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1 Introduction

1.1 Purpose and Scope

This document explains the physical assumptions, internal structure and usage of the models of the
Advanced LIGO suspensions written in Mathematica by Mark Barton (“the Mathematica model” as
opposed to “the Matlab model” of Calum Torrie, Ken Strain et al.).

1.2 References

“Suspension Model Comparisons’, by Mark Barton (T020011-00). Detailed comparison of the
results from the Mathematica models discussed in this document and the equivalent Matlab models
of Calum Torrie, Ken Strain et al.

“Development of Suspensions for the GEO600 Gravitational Wave Detector” by Calum Torrie
(PhD Thesis, University of Glasgow, 2000). Description of the design of the GEO suspensions,
with particular reference to an analytical model of them in Matlab.

“Suspension and Control for Interferometric Gravitational Wave Detectors’, Matthew Husman
(PhD Thesis, University of Glasgow, 2000). Description of the design and control of the GEO
suspensions, with particular reference to an analytic model of them in Maple.

2 Overview

2.1 Toolkit

The triple and quad pendulum models described later in this document are based on a common
toolkit of utilities for setting up models of mass-wire-spring systems which evolved out of a
calculation of the properties of a device called the X-pendulum developed as a possible low-
frequency vibration isolator for the Japanese TAMA project. The basic physical objects which the
toolkit allows for are:

(i) Rigid bodies with up to 6 degrees of freedom

(i) Massless wires with longitudinal and bending elasticity

(i) Springs described by a 6x6 matrix of elastic constants and a 6x1 vector of preload
forces

All sources of elasticity can have arbitrary frequency dependent danping.

2.2 Physical systems modelled

Throughout this document, a “model” is a specification of particular arrangement of toolkit
elements (i.e., masses, wires, and springs) but not the numerical values of the various el ement
properties. A “case” of a model is the model with a particular set of numeric values. Two major
models of interest to LIGO have been defined: one for a generic GEO triple suspension and one for
a quad suspension. Additional models can be defined fairly easily by someone familiar with the
toolkit.
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2.2.1 Triple Model

The triple model is a three-stage pendulum with the structure of the usual GEO triple. From the
ground it consists of

(i) A support structure (not modelled as movable except for the purpose of transfer
functions).

(i) Two “upper” blade springs.

(i) Two “upper” wires, one per upper blade spring.

(iv) The “upper” mass, ak.a., mass 1.

(v) Two “lower” blade springs.

(vi) Four “intermediate” wires, one per lower blade spring.

(vii) The “intermediate” mass, a.k.a., mass 2.

(viii) Four “lower” wires (or fibres).

(ix) The optic, ak.a., mass 3.

Each blade spring is represented by a small mass element connected by a spring element to the
object the blade spring is mounted on. Together with the three main masses, this makes 9 rigid
bodies with 54 DOFs, plus 6 spring elements and 10 wire elements. A schematic diagram with the
principal geometric and mechanical parameters is given in Figure 1. As far as possible, the names
of parameters have been made identical to the corresponding ones in the Matlab model of Torrie et
al.

2.2.2 Quad Model

The quad nodel is a four stage pendulum with the structure of the conceptual design for the test
mass suspension in Advanced LIGO. A schematic with the main geometrical and mechanical
parameters is givien in Figure 2. As far as possible, the names of parameters have been made
identical to the corresponding ones in the Matlab model of Torrie et .

As with the triple, each blade spring is represented by a small mass element connected by a spring
element to the object the blade spring is mounted on. Together with the four main masses, this
makes 10 rigid bodies with 60 DOFs, plus 6 spring elements and 14 wire elements.

Note a key difference in the quad relative to the triple: the triple has four springs on the upper mass,
one for each of the wiresleading down to the intermediate mass. The quad has only two springs on
each of the “new” and “upper” masses, with two wires attached to the tip of each.
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Figure 1: Triple pendulum with principal geometric and mechanical parameters
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2.3 Method of calculation

The calculation is based on the method of normal modes as described in say Goldstein, “Classical
Mechanics’. The smplest version of such a calculation has the following steps:

(i) Express the potential energy of the system in terms of the coordinates.

(i) Express the kinetic energy of the system in terms of the coordinates and coordinate
velocities.

(i) Minimize the potential energy to find the equilibrium values of the coordinates.

(iv) Differentiate the kinetic energy of the system w.r.t. pairs of coordinate velocities at
equilibruim to create a matrix of second derivatives, ak.a., the kinetic energy matrix or the
mass matrix.

(v) Differentiate the potential energy of the system w.r.t. pairs of coordinates at
equilibrium to create a matrix of second derivatives, ak.a., the potential energy matrix or
the stiffness matrix.

(vi) Do a simultaneous diagonalization of the stiffness and mass matrices to obtain the

eigenfrequencies and elgenmode shapes.

The straightforward way of doing step (v) above would be to create a single expression for the
potential, with symbols for the coordinates and numerical values for all constants, and ssimply take
the partial derivativesw.r.t. al coordinates. However this turns out to be poor for three reasons:

(1) Most terms in the potentia are independent of most coordinates, and so the potential
matrix is sparse. It is very inefficient to let Mathematica discover this for itself in the course
of doing the partial derivatives. It is much quicker to take the potential a term at a time,
make a list of the coordinates that occur in each term using a special purpose function, and
iterate over only those coordinates.

(i) Different terms in the potential typically have different damping associated with
them and merging them makes it impossible to keep track of this.

(i) The potential terms for wire bending are small in magnitude but very complex and
slow to process. Since they are typically only significant for the calculation of thermal noise
it is desirable to make them optional.

To avoid these problems, the potential is processed term by term to produce a list of stiffness
matrices, which are then combined in different ways according to the application. The theory of
normal modes neglects damping, so for calculating the modes, the individual stiffness matrices are
simply added. However for transfer functions and thermal noise, the matrices are first multiplied by
a user-specified complex damping function for the corresponding damping type.

