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1 ABSTRACT

XXX

2 KEYWORDS

XXX

3 DEFINITION OF WORDS

4  OVERVIEW

XXX

5 MODULAR NATURE

Systems are built from modules.

6 HIERARCHICAL ORGANIZATION

Boxes are used to organize modules.

/7 IMPLEMENTATION SCHEME

7.1. Overview

This section describes how the system to be modeled and its associated data flow network is
constructed and executed.

7.2. Construction -find modules, create ports and connect

The two primary operations that take place during construction of a system are the creation of the
system’s components and their interconnection. (refer to section which describes Box
Description files) Components are created as they are found by the parent box in its
“Add_Submodules” section. Initialization may be done at the time of creation or at some later
point through the use of the box “Settings” section title. It can be that explicit initialization may
not be called at all, and minimum initialization needs to be done in the constructor of the module
class.

The following two descriptions, desc-1 and desc-2, define the same configuration consisted of one
digital filter who has one pole at -1 and one zero at -3.

desc-1 Add_Submodules { digital_filter df { pole = -1; zero = -3} }
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desc-2 Add_Submodules { digital_filter df }
Settings df { pole = -1; zero = -3}

When df is created using the first form, the module is created and its initialization routine,

sub_load and/or sub_sub_load, are called yithle = -1; zero = -3} as the inputs. When df
is created using the second form, the initialization routine is called one when the module is
created with empty input, and is called again witpole = -1; zero = -3} as the inputs. The

initialization of the module can be called multiple of times with different values of inputs, and the
module should be prepared for it.

The interconnection of components takes place when a parent box encounters an
“Add_Connections” section title. [As mentioned earlier,] the connection syntax is
[source_component] [source_port] -> [sinc_component] [sinc_port].

If the port name is missing, number O is assigned to it. If the port name is an integrer number, it is
synonymous with “input’+number or “output”tnumber, e.g., “input0” or “output2l”. The
following two sections mean the same connection.

Add_Connections { mod_a ->mod_b 21}
Add_Connections { mod_a outputO -> mod_b input21 }

The first action the parent box takes is to find the two components among its children. Succeding
in this both the source and sinc components are asked to find or create their respective ports (
module::find_or_add_port(const string &pname) ). This will fail if either
component fails to recognize the port name in the request. If it is successful the process is
completed by connecting the portsr{odule::connect(const string& pfname,

module* dest, const string& ptname) ).

7.3. Data Routing

Once the system is fully constructed and connected, modules can begin to track down their input
data sources.

7.4. Time Evolution Sequencing

The above data routing system leaves no room for buffering in data flow, thus the sequence in
which the modules evolve their internal state and produce outputs is crucial.

7.5. Configuration

Now the model is ready to run, but none of the particulars have been specified. One must specify
the time step and all of the input values.

7.5.1.  Simulation time stepAt

The time step\t is provided by the user. This should be a factor of several smaller than the time
step of the physics process of interest. If the simulation is for the pendulitrmay be 10ms,
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while if the simulation is for the details of the cavity responSienay be Lus. For the given time
step, each module should calculate the response.

Some kind of tricks or approximation may be needed to achieve reasonable speed for the
simulation. E.g., when the Michelon cavity, with arm lengths L1 and L2, is made using mirror
modules (beam splitter and two end mirrors) and two field propagators, the following calculation

is done. Assume the case that the time step is chosen to be (L1+L2)/(2*c), and L1 and L2 are
slightly different. The field in each arm propagates from the beam splitter to the arm mirror in one
time step, and bounces back to the beam splitter in the next time step. The difference of the arm
lengths are taken care by the phases gained in each trip, which is based on the exact length at
proper time.

This phase calculation is divided into two pieces. The length assigned to the field propagator is
assumed to be an integer multiple of the carrier wave length. The difference between the exact
length and the rounded length assigned to the field propagator is taken care by the mirror. l.e.,
microscopic changes of the mirror motion is taken care by the additional phase calculated by the
mirror to account for the deviation from the resonance condition.

7.6. Execution

The model evolves by evolving each of the modules in the predetermined tick sequence (and
preticking the delay modules, see Sec. 7.7.2. for details). Each full run through the pretick and
tick queues constitutes a step forward in time. This process may be iterated as many times as
desired and the outputs read as frequently as one wishes, thus producing a time series for each of
the monitored outputs.

7.7. Modules

7.7.1. Input and output modules

There are two modules which have only an input or only an output, but not both. The “data_in”
module is used to bring data into the simulation from outside sources, frequently the user.
“data_in”, as viewed from inside the simulation, has a single output, which may be of any type.
Similarly, the “data_out” module is used to get data out of the simulation. In the simulation it
behaves as a module with a single input, which may be of any type. Each of these modules serve a
special function in the simulation.

A “data_in” is special in that it can produce its output independent of all other modules in the
simulation, since, by definition, it takes no input from the simulation. This feature makes
“data_in” modules convenient points from which to initiate data flow, i.e. “data_in” modules are
data flow sources.

