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1 Complex Fields

The laser beam is represented by an almost monochromatic wave
E(t,2) = alt, z) )ik, D

where a and ¢ are slowly changing functions of time.
The phase modulated light can be represented as a multiplet of sidebands

0 for carrier @
5= +1,4+2,..., forsidebands

Then the sideband frequencies and the wavenumbers are
w = wy+Q, 3
k = k+ K, (4

where 2 and K are the frequency and the wavenumber relative to the carrier. These are
defined by the modulation

Q = s Qmoda (5)
K = s Kpod, (6)
where Q,,,4 isthe modulation frequency in rad/sec and K,,,,4 isthe modulation wavenum-

ber.
Then the sideband fields are given by

E(t,z) _ [a(t, Z) ei¢(t,z):| ei(wotfkoz) ei(Qthz), (7)

where the last term represents the phase of the sideband relative to the carrier.

It is convenient to omit the exponentia factor €+t in the definition of the electric
field. Also it is convenient to take into account the relative phases ¢ **# through the
propagators. In this approach, the electro-magnetic wave is represented by the following
complex field:

E(t,z) = [a(t,z) ew(t’z)] . (8)

The propagator is _
Pgp = e "ot ©)

where W, is the propagation phase
Wap = kLgp. (10)

Such aphase is usually alarge number. The multiples of 27 can be omtted.

Wab = kLaba (11)
= kOLab + KLaba (12)
= Vi + KLg. (13)
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where
Vab = kOLab (mod 271’). (14)

The amplitude transmissivity and reflectivity is

te, = \/qTaa (15)
O = VR, =\1-T,—L,. (16)

where a isthe mirror |abel.

2 Fabry-Perot Cavity

The amplitude reflectivities are:
r((lo) - reflectivity of Input Mirror,

% reflectivity of End Mirror.
Displacements are

zq(t) - displacement of Input Mirror,
xp(t) - displacement of End Mirror.

In the expressions below the reflectivities always enter with the corresponding phases.
These are complex reflectivities which depend on the displacements

ro(t) = 1) emknal)] (17)
() = 1y em2hm (18)

2.1 Sdfconsistent equation

The forward propagating field measured at the front mirror inside the cavity satisfies the
selfconsistent equation

E@t) =U(t) E(t — 2T) + to Ein(t). (19)
Here U (t) is the round-trip operator
U(t) = ra(t) ro(t = T)e >, (20)
and asterisk (*) stands for complex conjugation. The phase is
®=0T =KL, (21)

where T' isthe one-way propagation time the cavity and L its length:

=", (22)
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2.2 Adiabatic approximation
Neglecting the delay due to finite propagation times,
E(t —2T) =~ E(t).

we obtain the adiabatic approximation.
In the adiabatic approximation, the field satisfies the equation

E(t) = U(t) E(t) + taEin(t).

Its solution is
_ taEin(t)
1-U(t)

Also in the adiabatic approximation we can assume that

E(t)

ro(t = T) = ry(t),
and therefore the round-trip operator is given by

U(t) = ri(t) ry(t)e 22,

2.3 lterations
Summation approximation can be obtained as follows. After one round trip
E(t)=U(t) E(t — 2T) + tq Ein(t).
After two round trips
E(t) = U@)U(@t—-2T) E(t—4T) +

ta Ein (t) +
ta U(t) Em(t — QT),

and so on. After n round trips
Et)y = U@)U@E-2T)...U(t+2T —2nT) E(t — 2nT) +

ta Em(t) +
to U(t) Eipp(t —2T) + ... +

ta U) U(t —2T) ... U(t + 4T — 2nT) Egp(t 4 2T — 2nT).

This equation can be written in terms of products as
n—1
E(t) = E(t-2nT) [[ U(t-2mT)+
m=0
n—1 p—1

ta > Ein(t—2pT) ] Ut —2mT).
p=0 m=0

forn=1,2,....

(23)

(24)

(25)

(26)

(27)

(28)

(29)
(30)
(31)

(32)
(33)
(34)
(35)

(36)

(37)



24 n-Round Trip Approximation

Assume that the input fields do not change significantly over time of n round trips
Ein(t) = Ejp(t —2T) = ... = Ej, (t — 2t — 2nT). (38)

Assume aso that the round-trip cavity operators do not change significantly over time of
n round trips
Ut)=U@t—-2T)=~ ...~ U(t -2t —2nT). (39)

Then the selfconsistent equation becomes
E(t)=U@)"E(t —2nT) + S, (t)te Eipn(t). (40)

where
Su(t) =14+U(t)+...+U[#)"". (41)

The summation can be done exactly

_1=uU@)
Sn(t) = IOR (42
The limit of infinite number of round tripsis
n — oo, (43)
1

and the n-round trip approximation becomes the adiabatic approximation.