Because of the calculation for the wire bending potential terms referred to in (iii) above, the
calculation is divided into three stages, 0, 1, and 2. Stage O calculates all the potential terms for
gravity, springs, and the stretching of wires. Stage 1 adds terms for bending of the wires near the
attachment points. Stage 2 adds terms for the slight additional longitudinal stretching of the wires
due to bending away from the straight line assumed in Stage 0. The wire bending potential terms
are calculated using the approach described in Matthew Husman's PhD thesis but reimplemented
from scratch in Mathematica. The wire is treated as a beam under tension, and the contributions to
the potential energy in the static equilibrium state are used (thus violin modes are excluded).
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2.4 Utility functions

To support the above calculations the toolkit provides a large number of utility functions which are
common to both the triple and quad models:

(i) geometry of points on rigid bodies subject to trandations and rotations

(i) geometry of angular velocity and infinitesimal rotations

(i) manipulating variables, parameters and velocities

(iv) manipulating lists of substitutions

(v) properties of wires (Iength, stretching and bending potential energy etc)
(vi) properties of springs

(vii) creating the total potential for the system

(viii) creating matrices of elastic constants (ak.a., potential energy matrices)
(ix) creating matrices of masssMOI coefficients

(x) processing and pretty-printing eigenvectors

(xi) outputting useful intermediate results

(xii) converting to state-space matrix format

(xiii) computing transfer functions

(xiv) computing thermal noise

2.5 Model specific utilities

As well as the specification of the model proper, the user needs to supply some utility functions
that depend on the model in ways that are too indirect to allow them to take the model specification
as a parameter or to be automatically generated. These include:

() routines for drawing 3D pictures of the mode shapes

(i) vectors that specify force and displacement inputs of interest (e.g., “unit xdirection
displacement input at the structure™)

(i) vectors that specify outputs of interest (e.g., “unit x-direction displacement output at
the upper left OSEM position™)

3 Installation

3.1.1 Directory structure overview

The most up-to-date version of the triple and quad models and the required support files can be
downloaded from  http://www.ligo.caltech.edu/~mbarton/SUSmodels/indexMB.html.  This
document describes v3.0 of each model. Version history information can be found at the above
website and in the code.

The support files are three custom Mathematica packages. RotationsXYZ.*, MyShapes.* and
StatusWindow.*. Each package comes in .nb and .m versions. The .nb file is the source and
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contains the comments. The .m file is the version actually loaded. It is automatically regenerated
whenever the corresponding .nb file is edited. Download both versions to a convenient location that
can be reserved for Mathematica packages e.g., ~/MathLib on a Unix system. The package
directory needs to be registered in the model files as explained below.

The model proper is distributed as an archive in .tar, .zip, or .sit format. This expands to a
directory, typically called current, containing the model definition file, typicaly called
ASUS3Model Def n. nb or the like. This directory is caled the model directory, and can be
renamed and/or placed anywhere convenient provided the path to it is registered in the model files
as explained below. The model directory contains subdirectories containing the results for different
cases. The case subdirectories need to remain in the model directory. They can be renamed or
duplicated to create new cases, provided the subdirectory name is registered in the model files as
explained below.

Each case subdirectory (e.g., defaul t) contains a calculation notebook with a name like
ASUS3Mbdel Cal cDef aul t. nb, and a subdirectory caled preconput ed with archived
intermediate results for that case. The subdirectory name needs to be registered in the calculation
notebook as explained in the next section

3.1.2 Registering paths in the code

As explained above, there are three directories of interest that need to be registered: the custom
package directory, the model directory, and the case subdirectory for the current case. These have
to be set in each case calculation file. Therefore, upon downloading and unpacking the model files,
repeat the following for each case:

1. Go into the case subdirectory and look for a notebook with a name like
ASUS3Mbdel Cal cXXX. nb. (The XXX part will normally reflect the case subdirectory
name, e.g.,, default -> ASUS3Model Cal cDef aul t. nb). Open the notebook in
M athematica

2. Check the assignment to nodel case in the Switches section near the beginning. It should
correspond exactly to the name of the case subdirectory (e.g., “def aul t 7).

3. Check the assignment to nodel di r ect or y in the Switches section. Check that there isa
caseinthe Swi t ch[] statement corresponding to the value of $Syst emfor your version
of Mathematica, and if not, create one. The value returned for that case should be a string
giving an absolute path to the model directory. The path string should be in the particular
standard syntax for your OS (e.g., dlash-delimited for Unix, colon-delimited for Mac OS 9,
etc).

4. Check the assignment to nodel support di rect ory inthe Switches section. Check that
there isa case in the Swi t ch[] statement corresponding to the value of $Syst emfor
your version of Mathematica, and if not, create one. The value returned for that case should
be a string giving an absolute path to the directory where you have placed the custom
packages Rot ati onsXYZ. *, MyShapes. * and St at usW ndow. *. The path string
should bein the particular standard syntax for your OS.

4 Exploring the supplied cases

10
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Each model comes with a number of predefined cases, and a good way to start becoming familiar
with the software is to load one of them and try the plotting and analysis functions. Look in the
case subdirectory (e.g., subdirectory def aul t for the case with default values) and open the
calculation notebook, which will have a name like ASUS3Model Cal cDef aul t. nb or
ASUS4Model Cal cDef aul t . nb.

4.1 Computing cases from scratch versus using precomputed results

Because the calculation time for the full model is quite long, the cal culation notebook for each case
is set up to save intermediate results in the corresponding pr econput ed subdirectory. If the
switch usepr econput ed defined at the beginning of the calculation notebook is set to Tr ue,
the archived results are read back in instead of being recomputed from scratch. Each of the supplied
cases comes with such a set of results. To load them, first check that the pr econput ed switch is
indeed set to Tr ue in the Switches section and evaluate the whole notebook. All the key results are
then in the workspace and various additional plots and analyses can be performed, following the
existing examples.

4.2 Stages of the calculation

Because some parts of the calculation are time consuming and not always of interest, the
calculation is divided up into stages as follows.