A “data_out” module, on the other hand, is a data flow sinc. All of the data generated by the
simulation serves the single purpose of producing the inputs for the “data_out” modules in the
simulation, since it is from these modules that the data are retrieved for analysis by the user. A
corollary to this is that any data flow path which does not lead to a “data_out” need not be, and in
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Figure 1: Input and output

fact is not, simulated. In the example shown in Figure 1, the simulation goes as follows. First,
“input” is “ticked”. Ticking a module, by way of thenodule::tick() member function,
causes it to perform whatever processing is necessay to update its outputs for this simulation
cycle. (In the case of a “data_in" no processing is necessary.) After “input” is ticked, output #1,
and thus input #2, is ready for use by “m1”. “m1”is then ticked, producing output #3. Now input
#4, used by “outout” is ready and, since that is the only “data_out” in the simulation, time
evolution for this simulation cycle is complete. In this example, “m2” was not ticked because it is
not needed to produce the requested output. If another “data_out” module is added and is
connected to output #6, then “m2” would also be ticked.

7.7.2. Delay in modules

As eluded to earlier, the simulation proceeds by cycling through a list of modules and requesting
that each one evolves its internal state and its outputs. To facilitate further discussion, the size of
the step taken forward in time in one cycle, the “time step”, will be referred ta\tisahd the

time represented by the current simulation cycle will be callgg,t As one might expect, the

time represented by the previous simulation cycle g #At” and so on. With this terminology in

hand we are ready to discuss delay in modules and its importance in simulation.

There are two kinds of modules, distinguished by how the output depends on the input, delay and
non-delay. A non-delay module simulates a process in which outpyi,atlepends on the input

at t,on The mirror module is of this kind, since the reflected and transmitted fielg,gtatre
calculated using the input fields g4, The digital filter module is also of this kind, since the
output at t.,, depends on past,f-At and earlier) input data as well as input,gj,t

A module with delay simulates a process where the current output does not depend on the current
input, but is determined soly by the input at timg At and earlier. The “propagator” module,
which simulated the propagation of a field over some distance, is of this kind. Atlwe(l/c) / n,

where L is the length of the propagator, c is the speed of light, and n is an integer, the output of the
prop at f IS determined by the input atd,-nAt, i.e. t,o,-(L/Cc). Another example of a module

with delay is the module apply named “delay”, whose sole purpose is to place a delay in a specific
place in the simulation. A delay module may be used, for instance, to simulate the delay in a
control signal sent over a long distance (i.e. from the corner station to the end test mass). This
module also plays an important role in resolving loop ambiguities in the simulation, which will be
explained in the next section.
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Figure 2: Input-output Dependence

The dependence of the output of a module on its inputs is summarized in Figure 2. For those
modules without delay, the output gt depends on the input gft, while for those with delay,

the output does not depend on the input.gf,tand the output can be calculated using existing
data up tojy,At.

All modules should implement their own member functi@action() , called from
module::tick() , and all modules with delay should implement their own member function
preaction() , called frommodule::pretick() , both of which are provided as virtual

functions in the base module class . At the beginning of the simulation cycle all modules with
delay are “preticked”. At this point the module should calculate their output using existing data up
to t,ow-At, So that after this call, the outputs of these modules are valueg,jpias shown on the
right side of Figure 2. After the pretick comes the tick. When a module is ticked it should
calculate update its internal state and, if it hasn’t already, it should update its output fortje t
This leads to the situation show on the left side of Figure 2.

module with delay

. m1 m2 m3 m4
In . out
[ o}»1 23 4—»i5 6—»|7 G| |
L — —
Figure 3: Simple simulation

As a simple example, the evolution in Figure 3 goes as follows. In this example, “m3” has delay
and all other modules do not. First “m3” is preticked. The value at output #6 is updated using data
up to t,ow-At. Then the other modules are ticked in order. First, “m4” is ticked, and using the value
at #7, from #6 which was updated in the pretick, updates output #8. At this point the input to “out”
is ready, but the cycle is not over, since input #5 has not yet been calculated. Though this input
was not needed to produce the output of this simulation cycle, it may be needed in the next cycle.
Input #5 is produced by first ticking “in” which does whatever necessary to update output #0 to
thow followed by “m1” and then “m2”. Lastly, “m3” is ticked. This call does not change output
#6, because it was updated fg,f in the pretick phase. Instead, “m3” uses the tick to update its
internal state, if necessary, so that it can produce output #6 when pretick is called in simulation
cycle tontAt.

7.7.3. Loops

In a framework like Adlib, where discrete time steps are used to simulate the time evolution, loops
may result in an ambiguity as to where the simulation should start. E.g., in Figure 4, the
simulation may start by ticking “module2” to produce output #5 using input #3 from the previous
cycle, then using data from “in” and #5, calculate the output #3. Alternatly, it may start by using
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data from “in” for input #1 and data from the previous cycle for input #2 to calculate output #3,
then use this output to calculate #5 for this cycle. The result in either case is that an implied delay
has been added to the loop. The ambiguity is in the location of this delay.

in
[
modulel 3

i
5 module24

Figure 4: Loop

out

If any module in the loop has delay this ambiguity ceases to exist. Let’'s analyze this example for
the case that “modulel” has delay. When the input-output dependence in Figure 2 is taken into
account, the only solution is to start by evaluation output #3, because only output #3 can be
evaluated without input atd,, All other outputs depend on inputs @}, none of which exist.

If, on the other hand, no module in a loop has delay, there is no guideline as to where to start. This
is an intrinsic ambiguity of the simulation framework, and the output of the simulation may in
general depend how this ambiguity is resolved. The dependence should be small when the
variables in the loop change by a only small amount in a single simulation cycle, Ateis1/
beyond the bandwidth of the loop.