3 Dual Recycling Cavity

3.1 Notationsand Conventions
3.1.1 Field Notations

Thefields are
E; - incoming fields,
E, -outgoing fields.
E - intertal fields (moving towards BS),
E' - intertal fields (moving away from BS).

Assume that the incoming fields F;,, are known. Then the internal fields, E, F', and the
outgoing fields, E,.:, are calculated for given mirror motions.
Individual fields are denoted

E ={A,B,C, D}, (45)

corresponding to the mirror or port as shown in Figure 1.

Figure 1. Fieldsin Dua Recycling Cavity



3.1.2 Mirror Positions
The displacements of each mirror relative to their reference planes are

x, - displacement of Mirror “a” ,
xp - displacement of Mirror “b” ,
z. - displacement of Mirror “c” ,
xg - displacement of Mirror “d” ,
xo - displacement of Beam Splitter .

3.1.3 Mirror Reflectivities

Nominal (amplitude) reflectivities are

ri®) - reflectivity of Mirror “a”
7«,50) - reflectivity of Mirror “b”
7«§°> - reflectivity of Mirror “¢” ,
T((io) - reflectivity of Mirror “d”
- reflectivity of Beam Splitter .

The extra phases which occur in the reflections off moving mirrors are “hidden” in the
corresponding reflectivities:

T, = O, r(go) 62“”“, (46)
T, = Oy réo) 62“””, 47)
re = o.r0) ke (48)
rg = 0y 7‘((10) 62“”‘1, (49)
rg = o0y r(()o) eV 2ikzo (50)

The sign convention is

oj =+1 -if theorientation of mirror asin Fig.1,
oj = —1 -if theorientation of mirror is opposite



3.2 Propagatorsand Phases
3.2.1 Detuning Phases

Define detuning phases for each length as
U; = koLj, (51)

where k isthe carrier wavenumber and L; are the lengths. In the program these detuning
phases must be specified explicitly. (Their default values are zero.)
Then the phase acquired in one-way trips from mirror to mirror are

Vaoo = Uao + Upo, (52)
Vaoe = Uao + Uco, (53)
Vaob = Udo + Ubo, (54
Vioe = Udo+ Uco, (55)

3.2.2 Propagation Phases

The phases associated with each one-way trip in the dual recycling cavity are

Waob = Vaob + K Laob, (56)
Waoe = Vaob + K Lgoc, (57)
Wiaob = Vaob + K Laop, (58)
Wioe = Vaob + K Laoc, (59)

where K isthe sideband wavenumber relative to the carrier:

K = sK04- (60)

3.2.3 Propagators
The one-way propagators for fields in the dual-recycling cavity are

Py = e Waor, (61)
Pooe = e Weoe, (62)
Py = e Wior, (63)
Paoe = e Wioe, (64)



3.3 Equationsfor Fields
Theinternal fields satisfy the equations

and also

to P, doc

t — Taob) —
t — Taob) + 10 Paop D
D(t — Tyoe) —
C(t — Taoe) + 10 Paov B

to Ain(t) —ra A'(2),

ty Bin(t) — 14 B'(t),

te Cin(t) —re C'(1),
!

tqg Din(t) —rq D'(1),

TE)k Py C

*
7o Paoc A

Then the equations for outgoing fields are

~— e’ e e

S %3
A¥x O % T% 2 %
!
S

<

(t —
(t —
(t —
(t —

(65)
(66)
(67)
(68)

(69)
(70)
(71)
(72)

(73)
(74)
(75)
(76)



34 4 x 4 Matrix Representation
Eliminate the primed fields A’, B’, C', D'. Theresult is

A(t) = —tora Paop B(t — Toop) + 197a Paoe C(t — Taoc) + taAin(t),
B(t) = —torp Paob A(t — Taov) — rorb Paob D(t — Tuop) + tBin(t),
C(t) = —tore Paoc D(t — Tuoc) + 1o7c Paoe At — Tuoc) + tcCin(t),
D(t) = —tora Paoc C(t — Taoc) — ro7d Paob B(t — Tiob) + taDin(t).

These equations can be written as

where
A(t) toAin(t)
_ | B(®) _ | tBinl(?)
0=V ew |- FO=] e |0
D(t) taDin (t)
and M (t) isthe4 x 4 matrix
0 —toraPuob TSTaPaoc 0
M= —torpPoob 0 0 =107 Pdob
Tércpaoc 0 0 —torePioc
0 —107dPaov  —tordPoc 0

Theresult of n iterations is given by
X(t) = M@t)" X(t —2nT) + Sp(t) F(t),

where
Su(t) = [1 = M()]~'[1 = M"(#)].

10

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)
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3.5 2 x 2-Block Matrix Representation

An alternative approach is to reduce the 4 x 4 matrix into two 2 x 2 matrices.

reduction is based on the fact that the square of the matrix M isblock diagonal.