Stage OA: The equilibrium position is found, the kinetic energy is processed to produce the
mass matrix, the potential terms for gravity, spring elements, and longitudinal wire-stretching
are processed to produce stiffness matrices and a preliminary norma mode calculation is done.
The key results are ei genval uesOA (alist of eigenvalues in descending order of magnitude),
ei genvect or sOA. (a list of eigenvectors in the corresponding order), and HzOA (the
eigenvalues converted to frequencies in Hz). This stage takes only a few minutes and gives a
good approximation to the mode shapes and frequencies. However the stiffness matrices
generated in this step do not correctly take into account dissipation dilution. Thus no damping,
transfer function or thermal noise information is calculated as it would be invalid. Also the
mode shapes and frequencies may be dightly inaccurate of one of the damping functions has a
real part that isnot 1 at zero frequncy.

Stage 0B: The potential terms for spring elements and longitudinal wire-stretching are
reprocessed with the static forces arbitrarily set to zero. For wires, the unstretched length is
temporarily set to the stretched length implied by the equilibrium position, and for springs, the
preload is set to zero. The stiffness that is still present under these conditions is due to first
order length changes in the wires and springs, and so contributes to damping and thermal noise.
The stiffness that disappears relative to Stage OA was due to the static force acting through a
variable mechanical advantage®. It is added to the gravity stiffness matrix (which then acquires

! The canonical example of a restoring force due to a variable mechanical advantage is a simple
one-wire pendulum. It is commonly said that a pendulum exhibits dissipation dilution because the
restoring force is gravitational, but this is wrong. The gravitationa force is aways directly
downwards and can’'t push anything sideways — the restoring force is actualy the sideways
component of the tension in the wire. Another way of describing this is to say that there is a

11
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anew interpretation as the stiffness matrix for lossless restoring forces). The resulting damping
calculations are of limited interest because they don’'t include the wire bending elasticity but at
least they validly reflect the losses from the sources of elasticity they do include. Key results
for this stage are:

() eonD: the equation of motion function, which describes the dynamics of the
pendulum. It is a function which accepts a numerical value of frequency and returns a
complex matrix which converts a vector of generalized force inputs to a vector of
generalized displacement outputs.

(i) coupl i ng0: the coupling function, which describes the coupling between the
support and the pendulum. It accepts a numerical value of frequency and returns a complex
matrix which converts a vector of displacement inputs at the support to a vector of
generalized forces at the pendulum.

Stage 1. The potential terms for bending of the wires are processed and added in. This stage
typically takes a few hours (hence the desirability of precomputed results!). The results are as
for Stage 0, except that the symbol names end in “1": ei genval uesl, ei genvect orsl,
Hz 1, eonl, etc. Thermal noise plots from these results are good approximations.

Stage 2: The potential terms for the slight additional longitudinal stretch due to bending of the
wires are added in. The results are as for Stage 0, except that the symbols end in “2":
ei genval ues2, ei genvect or s2, etc. This stage takes another few hours and is rarely
worth doing because it is such a small effect.

As of version 3.0 of each model the calculation is done using the Cal cul at e[ ] function. The
function call Cal cul at e[ stage] where stage isone of St ageOA, St age0B, St agel or
St age2 will compute (or recall from pr econput ed) al the results for the given stage. Such
calls have been placed strategically through the sample case notebooks to ensure that the necessary
results are loaded before the example analysis commands are evaluated. More detail about the
Cal cul at e[ ] function isgiven in the section on the calculation of the model below.

mechanical advantage through which the tension is coupled to sideways force on the mass, and that
this changes with the angle of the wire. Since there are no first order changes in tension and thus
length, the wire can be quite lossy as a longitudinal spring without degrading the performance of
the pendulum for small amplitude oscillations. The only way the wire can contribute to loss is
through the damping associated with the small restoring force the wire contributes directly by
resisting bending at the flexure point.

The fact that gravity is indeed lossless turns out to be a red herring. Any other method of putting a
static tension on the wire that doesn’t involve first order length changes will give comparable
dissipation dilution. For example, a bead on the middle of ataut wire is effectively a pendulum in
which gravity has been replaced by a second wire, and will aso have good dissipation dilution.
And in the same way, violin modes of taut wires show dissipation dilution because the restoring
force is the sideways component of atension.

12
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4.3 Available listing and plotting commands

4.3.1 Frequencies

The frequencies are available in the variable HzOA (or HzO or Hz1 or Hz2). Since the interesting
low-frequency modes are last, it is convenient to use Mathematica's syntax for counting from the
end of anarray: HzZOA[ [ - 2] ] isthe second lowest frequency.

4.3.2 Mode shape tables

Eigenvectors can be found in ei genvect or sOA (or ..0 or ..1 or ..2). The order corresponds to
that in HzOA, so ei genvect or sOA[ [ - 2] ] isthe second lowest frequency eigenvector. Within
each vector the order of the coefficients corresponds to that in al | vars - al |l vars[[-6]] is
x3 (the x-coordinate of the optic) so ei genvect or sOA[ [-2]][[-6]] istheamplitude of x3.

Eigenvectors can also be printed in a neat table format using the function pretty[]. It is
commonly helpful to use Chop[] to throw away insignificant values and to premultiply by the
matrix e2ni to convert the eigenvector into laboratory yaw, pitch and roll coordinates:

pretty[ Chop[e2ni.eigenvectorsOA[[-2]], 107-4]]
gives something like

X d kA VAW pitch roll
UL blade 1] 1] 1] 1] 1] 1]
UE blade 1] 1] n 0 1] 0
Mass T -0. 00134996 0 n 1] 0. 367617 0
LLF blade -0. 00150905 1] 0.0115717 1] 0.367617 0
LLE blade -0. 00150905 0 -0.011871% 1] 0. 367617 0
LEF blade -0. 00150905 1] 0.0115717 1] 0.367617 0
LFE blade -0. 00150905 0 -0.011871%7 1] 0. 367617 0
Mazss I -0. 00245634 1] 1] 1] 0. 3955892 1]
aptic -0. 00445495 1] n 1] 0. 40536504 0