For a given simulation configuration in which this ambiguity exists, Adlib inserts an implied delay

of one time step at some arbitrary location in the loop and prints out a warning message. It is
strongly recommended that one places a “delay” module in a most appropriate location in the loop
(based on an educated guess, aesthetics or whatever), such that the warning is not given. The
delay time may be set to zero (the default), but since a “delay” module always delays a signal by
at leastAt, this is sufficient to resolve the ambiguity. While this does not prevent dependence of
the output on the location of the delay, it at least makes this dependence testable and make the
output reproducible.
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7.8. Example

In this section, an example in Figure 5 is used to explain how the time evolution occurs in the

—p» Physical data flow T : j Module with delay output port of a module

L
input port of a module

1 2 ——
in0 (j— 5 6 78— —_— 910 J1112—
3 4’I Laser (B (<) Propl (), (B—#=| out0
in1G— 24 17 615 _ _ _ 141
P r‘ ) prop2 < e
r == _
| delay ! 18  mirrorl mirror2

Y PD
D CER o
21 J
DE | 5 - outl
I —

Figure 5: Example of execution

model. The following explanation is done to help to understand the source code as well. All of
these constructions and time evolution are done in the application framework class modeler_base.

There are three important queues for constructing and executing the time evolutioridéop,
gueuepretickqueue andbd queue. The tick queue stores a pointer to each computational module
in the simulation. Modules appear in the queue in the order of execution, i.e., the tick queue
determines the time evolution sequence. The pretick queue stores pointers to modules which
simulate processes with time delay. It is called the “pretick” queue because modules in this queue
are called upon to produce their outputs at the beginning of each time step. After the outputs of
these modules are updated g, the modules in the tick queue are instructed, in order in the
queue, to use their inputs (which should all be.g}} to evolve their internal states and produce
outputs att,, The tbd queue is used during the construction of the other two queues, and it keeps
modules which are to be “handled”.

After the system has been constructed, the time evolution sequence must be determined. This
process begins by placing all output modules in the tbd queue. The process of time evolution
sequencing is complete when the tbd queue is empty. The tick queue and pretick queue both start
empty. In this example, the inital state of the three queues are as follows;

tick =]

pretick =[]

tbd = [outO, outl]

The construction proceeds recursively. Start by taking the first module from the tbd queue, move
backward along the data flow into this module, until you reach a module with no input or a
module which has delay. Either of these modules can produce outpiy,aithout inputs at

thow and thus the simulation sequence can start by using these outputs.
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The first module in the tbd queue is out0. Go backward along the data connection arrow, i.e., from
#12 (the port number 12 in Figure 5: Example of execution) to #11. The module mirror2 has no
delay, so go to the input, #10, and move backward to #9. prop1l, the field propagator, is a module
with delay. Place propl in the pretick queue (because this has delay) and in tdb queue (because its
inputs will be examined later). Since propl is in the pretick queue, the recursive trace ends here,
follow the data flow back to mirror2. There are no more inputs to be examined, so place mirror2 in
the tick queue (because this one needs to be executed during time evolution) and continue forward
in the data flow to outO. Its inputs have now been fully examined, put it into the tick queue. Now
the queues are as follows.

tick = [mirror2, outO]

pretick = [prop1]

tbd = [outl, propl]
Start again from the first module in the tbd queue, i.e., outl. Move back to #19. The photo diode
has no delay and only one input, #18. Move against the data flow to #17. Mirror2 has no delay so
proceed to one of its two inputs, #16 or #6. In this example, pick #16. This leads to #15. prop2 has
delay, so stop here. Place prop2 into the pretick queue and tbd queue, then return to mirrorl.
“mirrorl” has one more input, #6, so go from there backward to #5. “Laser” has two inputs.
Choose #2, and move to #1. “in0” has no inputs, so stop there and put “in0” into the tick queue
and move back to “Laser”. Do the same for “in1”. The last input is connected to “delay”, and
place it in the tbd and pretick queues. Now all the inputs of “Laser” have been examined, and the
gueue status is

tick = [mirror2, outO, in0, in1]

pretick = [propl, prop2, delay]

tbd = [propl,prop2, delay]
Start the return trip by placing “Laser” in the tick queue. Then go forward from output #5 to
mirrorl. All inputs of mirrorl have been handled, so put mirrorl in the tick queue, and return to
“PD”, place it in the tick queue, followed by “outl”.

tick = [mirror2, outO, in0, inl, Laser, mirrorl, pd, outl]

pretick = [propl, prop2, delay]

tbd = [propl,prop2, delay]
This data flow path is complete, so remove “propl” from the tbd queue and examine its inputs.
There is one input, #8, and that is connected to mirrorl which has already been analyzed, so place
propl in the tick queue. Do the same for prop2. Now the queue status is

tick = [mirror2, outQ, in0, inl1, Laser, mirrorl, PD, outl, propl, prop2]

pretick = [propl, prop2, delay]

tbd = [delay]
The last module in the tbd queue is “delay”. Input #22 is connected to DF which receives its input
from “PD”. But “PD” is done, so place “DF” in the tick queue, folowed by “delay”.

tick = [mirror2, outO, in0, inl, Laser, mirrorl, pd, outl, propl, pro2, DF, delay]

pretick = [propl, prop2, delay]

tbd =[]
Now the tbd queue is empty and the time evolution sequence, represented by the tick queue, is
complete.

Consider an alternative configuration in which there is no “delay” module. When tracing
backward from “Laser” input #24, “DF” and then “PD” are encountered. However, “PD” is
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already in the process of examining its inputs. This indicates that an ambiguous causal loop exists.
When this happens, a warning is printed out and “DF” is placed after “in1” in the tick queue. This
is equivalent to placing a one-time-step delay between “DF” and “PD".