3.5.1 Second Iteration

At) = — Taob — Thoa)P? to 76 to 74
Taoc - Tcoa)P TO Tc TO Ta
)

A(
A(
D(t — Tuob — Thoa) P 10 75 to Ta
D(t — Tyoc — Teoa) P? to 7e 74 74
- Bm( — Thoa) P ty to 74
+ Cin(t — Teoa)P te g T4

+ Azn(t) a

B(t) = +B
+ B
-C
+C
— Ain(t = Taop) P to to
— Din(t — Tgop) P taro b
+ Bin(t) to

t = Thoa — Taob)P? to Ta to s
)
)
)

t — Teoa — Taop) P to Ta T0 7

2
t —Thoa — Taop)P" To Ta T0 Tp

*
t—Teoa — T bP 7o Ta T0 Th

t—Thoq — Tdoc P? ro T4 to T'e

B( )
B(t — Tyoq — Taoe)P? to 774 75 e
C(t — Teoqg — Tdoc)P to rq to re
+ C(t — Teoa — Taoe) P?
— Din(t — Tgoe) P ta to e
+ Ain(t — Taoe) P ta 7 7e

+ Cm (t) tc )

7o Ta T0 Te

D(t) = (t Tooc — Teod P2 7'3 re to Td

)
A(t = Taop — Thoa) P to 76 70 T
D(t = Tyoc — Teoa) P? to 1 to 74
D(t = Tyop — Thoa) P> To 1 70 74
- C'm( Teoa) P teto Ta
— Bin(t — Thoa) P ty mo 74

+ Dy, (t) tq
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3.5.2 Factorization
Equations for A and D

A(t)

Equations for B and C'

B(t)

+A(t —2T)P? (to rp to + 75 re 75) Ta
+D(t — 2T)P? (—tg e 15 + 10 3 to) Ta
—Bin(t =T)P ty to rq

+Cin(t =T)P t. 15 14

+Ain(t) ta

+A(t — 2T)P2 (to Ty 70 — 7“8 Te t()) Td
+D(t — 2T)P2 (to reto+ 7m0 T ’I“()) Td

+B(t — 2T)P? (tg rq to + 70 Tq T0) T
+C(t — 2T)P? (to rq o — 7o Ta t0) Tb
—Ain(t=T)Pt,tomy

—Djp(t = T)P tgro 1

+Bin(t) ty,

+B(t — 2T)P* (—to 4 15 + 70 74 to) Te
+C(t = 2T)P* (—to rq to + 1§ 10 15) Te
—Dip(t =T)P tqtyre

+Ain(t =T)P tg 1y re

+Cin(t) tc.
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3.5.3 2-Vectors

Introduce F} » and G » asfollows

Fi(t) = —Bp(t—T)Ptytore+ Cin(t—T)P t.ryre+ Ain(t) ta, (139)
(140)
By(t) = —Cin(t =T)Ptctora — Bin(t = T)Ptyro ra+ Din(t) ta, (141)
(142)
Gi(t) = —An(t=T)Ptatory — Din(t —T)P taro ry+ Bin(t) ty, (143)
(144)
Go(t) = —Din(t—T)Ptytore+ Ain(t —T)P to vy re+ Cin(t) te . (145)

3.5.4 Matrix Equations

Then combine these into complex 2-vectors

Also form

Then the iteration equations can be written in the matrix form:

o-[18]. o0-[25]
X(t) = l ggg ] Y@= 28 ] .

X(t)
Y (t)

M X(t—2T) + F(t),
NY(t—2T) + G(t).

where M and N are complex 2 x 2 matrices

[ mn
ma1

M

Their coefficients are

mi2
ma1

ma2

n11
n12
n21

Nn22

~_~ o~~~

mi2 ni1 N2
; N =
> ( n21 N2

ma2

(
(
(
(

to
to

to Ty to +1f e 78) ro P2,
—to e 7‘3 + 70Ty to) ’f'aP2,
t() sy To — ’I“())’K Te t()) ’I“dP2,
to Te to + 10 T T0) Ta P2

Ta to + 70 Ta T0) T P2,
* 2
T4 T — Ty Ta to) To P,
2
to Ta ’I“())’K + 7o Tq t()) rcP*,
% * 2
to rqgto + 1y ra Ty) TP
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3,55 Summation Approximation

The result of n iterations is given by
X(t)=M" X(t—2nT)+ S, F(t)

where
S, =(1—-M)"1-M"

A similar result can be obtained for Y -vector:
Y(t)=N"Y(t—-2nT)+ R, G(t)

where
R,=(1-N)'1-N"
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4 Numerical Simulation
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summation number = 1

real part of field amplitude

summation number = 10

real part of field amplitude

o

time (s) x107°
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real part of field amplitude

summation number = 40

—reA
— reB
—reC
reD

X

X XX X X

time (s)
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real part of field amplitude

real part of field amplitude

summation number = 100

-6 L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
time (s) x107°
8
summation number = 200
-6 1 1 1 1 1 1 1 1
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
time (s) x107°

18