4.3.3 Mode shape plots

You can get a 3D rendering of a norma mode with the ei genpl ot [ eigenvector,
amplitude, {viewpoint}] function. The amplitude parameter needs to be chosen by trial
and error so that the mode shape is obvious but not distorted — values between 0.1 and 0.5 are
commonly good. The viewpoint should be chosen to For example,

ei genpl ot [ ei genvectorsOA[[-2]], .5, {0, -2, 0}]
gives something like the following

13
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4.3.4 Force transfer function plots

To calculate and plot transfer functions from generalized force on the pendulum to displacement,
the following functions can be used:

cal cTFHf [ eom, 1ivec, ovec, T
pl ot TFf [ eom, 1ivec, ovec, fl, 2]

where eom is eonD or the like, 1vec is avector of generalized force inputs, ovec is a vector of
displacement outputs, and f, ¥1 and 2 are numeric frequencies. Force input basis vectors can be
constructed conveniently using makefi nput vect or [ symbol], which returns a vector
representing unit force or torque applied to the pendulum coordinate specified by symbol. (For
example, makef i nput vect or [ yaw3] is unit torque in yaw on the optic.) Similarly output
basis vectors can be constructed using makeout put vect or [ symbol] .

4.3.5 Displacement transfer function plots

To calculate and plot transfer functions from displacement of the support to displacement of the
pendulum the following functions can be used:

cal cTF[ eom, ivec, ovec, fT]
pl ot TF[ eom, ivec, ovec, Tl, 2]
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where eom is one of the equation-of-motion functions onDA or the like), cfn is one of the
coupling functions (coupl i ngOA etc) 1vec isavector of generalized displacement inputs, ovec
isavector of displacement outputs, and , 1 and 2 are numeric frequencies. Displacement input
basis vectors can be constructed conveniently using makei nput vect or [ symbol], which
returns a vector representing unit force or torque applied to the support coordinate specified by
symbol. (For example, makei nput vect or [ x00] isunit x displacement of the support.)

4.3.6 Thermal noise plots

To calculate and plot thermal noise the following functions can be used:
noi se2[ eomfn, 1iHovec, f]
pl ot TN eomfn, 1iHovec, fl, F2, scale]

where eomfn is an equation-of-motion function, 1ovec is an input/output vector, ¥, f1 and 2
are numeric frequencies and scale is a scale factor. The input/output vector can be made with
either makefi nputvector[] or nakeout putvector[] (which actualy do exactly the
same thing). Its interpretation is a little bit subtle: it can be thought of as representing a ideal
frictionless mechanism which causes a point to move as the specified linear combination of the
coordinates. The thermal noise reported is the thermal noise of that notional output point of the
mechanism. The temperature assumed accords with whatever substitution is given for the symbol
t enper at ur e indef aul t val ues oroverri des.

4.4 Default numerical values

Each model comes with a set of default values for the properties of the various elements. These are
given as Mathematica substitution rules in a list called def aul t val ues, which for the triple
model looks like this:

def aul tval ues = {
g->9.8
ux -> 0.1,
uy -> 0.3,
uz -> 0.07,
denl -> 2700,
nl -> denl*ux*uy*uz,

i
The full, commented version of this list can be inspected in the model definition file. The
calculation of the model using the default values can be found in the subdirectory def aul t .

Often however the user will want to try variations on the default parameters. To promote good
version control, the calculation of the model is done in a separate file from the definition. The
notebooks are set up to encourage leaving the model definition notebook alone and specifying
variations in the calculation notebook by supplying alist of additional substitutions which override
those from def aul t val ues. The new substitutions should smply be added to the list
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overri des which is defined near the front of the calculation notebook. The next sections
describe the mechanics of the process.

4.5 Creating new cases of the existing models

To create a new case with new numeric values for the properties of the pendulum, proceed as
follows:

1) Duplicate one of the existing case subdirectories, such as def aul t . Give the new
subdirectory a name reflecting the combination of properties to be tried, such as
heavi eropti c.

(i) Rename the calculation notebook in the new subdirectory to end with some
fragment of the subdirectory name, e.g., ASUS3Mbdel Cal cHO. nb. (The exact name
doesn’'t matter, but making it unique is helpful if you ever have severa different notebooks

open.)

(i) Delete all the files in the preconput ed subdirectory within the new case
directory.

(iv) Find the assignment to nodel case in the Switches section of the calculation

notebook and edit the RHS to be a string exactly the same as the case subdirectory name,
eg., “heavi eroptic”.

(v) Find the assignment to overri des in the Switches section and edit it so that it
contains whatever overriding substitutions are required to implement the new case, e.g.,
nB-> 50 will change the optic mass to 50 kg. (More detailed instructions are given
below.) Add conspicuous comments there and at the top of the file explaining the change.

(vi) Find the assignment to pr econput ed in the Switches section and edit the RHS to
Fal se.

(vii) Evaluate the whole notebook.
(viii) Edit the RHS of the assignment to pr econput ed back to Tr ue.

4.6 Using overrides

Note that although the ultimate goal is to give numeric values for al properties, you are not
constrained to use only substitutions with numeric right-hand sidesin over ri des. After the old
substitutionsin def aul t val ues and the new ones you provide in overri des are combined,
they are put through a recursive process where substitutions are applied to the right-hand sides of
each other until everything is (hopefully) numeric. (The resulting numeric substitution list is called
const val .) All you need ensure is that any symbols that occur on the RHS of your substitutions
also have substitutions defined for them in overri des or def aul t val ues, and that any such
recursive chains of substitutions end in numeric values after afinite number of steps. Thus

a->b, b->1
is good, but
a->b, b->a
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will cause an infinite loop, and
a->b, b->c
will cause afailure when anumeric value for a, b or c isfirst required. Order is not important, so
b->1, a->b
is also good.
Note that the dependence is only one-way. Thus for example, by default, the upper mass mass (nl)
and MOIs (I 1x, I 1y and | 1z) are calculated in terms of the density (denl) and the length
breadth and height (ux, uy and uz) using the usual expressions for a block. The formulae for mass
and MOI can be overridden with specific numbers, say from a CAD program, and these new values
will take effect in the normal mode calculation. However the connection with the density and size

symbols is then broken so unless you give additional overrides they will retain their origina,
possibly inconsistent values.

