng
B=( 0 1 0 , (A11)
sinp 0 cosnp
1 0 0
C=1|0 cosf sinf | , (A12)
0 —siné cosf
cos¢ sing 0
D= | —sin¢g cos¢ 0 | , (A13)
0 0 1
To first order in €, ¢ and 71, Ry2s is obtained as
L =9 1
Rpyos = o 1 -0 ]. (A14)
-n 6 1
Finally RwsRZ;S gives the components of Q,
0 Q3 D 0 —¢ n
QG 0 - |=| é 0 -6 (A15)
Qs 0 -n 6 0
To lowest order, Eq. (A8)-Eq. (A10) then become,
Lo=[N|, . (A16)
Lij = [N]B,2 , (A17)
Is¢ = [N]B,3 , (A18)
APPENDIX B: SOME QUANTITIES REQUIRED FOR THE MIRROR SUSPENSION MODEL
The components, in frame B, of the points at which the wires are attached to the mirror are :
ﬁl = (07 _d/27 _b) ) (Bl)
ﬁz = (07 d/27 _b) ) (BZ)
for wire # 1 and #2 respectively. The B frame components for the points of application of control
forces are :
P1=(—L/2,8cos8,—Bsinb) , (B3)
Py = (—L/2,—Bcosh,—Bsinb) , (B4)
Ps = (—L/2,—Bcosh, Bsinb) , (B5)
Py = (—L/2,Bcosh,[sinb) . (B6)

We can now compute the matrices H; (¢, ) and Ha(4, j).

b2 d? b2 d?
ot 0 0 Sty o 0 0
2 _ 2
Hi(1,1) = 0 = Ld ] Hi(2,1) = 0 Lok
0 —(bd) d2 0 —(bd) —d?
21q 4Ty 21y 41
b2 d> b2 d>
o i 0 0 o tain 0 0
2 — 2
H1(172) = 0 l])_l 2(—1;1d) ) H1(272) = 0 l])_l %
bd —d? bd d
0 3, 1hL 0 31, AL
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H,(1,1) =

H»(3,1) =

H>(1,2) =

H>(3,2) =

T

T,

Ty

—(d B cosb) + b3 sinf —(dL) —(bL) d 3 cos@ + b3 sinf —(dL) —(bL)
I Ic

2T 21, 21 21, 27, 2 T.
b3 sinf b3 cosb H2(2 1): 0 b3 sinf _bB cosb
Iy Iy ? ’ Iy Iy
—(d B sinf) —(d 3 cos @) 0 —(d B sin®@) df cosf
211 211 21 31
dpB cosf _ bpsiné —(dL) —(bL) 7(d,810056‘) _ b,BIsinB —iiL) —(bIL)
217, I, 41 217, 2 2
© ¢ bB sing bB cos 6 _ ¢ ¢ bBsing b cosh
0 - e | B ) = 0 = T
0 d3 sinf d 3 cosf 0 df3 sinf —(dB cosh)
213 21y 211 21
48 cos® | bB sind dL —(bL) =(df cosf) | bBsinb dL —(L)
217, I, 41 21, 21 I 4171 27
¢ ¢ bs sicn9 b Cgsé' H>(2.2) = ¢ ¢ b3 sicné' ba éosG
0 I I; ? 2( ? )_ 0 Iy T
0 d3 sinf df3 cosf 0 d 3 sinf —(d B cos )
21 21 21 21,
—(dB cosf) _ b3 sinh dL —(bL) dBcosf _ b3 sinh dL —(bL)
2T T a1, 21, 21 T. 21, 21,
b3 sinf b3 cosb _ b3 sinf b3 cosb
- I - I ) H2(47 2) - 0 - I I (B7)
—(d B sinf) —(d B cosf) 0 —(d B sin6) d 3 cosf
21 21 21, PI?E)

The matrices W,(c] ) are as follows.

_aﬁTWmo 0 0
W(l) — 0 _cos(c,a)2 ay2Wyg _ sin(¢)2a.2 W.g cos(p) sin(yp) (YayZWyO_T‘IZZWzO)
0 T TY !
cos(p) sin(yp) (YayZWyO—Tazzwzo) _sin(c,a)2 ay2Wy0 _ cos(p)2a.2W.o
TY T Y
_amZ’II‘/VIQ 0 0
w® — 0 _cos(@)?ay® Wyo _ sin(p)?a:?Wao cos(p) sin(p) (= (¥ ay® Wyo)+T az? W)
0 T 2 Yo, TY ’
0 cos(p) sin(p) (7(Yay Wy0)+Taz Wzg) _Sin(Lp)z ayZWyo _ cos(gp)2 a2 W.g
TY T Y
2
w,
G - =l 0 0
W(l) _ COS(¢)2 ay2 Wi sin(go)z a2 W, cos(p) sin(p) (*(Y ay2 Wyl)+T az2 Wzl)
1 = 0 T + TY ’
0 cos(p) sin(p) (7(Yay2Wyl)+Taz2Wzl) sin(p)? ay2Wyl + cos(p)2a.2 W,
TY T Y
ae TW:cl 0 0
W(Z) _ cos(p)? ay2 Wy sin()2 a2 W, cos(p) sin(yp) (Y ay? Wy =T a2 Wzl) (BS)
1= 0 T + v TY ’
0 cos(p) sin(p) (Y ay® Wy —Taz® Woi)  sin(p)?ay,2 Wy, 4 cos(9)®az® Wy
TY T Y

where Wyo = Wi(1,0,s), Wyo = Wy(1,0,s), W.o = W.(1,0,s) and W, = Wo(l,1l,s), Wy =
Wyl 1, s), W =W.(L,1,s).

The matrix T is presented below. Here, W, = W, (l,1,s), Wy, = Wy(l,1,s) and W, = W.(I,1, s).
The expression for ¢ is provided in Eq. (77).

T, | T2
NETAY )

b2
T

2 2
42 s“az Wy 1
AT, + T + 3 ) ) 0 , , 0 ,
2 2 [ay Wy cos™ ¢ a2W. sin” ¢ 1 _ bd s°(=YayWy+Ta; W) cos ¢ sing
0 nte [ R T o T Y , (B10)
0 —bd + 32(_Ya!2,Wy+Ta§WZ)cosd)sin¢ a2 n 1 i 32 aiwy sin? ¢ n aEWz cos? ¢
211 TY a, T M T Y
d? 1
ar, + v ) 0 0
b 1 bd
0 ntw o oan ; (B11)
—bd —d 1
0 21 4T, + M
d? 1
i, v 0
b 1 —bd
0 ntw I ; (B12)
0 bd 1 d*
271 M T 4n
2
d> | 2y 1
e T T W + M 2 2 2 2 0 2
0 b2 2 [ayWycos®o | a2W.sin?¢ bd , SS(YayWy—TaZW;)cosésing
ot T Y oy TY . (B13)
0 bd s (YaiWy—Taiwz)cosqbsinqb 1 a2 g aiWy sinZ ¢ n a2W. cos? ¢
27; TY M T an T Y
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