Returning to the configuration in Fig.2, with the tick and pretick queues are constructed, the
simulation may proceed. It goes as follows. First, the member function pretick() is called on all
modules in the pretick queue. When called, they should produce their outputs fofjpesing

only internal data, which resulted from inputs at timg,tAt and earlier. Then the member
function tick() is called on each module in the tick queue in order. The input to each module will
be at t,,, When the module is called, and the module is responsible for producing oujgyt at t

In this examplemirror2 is called first to calculate the output using #p@oplis in the pretick
queue, so output #9 has already been calculated. The input@s now at f,,,, and may be used
as neededinO andinl prepare data for.t,, Laserreads inputs #2, #4 and #24 from preceeding
modules, which are all at,4,, and uses them to calculate its outpuhirrorl then calculates
outputs #7 and #17 using input #6 from “Laser”, and #16 from “prop2J then calculates output
#19 using the output of mirrorl, thereby making datg, g}, Bvailable tooutl proplreads input
#8 to update its internal state, as dgesp2 Note that both of these modules have already
produced output at,t, Next DF calculates output #21 using input #19, aelay updates its
internal state using this output.
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8 MODE SUPPORT

8.1. Modal model

Modal expansion using the Hermite Gaussian expansion is used to implement the alignment
degrees of freedom and beam profile. Appendix 1 summarizes the mathematics needed for the
modal model implementation. Same normalization will be used as the Modal Model Paper (1).

In the case of a circular Gaussian beam, the base of the modal expansion can be completely
specified by two quantities, the waist size and the waist position. When a field representation
changes from one set of a waist size and a waist position to another set, it is called “the base of the
field is changed”. A field at a given location will carry the information of the representation base
using the waist size and the distance to the waist position. The field going away from the waist
position (diverging beam) will have positive distance, while that coming to the waist (converging
beam) will have negative distance, just as is illustrated in Figure 6.

However, E2E supports elliptical Gaussian beams. The Gaussian beam solution is thus written in
terms of a set of astigmatic Hermite-Gaussian modes by writing separate values of waist size and
waist position for the horizontal X and vertical Y coordinates. The base of the Gaussian beam in
E2E is thus represented by four quantities: “waist_size_X”, “waist_size_Y”, “dist_waist_X" and
“dist_waist_Y”. To keep our following discussion simple we refer to just waist-size and waist
position as the base of the modal expansion and note that these quantities for two transverse
directions, X and Y, can change or evolve in an independent way.

. _,. Substrate
(Wo',-Z')

A
1 WO "

PR waist position
(Wg',Z') coating P (Wo,-2)

coating
Figure 6: Time domain Modal Model field

A field is represented by a base of the mode representation and a mode amplitude vector, which is
a vector of amplitudes for each eigen state:

E(XY 3 =) anWmn(x % 2 (1)
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where U is defined in eqn. (A.3). In other words, by a set gf,Uand weights of each mode.
When the base is changed,\$ change.

The simulation in Figure 6 will go as follows. From the left, a field based on a base B1 goes into a
substrate, and the field shape changes by the lensing effect of the substrate. A new base B2 is
calculated on the right hand side of the substrate so that the incoming TEMOO becomes a outgoing
TEMOO in the new base, or, the new base B2 is chosen so that the incoming gielt g
becomes gUB2%y, after the lens. The field then interacts with the coating, or mirror, and some are
reflected back to the left and some are transmitted into the cavity. The base of the reflected field is
changed back to B1. The field in the cavity, going back and forth, is represented using base B2.

As is explained in this case, the simulation can start from the source with arbitrary base, then
propagates down to the core optics. In reality, optics are arranged in between the laser and the core
optics so that the mode matches at the core optics. What this means is that, in the example
Figure 6 and the discussion above, the new base B2 is, ideally, the eigen state of the mode of the
cavity defined by the two mirrors. To help this situation, the E2E package will provide a way to
define the mode at the input which will match to the mode of the cavity when it goes into the core
optics. The mode mismatches that occur due to small misalignments are, of course, what the E2E
package simulates.

8.2. Basic approach - step by step

8.2.1. Convention:

8.2.1.1 distancenegative for converging beam, positive for diverging beam.
8.2.1.2  radius of curvature:

8.2.1.2.1 (for surface of mirror or lens) positive if looks concave from outside and negative if
looks convex from outside

8.2.1.2.2 (for wavefronts of beams) positive for diverging beam and negative for converging
beam

8.2.1.2.3 focal length: converging lens has positive value, diverging lens has negative value.
1 _1)Q 11 .10

- = _(n
f (R, RU

ref

8.2.2. Definition of fields

max_mn_order

E(xyzd =expliwg) 0y 5 E @)Ugxvd @
|

nm=0
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"z, 1) = exp(iQ;t) (E; (t)

~mn mn —mn 3)

(=P @FE
P (2) = exp(—i(kq +k)2) Cexp(i(n + m)noy(2)) (4)
Unn(% ¥ 2 = u(x,2) L (v, 2) (5)

)=

1
g 1 aaxo O 20 1 ik +k)m
Un(% 2 = O Egzmm!w(z) EHmDN(Z)DbepE)-x %N(Z)2+ R [T (6)

In these expressions, the index i runs for all sidebands and a carrier. As is shown below, each field
component of a field carries its own frequency, and there is no restriction among them. Strictly
speaking, the wave number k 712 is calculated asd¢k;, where lg is a reference wave number
which is very close to or identical to that of the carrier, lkfAcr/Asg~10". The angular
venl]g]mty and wave numbers are related gs=kwg/c, and k = Q;/c. In the simulation program,

Ei (t) is kept as sub field components, and the phase chaﬁge(z) is calculated by the
propagator.