Y ou can aso give overrides of the form
symbol -> scal e[ factor]
or

symbol -> increnent[difference]

and instead of the substitution from def aul t val ues being entirely replaced it will be scaled or
incremented by factor or difference respectively. For example,

nB- >scal e[ 2. 0]
will double the mass of the optic.

5 The definition of the model

To make more ambitious changes that can't be implemented with overrides (such asymmetric
models) or to make entirely new models requires a more detailed knowledge of the definition and
calculation code. This section gives a walkthrough of the code in the definition notebook, with
particular emphasis on the items that the model writer needs to supply to define a new model.

5.1 Version History

The type and version of the model should be specified by assigning a text description of the model
to nodel conment and a numeric version number to nodel ver si on in the Version history
section at the beginning of the file. Code in the calculation notebook checks the values of these
symbols to ensure that the correct model has been loaded. For each new version, alist of changes
since the last version should be added as a text cell.

5.2 Dependencies

The Dependencies subsection of the Preliminaries section loads various packages and support files.
These include:

Graphi cs” Graphi cs™ (standard package for general graphics)
Gr aphi cs” Pol yhedra® (standard package for drawing polyhedra)
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Li near Al gebra” Matri xMani pul ati on” (standard package for matrix manipulation)
Rot at i onsXYZ" (custom package for rotations in yaw, pitch and roll)

MyShapes™ (custom package similar to Graphics Shapes™ but with rotation bug fixed)

St at usW ndow (custom package to display text messages in a status window)

| FOVbdel . m(parameters from Bench)

wi r ef unct i ons. m(functions for wire bending)
PendUtil.m (the pendulum toolkit utilities)

5.3 The model definition proper

To define amodel, a user needs to supply definitions for the symbols outlined in the next sections.
Examples are from the triple model, ASUS3Mbdel Def n. nb but the quad model is very similar.

5.3.1 The master variable list: allvars

The symbol al | var s should be alist of al the “variables’ in the specia sense of the coordinates
defining the state of the pendulum for the purpose of the norma mode calculation. At least for the
current models, the structure is a passive anchor point as far as normal mode motion is concerned,
so its variables are not included. That order of the variables is arbitrary but should be logical and
easy to remember. The variable list for the triple model is

allvars = {
xul, yul, zul , yawul , pi t chul , rol | ul
Xur, yur, zur, yawur, pi t chur, rol | ur
x1,y1,z1,yawl, pitchl, roll 1,
xLEf,yl1f,zllf,yaw I f,pitchlIf,rolllIlf
xI1b,yllb,zlIb,yaw | b, pitchllb,rollllb,
xlrf,ylrf,zlrf,yawrf,pitchlirf,rolllrf,
xlrb,ylrb,zlrb,yawl rb,pitchlrb,rolllrb,
X2,y2,z2,yaw2, pitch2,roll 2
x3,y3,2z3,yaw3, pitch3,rol | 3

i

5.3.2 The parameter list: al lparams

The symbol al | par ans should be a list of al the “parameters’, in the special sense of the
coordinates that do not vary for the purposes of the normal mode calculation, but do vary for the
purposes of displacement-input transfer functions. For the current models these are the 6
coordinates of the structure, but you can add the coordinates of any other object in the environment
the effect of whose displacement on the pendulum you might conceivably want to calculate. The
parameter list for the triple model is
al | parans = {
x00, y00, z00, yaw00, pitch00, roll 00
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1
5.3.3 Coordinate lists for rigid bodies and points on them

To make things more readable later on, it is highly desirable to define names for the lists of
coordinates that define each rigid body. These need to conform to the format expected by the
geometry functions: six coordinates in x/y/zlyaw/pitch/roll order. For example, the optic in the
triple model is

optic = {x3, y3, z3, yaw3, pitch3, roll3};
The items in the list don’t need to be single symbols from al | var s, they just need to be in terms
of such symbols plus constants from def aul t val ues. For example,

constrai nedbody = {I Sin[theta], | Cos[theta], 0, 0, 0, O};
could represent arigid body constrained to move without rotation along aline at a constant angle

theta to the x-axis. (The coordinate | would have to appear in al | var s, and the constant t het a
indef aul t val ues.)

Similarly, points of interest on rigid bodies should be specified as lists of x, y and z local
coordinates. For example in the triple pendulum, the left wire-attachment point on the upper mass
is

massU ={0, - n1, d0};
As well as the movable objects, you should also define coordinate lists for static objects that have
wires or springs attached, such as the structure. In the triple model thisis

support = {x00, y00, z00, yaw0d0, pitch0O, roll00};

5.3.4 Items with gravitational potential energy: gravlist

All the potential terms due to gravity should be grouped in alist caled gr avl i st . The following
fragment from the triple model initializes the list and adds a term for the potential energy of the
optictoit:

gravlist = {};

AppendTo[ gravlist, n8 g z3];

(Building up alist with AppendTo[ ] isoverkill for something so simple but it’s good practice for
the more complicated structures to come. There it makes things rather more readable.)

5.3.5 Wires: wirelist

The various wires in the model are specified inalist called wi rel i st. Eachentryin wi rel i st
describes a single wire and has the following format:

{
coordinate list defining First mass,
attachment point for first mass (local coordinates),
attachment vector for first mass,
coordinate list defining second mass,
attachment point for second mass (local coordinates),
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attachment vector for second mass
Young®"s modulus,

unstretched length,

longitudinal elasticity,

vector defining principal axis 1
moment of area along principal axis 1
moment of area along principal axis 2,
linear elasticity type,

angular elasticity type

}

Each wire is presumed to be strung between two rigid bodies, and items 1 and 4 are the coordinate
lists specifying the bodies. Items 2 and 5 are the attachment point in body coordinates. Items 3 and
6 are vectors in local coordinates that specify the angle at which the wires are attached. For
example, for the wire in a ssimple pendulum, the vectors would be {0,0,-1} (i.e., down) at the top
and {0,0,1} (i.e., up) at the bottom. However as a convenience, if you put anything but a three-item
list in either of those positions, the later calculation ignores it, and instead works out what the
vector would have to be for the wire not to be bent at the end when the pendulum comes to
equilibrium.