8.2.3. A choice of the mode base at the laser

The simulation starts from a laser, and the base of the field at the laser source can be anything. A
support will be provided to define a base at the laser using the following strategy. A pair of mirrors
forming a resonant cavity will be used to define one base of the HG expansion. Examples are, (1)
two mirrors of the FP cavity, (2) one of the arm cavity of LIGO, or (3) the recycling mirror and the
inline end mirror of the recycled Michelson cavity. It is assumed that the whole core optics part is
designed to mode match, at least approximately. The support will provide the base which, after
passing through optics between the laser and core optics with appropriate base changes, matches
the base chosen using the resonant cavity defined above.

8.2.4.  Propagator

The macroscopic length, L of the cavity minus a small length corresponding to the guoy phase
acquired during propagation of this length is assumed to be an integral multiple of wavelength
(Note: This is just our choice of convention, although a half-integral multiple would have been
sufficient to keep the TEMOO mode resonant inside the cavity). The propagator matrix, thus, just
adds up Guoy phase to only higher order modes [i.e., (m+n)G(z) and not (m+n+1)G(z) where
G(z)=arctan(Z/Zo), 3:TLW02/)\ being the Rayleigh range] and the common longitudinal phase to
all modes.
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8.2.5. field is modified by mirror and lens and wedge

The base of Hermite_Gaussian expansion can be represented by a complex number
q=(z-7)

This parameter is changed by mirror or lens in following ways:

8.2.5.1 Alens changes the base of Hermite-Gaussian expansion.
q _ Gin
out  1-q, /f

where f is the focal length of lens.
The lens may also mix the components. E.g., thermal lensing effects.

Choice of the origin of z is relative to the waist position where guoy-phase (for all modes) equals
to zero.

8.2.5.2 A mirror changes the mixture of components in the same expansion
base.
- On reflection with normal incidence from a mirror, z => -z (by convention).
- On reflection with non-zero incidence angle from a mirror (different for bases in horizontal X
and vertical Y direction, i.e., in the plane of incidence and perpendicular to plane of incidence
respectively )

q — Qinx

outx — 1—2q; ./ (Rcosh)

q — Qiny
outy — 1-—2cos8q;,,y/R

- by substrate lensing effect (as described in sec. 8.2.4.1)

8.25.3 Mirror and lens

Lens Mirror

Input z: small longitudinal displacement | z : small longitudinal displacement

mechanical pitch, yaw: small angular rotation
Input field : single or multi-mode field : single or multi mode field
optical
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-00

8.2.5.3 Mirror and lens
Lens Mirror
Output | field : affected by lens field : affected by mirror and its lensing
effect
Setting | t, r: transmittance and reflectance | t, r : transmittance and reflectance.
radi_front, radi_back and radi_front, radi_back and
refrac_index radii of curvature and| refrac_index : mirror curvature on
refractive index coated side and non-coated (AR
coated side) side and refractive inde
of dielectric
Two sets of t,r for P and S polarizatig
will be introduced later. Possibly
explicit mode decomposition matrix,
effctively representing some abbera-
tion
action lens : change of HG base. mirror : mode decomposition

When a non-zero field comes into th
optic for the first time, check the co
sistency, i.e., the bases of two com
nents of Aout in Figure 7 are the
same.

eand also the lensing effect, i.e., chan
nof HG base of partial beams transmit
ted to both sides.
When a non-zero field comes into thg
optic for the first time, check the con:;
sistency, i.e., the bases of two comp

nents of Aout in Figure 7 are the san
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8.2.5.4  Schematic summary of optics action

Agut= mirror * -r * A, Boyt= mirror * r * By,
+ lense * t By, +lens * t A
out Bout

1) Field A (B) is represented by using HG eigenstate base A (B).
2) mirror decompose components in the same base
3) lense changes the base between A and B, while keeping the mode components

Figure 7: Schematics of optics

8.2.6.  Only lenses between COC and laser change the base

8.2.6.1  Program to calculate the modal-base at the laser using the base

defined by the pair of mirros in COC

In the following, we consider a simple case: a laser and a Fabry-Perot cavity. However, the same
step-by-step method can be easily extended to more complicated set-up.

» Rayleigh range for the modal-base inside the cavity formed by two mirrors (mirror 1 is near to
laser) :

2
_ Wy LR -D(Ry-D(R; +Ry-L)

0= T

Where R1 and R2 are absolute values of radii of curvature of two mirrors. Distances of the
waist from mirror 1 and mirror 2 are respectively:
L(RZ—L) L(Rl—L)

Z, = —m 4 ly = —mm ———
1 _ 2 _
R1+R2 2L R1+R2 2L

» At the input mirror 1 and inside the cavity, the radius of curvature of the beam wavwfront is,
of course, R1. The half-width of the beam is:

leE? 1/2
W = WO[LL%E}

« Attheinput mirror 1 and just outside the cavity, the radius of curvature of the beam (due to the
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lensing effect of mirror) is
N
out — n
where n is the refractive index of the mirror dielectric material (for fused silica, n=1.47).

The change in the width size, W, after it passes through the mirror is assumed to be negligible.

* We are now ready to calculate modal-base for the laser from two known quantities: radius of
curvature of beam wavefront, Rout and its width, W at the input mirror just outside the cavity.
The waist-size for the new base and the distance of the (virtual) waist position from the input
mirror are :

R

Wo(nevv) - WK Z = out2
J1+K? 1+K
where
_ ARyut
K= 2
™w

8.2.6.2  multi-optics has a pure virtual function to convert the base. All dis-
tances are neglected expect for the configuration of COC

8.2.6.3  Any hardware between the laser and COC which need to take care of
the spatial distance should be implemented as a separate module. A module,
micro_prop, may serve for some case which just advance the phase front by
some specified amount.

8.2.7.  single and multi mode fields

One Field is specified by a reference wave numbgr R1/Ag, and a set of subfields, (k).
Subfields include both sidebands and a carrier field. The wave number of each subfietdlig, k

and the amplitude of that subfield is specified QyEor the multi mode field, Hs an array of
amplitudes, each element of the vector representing the amplitude of each mode. The modes
represented by the Hermite Gaussigg,UA.3), are ordered in the following way:

(0,0), (1,0), (0,1), (2,0), (1,2), (0,2),.....

The “reference field” is defined in field_gen module. The “field” is characterized by the following
guantities.

» Singlemodeor multi mode field by Hermite Gaussian expansion
» Reference fieldvave length
e Powe(P(t)) andphi(d@(t)), separately for each mode for the multi mode field, with which

the field is expressed a#(t) Oexp(i(wt + d@(t))) . Sidebands are generated later by
other modules - sideband_gen or phase_adder.
» [f the simulation is the mutil mode cagejal number of modesvaist size in horizontal X
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and vertical Y directiorand thedistance to the waist positiam horizontal X and vertical
Y direction are also needed.
* The “field” also carries other auxiliary options.
* how the mode decomposition is calculateither using full expression or using a
smart algorithm, explained in another e2e manual, LIGO-T970196E.
User specifies these information by the inputs to the field_gen module, which has two inputs and
five settings.

* Inputs
* Power(1,1.0) - array of real, specifying the power of each mode
* phi(1,0.0) - array of real, specifying the phase fluctuation of each mode
» Settings
* lambda (1.064e-6) - real, wave length of the reference field
 mn_order(1) - integer, specifying the order of transverse modes. Use mnorder = -1 to spec-
ify the single mode field.
» waist_size X, waist_size _Y(0.0) - real, the waist size
» distance_waist_X, distance_waist_Y (0.0) - real, distance to the waist position
» polarisation: p or s represented by 0 and 1 respectively.
» field_options (1) - integer, 0O for full algebra, 1 for smart algebra
For each, default values are also shown in brackets. For vectors, first number is the size of the

Table 1: Field structure

Mode Global Component

Single Ko : time independent wave number( ok, E ); : wave number correction angd

update flag number of SB amplitude for each RF sideband.
Multi Ko : time independent wave number( ok, (E) ); : For each sideband, the
max(m-+n): number of modes field amplitude represent a vactor of

mode decompositionfast or slow | amplitudes for each mode. mode is
(Wp, 2z) for both X and Y direction :| order in the follwing way :
parameters defining the Hermite- | (00),(10),(01),(20),(11),(02),...
Gaussian base.gis the waist size | Of

and z is the distance to waist. j= m*rnHm+n+l)
update flag number of SB, HG 2

base When polarization is implemented,
pol : polarization status - P, S or | vector (E) will be duplicated for each
mixed polarization status.

array and the rest represent the values.
From the user settings of these inputs, or using the default values if not specified explicitly, the
field quantities are set in the following order.
1. The mode strcuture is decided by “mnorder”. When mnorder = -1, single mode field is
simulated, and for non-negative mnorder, multi mode field is calculated including n+m
nmorder . For example, when mnorder = 2, the simulation will include modes with (n,m) =
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(0,0), (1,0), (0,1), (2,0), (1,1) and (0,2). mnorde0 issupported mainly for the code vali-
dation purpose and mnorder = -1 should run faster.

2. If the size of the Power or phase is less than the number of modes simulated, they are
assumed to be 0. For example, mnorder = 1, and Power=[1.0], then it is assumed that the
initial power for TEMO1 and TEM10 were 0.

8.2.8. Polarization

8.2.8.1 Atpresentthe polarisation setting (p or s) in field is used just to determine the phase to
be gained by a beam on reflection from the sides of a mirror. Capability of handling mixture of
both polarization states has not yet been implemented.

8.2.8.2  Mirrors have separate r and t for each polarization. Only one set of values (correspond-
ing to only one polarisation) can be set for the current implementation.

8.2.8.3  Our final implentation will take care of the above two restrictions (i) by doubling the
number of field amplitudes carried by the “field” class (ii) by having two sets of reflectivity and
transmittivity values, each for one polarisation.