Items 7 and 8 are obvious: the Y oung’'s modulus for the wire and the unstretched length.
Item 9 is the elasticity of the wire considered as a longitudinal spring. The reason for having the

user work this out manually, rather than taking the cross-sectional area as a parameter, is to allow
for the case where the area varies along the length of afibre.

Iltems 10-12 relate to the bending of the wire near the endpoints. The wire is allowed to have an
oblong cross-section with different rigidities along different axes. Item 10 is a vector in local
coordinates specifying the axis along which the rigidity is maximum, Item 11 is the moment of area
along that axis, and Item 12 is the moment of area along the axis at right angles.

Finally, Items 13 and 14 are identifying symbols that specify which damping functions are to be
attributed to the longitudinal and bending elasticities respectively. (The damping function for each
tag is specified as a substitution in def aul t val ues — see below.)

In the triple nodel, initializing wi r el i st and adding a defintion for the wire from the top left
blade spring to the upper mass looks like this:

wirelist = {};
AppendTo[wi relist, {
bl adeUL,
bl adeULa,
bl adeULavec,
massy,
massU ,
massU vec,
Y1,
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ul 1,

kwid,
{1,0,0},
ML1,

ML2,

wi relt ype,
wi reUat ype

5

5.3.6 Springs: springlist

The elastic elements in the model other than wires are specified in spri ngl i st. Note that a
“spring” element only models elasticity. To model the mass of a physical spring as well requires a
separate rigid body element.)

Eachentryinspri ngl i st describes asingle spring element and has the following format:
{

coordinate list defining First mass,
attachment point for first mass (local coordinates),
attachment angles for first mass (yaw, pitch, roll),
coordinate list defining second mass,
attachment point for second mass (local coordinates),
attachment angles for second mass (yaw, pitch, roll),
damping type,
6x6 elasticity matrix,
1*6 pre-load force/torque vector

Items 1-6 are similar to Items 1-6 in the list of wire properties and specify the two objects that the
spring is attached to. There is one important difference however: for wires, the attachment angle is
specified as a vector, whereas for a spring it is specified as atriple of angles: yaw, pitch and roll.
(The three-angle formulation is more genera and elegant but it turned out to make the
computations for the wire-bending elasticity intractable.) The spring is considered to have its own
xlylz coordinate system, and the attachment angles are the amount that one would have to rotate the
spring to reach its working position, relative to an initial state with its coordinate system aligned
with that of the mass.

Item 7 isasymbol specifying a damping function, as for the wires.

Item 8 is a 6x6 elasticity matrix giving elastic constants with respect to differential displacements
in the spring local coordinate system.

Item 9 isavector giving the amount of preload force or torque in the spring X, y, z, yaw, pitch and
roll directions when the attachment points on the two masses are coincident and aligned according
to the attachment angles.
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The following fragment from the triple model shows the entry for the upper left blade spring being
added to the list:

springlist = {};
AppendTo[ springlist, {
support,
bl adeULnom
{0, pitchbul ,roll bul},
bl adeUL,
cov
{0, pitchbul,rollbul},
bl adelUt ype,
Di agonal Mat ri X[ { kbux, kbuy, kbuz, kbyawu, kbpi t chu, kbrol | u}],
{0, 0, bdu*kbuz, 0, 0, 0}
H

5.3.7 The kinetic energy: kinetic

To make the specification of the kinetic energy more readable it is convenient to group the
moment-of-inertia constants into tensors, like the following for the optic in the triple model:

IMB = {{I3x, 0, 0}, {0, 13y, 0}, {0, O, 13z}})
The kinetic energy should then be given as a expression in terms of Mathematica total derivatives
of the coordinates with respect to t (time), and assigned to the symbol ki neti c. This is
admittedly not very user-friendly and really ought to be automated in some future version. For the
moment, just copy the pattern of the following fragment showing the term for the kinetic energy of
the upper mass (massU) in the triple model:

kinetic = (

+(1/2) nB Plus@jDt[b2s[optic, COM,t]"2)
+(1/2) omegaB[yaw3, pitch3, roll3].1M. onmegaB[yaw3, pitch3, roll 3]

)
Here, Pl us@d vector)”2 is a Mathematica shortcut for summing over sguares,
Dt [ coordinate, t] isthetotal time derivative, b2s[ object, point] isthe coordinates
of alocal point on an object, COM(equal to { 0, 0, 0} ) is the centre of mass of any body in local
coordinates for that body, and omegaB] ] isthe angular velocity vector.

5.3.8 Values of constants: defaultvalues

As noted previously, def aul t val ues is alist of substitutions for properties of the pendulum.
Specifically, it should contain substitutions for everything that isn't a “variable” (a coordinate
involved in the norma modes). As well as the properties of the pendulum per se, it should aso
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contain some or al of the following special items. First it needs to contain substitutions for the
following constants:

g (local gravitational acceleration)
t enper at ur e (temperature, for the thermal noise calculations)

bol t zmann (Boltzmann's constant, for the thermal noise calculations)

Second, it should contain substitutions for the usual static values of the “parameters’ (i.e., the
coordinates of the structure or other objectsinvolved only in transfer functions).

Third, it may contain the function call constrai nt substituti ons[], which expandsto a
list of substitutions of the form kconvariablename -> 0, onefor each variableinal | vars.
Each of the generated constants represents an elastic force tying the corresponding DOF to
mechanical ground. Additional potential terms corresponding to these constants are automatically
generated in the calculation notebook, but since the constants are zero by default, they normally
have no effect. However for debugging purposes, you may find it convenient to override particular
constraint elasticities with large values to immobilize particular parts of the pendulum.