8.3. Detector, demodulation and shotnoise

8.3.1. Detector matrix

Using the expression defined in Section 8.2.2., the power observed by a detector located at a given
z position is given by the following expression. In this calculation, exf{k k)/R) is
approximated by exp(ky/R), because the correction is of the ordeAgk/Agg ~ 10°. D(X,y) is

a pupil-weighting function, an@ is the area of the photodetector. As can be seen from Eq.(7), a
detector can be characterized by a detector maggix, b,

P = £dxdy|E(x % 2 )I° D(x, y)
mn m'n’ T (7)
= z E"ZYE" (29 Dy, min
m, n m, n’
mn _ : ~mn
E (zt) = Zexp(lQit) [E; (t) (8)
|
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Din min = J;dxdyumn(x, Y, 2 U (X Y, 2 [D(X, Y)

a2 A2
d_d ![dxdye_(x Y HmR)H, L (OH ($)H . (5)D(%, 9) ©
9

mn-m'n’
pmax q)max
1 ~ ~ ~ ~ ~ ~
= édmndm’n’ DJ. dp I dq)Hm(X)Hm’(X)Hn(y)Hn’(y)D(X’ y)
pmin ¢min
1
d =
mn
n2m+ r'm! n!
N r o _ A2 NN . (10)
r = —— X = ——x =Ttco = ——VY = rSsin
& e (0) Y=gy = Fsn®)
2
Pmin = eXp(_rmax) Pmax = exp( rmin)

In the simulation package, if the detector matrix cannot be calculated analytically using formulas
in the Appendix, the matrix is calculated numerically. The D matrix, Eq.(9), is real and fully
symmetric with respect to the exchange of m and m’ and n and n’, or

D =D =D =D (11)

mn, nin' m'n, mri mn, mn mn', mn

8.3.2. Demodulation

By substituting the explict frequency dependence eq.(8) to eq.(7), the expression of the power in a
detector can be rewritten in the following way.

I ]

= Zp.. + Z (Pij exp(—iAijt) +cC.C) (12)
i'<|
= ZP +2Z(P Sln(Aijt)+P§eC03(Aijt))
i<|
~ t R I
Pjj = Z (t) EEmn (1) Dmp nin = Pjj “r PIJm

=N (13)

t=p. pre=pRe  plm- _pim

I:)ij Ji ij Ji i] Ji
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Aij = Qj -Q, (14)
The CD part of the power is given by the first term in eq.(12),
Poc = ) Pii (15)
|
The convention of the phase modulation adopted in this simulation is
Emodulated= Ein€XP(IT sin(Q [1)) (16)

When the photo diode current is demodulated using a sinusoidal wave with the demodulation
frequency ofAQ, the inphase and quad phase demodulated amplitudes are given as follows:

-
1 |
Pin = 3 [P(Dsin(aQ 1) = ; Piljm (17)
5 Q,-6=n0
.
1 R
Pou = 7[P(DcosaQ 1) = g P (18)
0 Qj_ P = AQ

The module “pd_demod” produces a complex value defined by the following equation.

Pdemod = KZ Pij (19)
Q. -8=n0

] I

So the imaginary part of the pd_demod output gives the inphase demodulated output and the real
part gives the quadphase demodulated output.

8.3.3. shot noise

Because of the quantum nature of the electric field, the measured current of the photo diode
fluctuates around the expected value. For a given input field power P(t), the average number of
photons for a measured time interlis given by the following formula

en(t)
o) = 7 = [Fr:(g;mt

where v is the energy of a photon amgdis the quantum efficiency of the detector. The measured
number of photons fluctuates randomly following the poisson distribution with the given average
value.O(n) is used to denote a number observed with the average value of n.

When a measurement is done for a time intervat asing a modulation frequen®@=21vT, the
power, inphase and quad phase demodoluated signals are given by the following expressions,
where the integration over time is replaced by a summation with a time gtep of

(20)
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T Ny Ne
s0bs _ 1 obs
P, = Twa(t)P (t)dt = b” X Z Z w, (t! )th(nO(t )
0 I=1j=1 21)
WDC(t) =1 W|n(t) = Sin(Qdemod[t) Qu(t) = COS(QdemodEt)
n, = Alt n = 1 t) = (i +n, O)At

N is the total number of oscillations in the observation period, gid the number of binning per

25

J:]_ ]:2 J:3

20

15

10

0
0 0.5 1 15 2 25 3

Figure 8: Quantized power

oscillation. If the time dependence of the field, of B eq.(13), is neglected during the
measurement period [0(n) and w(t) are independent of the cycle, or j, and eq.(21) can be
rewritten in the following way.

_obs

Py le () (n, Oh (t ) .

t = AtB—%B

The module “pd_demod” uses this formula to calculate the shotnoise when the full simulation
option is chosen. This full simulation is slow because it needs several 10 random number
generation. In order to speed up the simulation, a fast option is provided. When that option is
chosen, the power is approximated by

P(t) = Ppc + 2(Pys5IN(2Q 4o mog) + Poc C0(2Q 4o mogt))

) (23)
+ 2(Pls ESIn(QdemodEt) + PlC Et:OS(QdemodEt))
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and calculate the summation (22) analytically as shown below, and generates the fluctuation for
the power, in and quad demodulated outputs independently. In the calculation, the first order

harmonic terms are neglected to calculate the shot noise. They contribute only to calculate the
signal. This is correct when there is only one sideband as the demodulation frequency, except that
the correlation among the three outputs cannot be simulated.

The following analytic calculation of Eq(22) for the simple case Eq(23) is based on the following
formula for the Gaussian distribution. Given a set of quantitigs (i=1~n) which follows the
Gaussian distribution, i.e.,

1\2
d_N = 1 EXDE——(Xi _ Xi) E
dXI A/2T[Gi 0 20‘| ]

(24)

Then, the distribution of a linear combination of these variables (X) is also the Gaussian
distribution whose averageX( ) and meag () are given by the following expressions:

n
X = ZWiD(i
i=1

n
X = ZWiERi (25)
i=1

n
2 22
(Z)" = > wi b,
=1

For the Poisson distribution, the width is the square root of the average value, and the following
relationship stands.

n
2 2
(Zy)" = Z wi X, (26)
i=1
The explicit form to be calculated is as follows, where P(t) is the power given in Eq(23).
Ny,
sobs _ hv M LAt 0
i=1

If the number of the photons, i.e., the argumentbf in this formula is large, the observed power
is a summation of quantities which follow the gaussian distribution and their width is the square
root of the average value.

The DC component is calculated by substituting 1 for the weight w(t). Then the average value of
this DC component is given as follows:
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Ny
F’%tc):s = TV Z nat, o [Py +2(P,g [BiN(2Q [;) + P, [tos(2Q [1))))

_ hv nAt At (28)

hv
:r][:PO

-—n EPOEhb

The width of the Gaussian distribution of this quantity is as follows using Eq (26):

2
(=205 = EhTVDZ Z A, [Py + 2(P,o [5In(2Q [1,) + P, (oos(2Q 1))
i=1
_ chvifnAt (29)
= 070 hy Ne FPolthy
_ hv
== [h [P,

The meaning of these two equations are as follows. The demodulation is done over a period of
During that period, the total number of power and the number of photons measured and the
fluctuation of that measurement are given as follows: Due to the normalization convention, (per
unit time), Eq (28) and (29) are divided tay

T ops= MV MNphoton = NPy * T

Zobs = MW/Nphoton = /hv [ [Py x T

The average value and the width for the demodulated signal can be calculated in the similar way.
The average value of the demodulated signal comes from the term proportionglandR ¢ in
the normal way, i.e.,

(30)

—obs
Psin(cog = P1s(P1¢) (31)

The fluctuation of the error signal is derived as follows just in the same way as Eq(29).
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Ny
Z n [Bln(QEt) X

(PO +2(P, (5IN(2Q 1) + P, [C0(2Q (1))

(32)
_ dlmzﬂz
= Ot Oy TDJ'sm(QEt) (Pg + 2P, [cos(2Q [T;))
_ hv
=T Eg HPy=Pyc)
Similarly, the Gaussian width for the demodulation by @bjsis given as follows.
Ny
_ thvif ¢ nAt
= 07O v nEbos(Q[t)x
i=1
(PO + 2(P28 [kin(2Q Eti) + PZC [cos(2Q [ti)))
D2 T (33)
_ fhvifnst
=~ 00T DJ'COS(Q [1. ) (PO + 2P2C [cos(2Q [ ))
hv
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APPENDIX 1 MODAL MODEL

formulas

[ shamelessly stolen from the famous modal model paper (1) ]
One dimensional Hermite Gaussian

_re0’fn 1 2, odexp
Unl% 2 = 5 Dmelw(z) HN(Z)D A

i Bk Bt S

Table 2:

name expression size for LIGO

mode-dependent _ 1z
Guoy phase shift| N(2) = tan EtOD

spot size DZ
w(2) /1 + &OD

curvature of the 2
Z
phase front | g(y) = 72+ 2
Z

Rayleigh length 2

_ ”““O

Zy = B

waist size W

H(X) is the Hermite polynomial of orden. The following relations are used repeatedly in the
calculations which follow:

}UTm(x, 2) U (x, 2dx = O, (A.2a)
2XH(X) = Hp1(X) +2mH,_1(X) (A.2b)
%Hm(x) = 2mH,,_,(x) (A.2¢)
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U (x, 0)dx

(A.2d)

2'il
= _5 .
Nk

Eqgn. (A.2a) is the orthonormality condition; egns. (A.2b) and (A.2c) are recursion relations to be
used to derive Hermite polynomials of any order, beginning Mgtx) = 1.

In two dimensions the Hermite-Gaussian modes are given by

U, = U, (x2U,(y, 26" (A.3)

The explicit forma of a few low order Hermite polynomials are :

Ho(X) = 1; Hi(X) =2x; Hy(x) =-2 + 4% Hy(x) = -12x + 8x;

(A.4)

A few examples of the distribution of the Hermite Gaussians are shown below.

0.8
0.6
04

0.2

0.2
-0.41-
0.6

-0.8,
-3

I
2

Figure 9:

I I I
1 0 1

I
2 3

HermiteGaussi

The following formula is used in the modeling of the photo detector with simple shapes.
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[e¢]

[HA0H () exp(—x)
0

HiH

n+m-—1

mi2
Z Z( 1) (2r)”(23)”(n 2r)(m— 23)'

r=0s=0

D1 r—
Ty s
(n+m—2r—2s— 1!

ﬁn+m

S for odd n+m

Jmt for even n+m

(I o | |

Table 3: HH[m, n] =

me(x)Hn<x) exp(—x)

A T2 mln'
m\n 0 1 2 3 4 5
0 1 1 0 1 0 1F
2 J2m 2./3m 4\ 57T
1 1 1 1 0 1 0
J2m 2 2./ 4./3mn
2 0 1 1 13 0 1F
2./ 2 24/ 211 T4NBT
3 1 0 1F 1 3 0
2./3m 2 21 2 4,/2m
4 0 1 0 _3 1 SF
4./3m 4./2m 2 84 21
° 1F 0 | 1[5 0 §F 1
4N 5TT 4N BT 8N 21 2
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( O /2" for n=
IHn(X)Hm(X)eXp(—XZ) — D\/'TTZ n!  Tor n=m
0 0 fornZm

Other useful formulas.

H
Hn(x) = Z (—1)r(2r—1)unC2r2n—r D(H—Zr
r=0

Holx+y) = % H, (02 .C 0
r=0
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