Fourth, it may also contain substutions of the form

danpi ng[ r eal , dampingtype] -> (functiong&)
and/or

danpi ng[ i mag, dampingtype] -> (functiong&)
which define the frequency dependence of the elasticity and damping for potential terms of the
specified dampingtype. The & operator is Mathematica's syntax for a so-called pure function,
which is a object that represents a function operation but lacks a name. The arguments of a pure
function are represented by #1, #2 etc. The parentheses around the pure function are required in
this application because & has alower precedence than - >. The functions you supply should accept
a value of frequency in Hz and return a multiplier giving the real or imaginary component of the
complex elasticity as a fraction of the purely real elasticity defined by the potential. If you don’'t
supply a substitution for danmpi ng[ r eal , dampingtype] or
danpi ng[ i mag, dampingtype] in def aul tval ues, they fal back to an even more
fundamental default of

danpi ng[ real , dampingtype] -> (1&)
and
danpi ng[ i mag, dampingtype] -> (0&)

i.e., frequency-independent elasticity with no damping. Unless you're really paranoid about the
Kramers-Kronig relationship or working with very large loss angles you can normally rely on the
default for the real part and specify only the imaginary one. Structural damping can be specified by

danpi ng[ i mag, dampingtype] -> (phi &)
and vel ocity-proportional damping would be

danpi ng[ i mag, dampingtype] -> (2*Pi *b*#/ k&)
for damping of b N/(m/s) relativeto elasticity of k N/m
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5.3.9 Approximation to equilibrium position: startpos

The list st art pos should be a list of substitutions for the variables in al | var s giving an
approximate equilibrium state for the system. Thisis used as a starting point for finding the exact
equilibrium by numerical minimization of the potential. The substitutions can have symbols on the
right hand sides provided of course that there are substitutions for those symbols in
def aul t val ues.

5.4 Model dependent diagnostic utilities

The model writer is also responsible for providing custom versions of the utilities described in this
section, which are not necessary for the basic recalculation of the model, but are still highly
desirable for analyzing the resulting data.

5.4.1 Angular velocity transformation matrices: e2s, e2b and e2ni

The coefficients corresponding to the angle variables in the raw eigenvectors are not in a very
convenient basis. In accordance with the normal mode formalism, they represent infinitesimal
amounts by which the yaw, pitch, and roll angles at equilibrium are incremented in norma mode
motion. However because of nonlinearity and non-commutativity issues, the incremental rotation
in going from (yaw, pitch, roll) to (yaw+dyaw, pitch+dpitch, roll+droll) is not the same as (dyaw,
dpitch, droll) (except for yaw=pitch=roll=0). Worse, while the three individual rotations implied in
(yaw+dyaw, pitch+dpitch, roll+droll) aren’t about mutally orthogonal axes (again, except when
yaw=pitch=roll=0). The toolkit provides transformation matrices to convert the eigenvector
coefficients into a variety of nore useful forms. “Space” coordinates use a basis of infinitesimal
rotations about the global or space x, y and z axes (in that order) and are useful if you want to
interpret normal mode motion as an angular velocity. The 3x3 matrix function onegal S ]

transforms to that basis:

onmegal §[ yaw, pitch, roll]. {dyaw, dpitch, droll}
“Body” coordinates use a basis of infinitesimal rotations about the body x, y and z axes for the

object and are useful in conjunction with the MOI tensor (which is implicitly in body coordinates).
These can be calculated using onregal B[ | :

onmegal B[ yaw, pitch, roll]. {dyaw, dpitch, droll}
(Finally norrincremental yaw/pitch/roll coordinates use a basis of infinitesimal rotations in yaw,

pitch and roll. Since this amounts to a basis of infinitesimal rotations about the z, y and x axes, for
the object they are effectively just the space coordinates permuted:

onegaSNl . onegal [ yaw, pitch, roll]. {dyaw, dpitch, droll}
where
omegaSNl = {{0,0,1},{0,1,0},{1,0,0}}
However since these provided utilities only apply to the angle variables of one object at atime, and

the toolkit has no way to know to know which variablesin al | var s are for angles, the user is

responsible for creating matrices (e2b, e2s and e2ni ) which process a whole eigenvector at
once, along the following lines:

ez2ni : = Diagonal Bl ockMatri x| {
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IdentityMatrix[3],

onegaSNl . onegal S yawul , pitchul ,rollul],

IdentityMatrix[3],

onegaSNl . onegal S yawur, pi tchur,rollur],

I dentityMatrix[ 3],

omegaSNl . onegal S[yawl, pitchl,roll1],

I dentityMatrix[ 3],

omegaSNl . onegal S[yaw | f,pitchllf,roll11f],

I dentityMatrix[ 3],

onegaSNl . onegal S[yawl I b, pitchl I b, rolI11Db],

IdentityMatrix[3],

onegaSNl . onegal S[yawl rf, pitchlrf,rolllrf],

IdentityMatrix[3],

onegaSNl . onegal S[yawl rb, pitchlrb,roll1rb],

I dentityMatrix[ 3],

omegaSNl . onegal S[yaw2, pitch2,rol | 2],

I dentityMatrix[ 3],

omegaSNl . onegal S[yaws, pi tch3, rol | 3]
}1/.optval;

5.4.2 Plotting routines: eigenplot[]

To enable drawing 3D pictures of the normal modes there should be a custom version of the routine
ei genpl ot [ eigenvector, amplitude, {viewpoint}]. Theversionsin the existing
models can be used as a pattern. They use routines from the custom package My Shapes™ , which
is similar to the standard package G- aphi cs™ Shapes™ but with afew refinements for precisely
this application. Note that eigenvectors should not be processed with e2ni before being given to
ei genplot|[].

5.4.3 Listing routines: pretty[]

To present eigenvectors in a useful manner there should be a custom version of the routine
pretty[ eigenvector] to list the coefficients in the eigenvector in a table format with
headings. It is commonly convenient to process eigenvectors with e2ni before listing them, but
this should be left up to the end-user rather than being done automatically inpretty[].

5.4.4 Input and output vectors

To enable basic use of the variour transfer function routines there should be a set of input and
output vectors for the coordinates likely to be of interest such as those of the structure and the final

payload.

6 The calculation of the model
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6.1 The Calculate[] function

As explained above, theCal cul at e[ ] function is normally used to compute or load results for a
whole stage at once. However it works on any symbol representing one of the standard
intermediate or final results. A typical clausein the definition of Cal cul at e[ ] lookslikethis:

Cal cul at e[ symbol] := (

Cal cul at e[ dependencies] ;

| f[!usepreconput ed| | except danpi ng,
St at us[ " Conputi ng symbol"];
code to compute symbol;
savepr econput ed[ " symbol. m', symbol];
Done[ ],

(*el se*)

get preconput ed[ " symbol. ni'] ;

)
Note the following features:

Before attempting to compute or load the requested symbol, Cal cul at e[] cals itself
recursively to compute or load all the symbols on which the requested one depends.

If the switch usepr econput ed isTr ue, Cal cul at e[ ] attemptsto load an archived value
for the symbol from the pr econput ed subdirectory within the case directory.

The condition “| | except danpi ng” is omitted in the clauses for result symbols that do not
depend on the frequency dependence of easticity, in particular the potential matrices. Thus by
setting both usepr econput ed and except danpi ng to Tr ue, one can explore the effects
of different magnitudes and frequency dependences of damping without wasteful recal culation.

The effect of the recursion is that intermediate results are computed in the order described in the
next few sections. When debugging a new model it will be helpful to work through the result
symbols in that order, calling Cal cul at e[ ] manually on each one in turn so that stages with
errors can be identified. Note that Cal cul at e[ ] has no effect on symbols that have already been
loaded. To recalculate a result after an error has been corrected, call C ear[ symbol];
Cal cul at e[ symbol] . Alternatively, clear the results for a whole stage at once with
Reset [ stage] (where stage isoneof St ageOA etc).

6.2 Stage OA —normal modes without wire bending elasticity

6.2.1 Numerical Substitutions: constval

The seminumeric substitutions in def aul t val ues and overri des are merged using
Overri de[] andthen processed using Recur se[] to propagate the numeric values throughout,
producing alist called const val .
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6.2.2 Numerical start position for minimization of the potential: startval

The starting position st ar t pos suggested by the model writer is converted to fully numeric form
called st ar t val by processing with const val .

6.2.3 Variables that participate in the minimization: optvars

The minimization of the potential should normally be done with respect to all the variables in
alvars. However as a aid to debugging, only those in the list opt var s are used. Thisis useful in
isolating problems in the specification of the wires and springs. For the full calculation opt var s
should beinitializedtoal | var s.

6.2.4 Variables that don’t participate in the minimization: nonoptvars and
nonoptval

Thelist nonopt var s is set to the complement of optvars. The variables in it are pegged to the
valuesin st artval during the minimization. The list nonopt val is a subset of start val
with substitutions for just the variablesin nonopt var .

6.2.5 The Ilist of potential terms to be used for the minimization:
potentialtermlist

The potential terms that are to be considered in the minimization are assembled into a list together
with their damping tags:
potentialtermist = {{term, tag}, { term, tag}, ..}

6.2.6 The full expression for the potential: potential

The terms in potentialtermlist are multiplied by the real part of the damping multiplier evaluated at
f=0 (danpi ng[ r eal , dampingtype] [ 0] ) and summed to produce the total potential as a
single expression.

6.2.7 The numeric potential: potentialNN

The symbolic expression for the potential is processed with const val and nonoptval to
produce pot ent i al NN, an expression containing only the variablesin opt var s.

6.2.8 The minimization: potentialO and optval

The minimization gives pot ent i al 0, the value of the potential a the minimum, and opt val s,
a specification of the minimum as alist of substitutions for the variablesin opt var s.

6.2.9 Velocity variables: velocities

A list of velocity namesis created by adding “v” to all the variable namesin al | var s.
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6.2.10 The kinetic energy matrix: kineticN and kineticmatrix

The expression kinetic for the kinetic energy is given in terms of symbolic constants, variables and
total time derivatives of variables. The time derivatives are replaced by velocity variables, and
constval, optval and nonoptval are used to remove al other symbols, producing
ki neti cN. Partial derivatives with respect to all pairs of variables in vel oci ti es are then
taken to produce ki neti cnatri x.

6.2.11 The potential used for the normal mode calculation: potentialtermlistO

Extra items of the form {constraintterm, constrainttype} ae added to
potential termist toproduce potenti al termnistO. The extraterms represent elastic
forces tying the various DOFs to the equilibrium position determined in the previous step.

6.2.12 The Stage OA damping-specific potential matrices: potentialmatricesOT

The potential term parts of all the itemsin potenti alterm i st O are differentiated to form
individual damping-specific potential matrices. Matrices with the same damping tags are combined
to foom a list potential matri cesOT of the form {{dampingtype, matrix},

{dampingtype, matrix}, ..}. (For no particularly good reason the tag comes first here
rather than second as above.) As explained above, the potential matrices at this stage should be
treated with cauti on because they have not yet been corrected for dissipation dilution.

6.2.13 The Stage 0 potential matrix: potentialmatrix0

The individual potential matrices in potentialmatricesOT are multiplied by the real part of the
complex elasticity multiplier evaluated at f=0 (danpi ng[ real, dampingtype][0]) and
summed to produce a net stiffness matrix.

6.2.14 The Stage 0 normal modes: eigenvaluesO, eigenvectors0 and HzO

The potential and kinetic energy matrices are simultaneously diagonalized to produce
ei genval ues0 and ei genvect or s0. The eigenvalues, which are in units of (rad/s)? are then
scaled to units of Hz to produce Hz 0.

6.3 Stage 0B —damping without wire bending elasticity

6.3.1 Potential matrices without tension: potentialmatricesONT

The entire potential matrix calculation from stage OA is repeated with the wire tension and spring
preload set to zero, producing pot ent i al mat ri cesONT. Thisandpot enti al matri cesOT
are passed to di ssi pati ondi | uti on[] which correlates them and identifies the components
of elasticity that produce damping to produce anew list pot ent i al matri cesO.
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6.3.2 Coupling matrices: couplingmatricesOT, couplingmatricesONT,
couplingmatricesO

The coupling matrices are analogous to the potential matrices except that they describe the
elasticity from the structure to the pendulum instead of the pendulum internal elasticity. Thus they
are calculated in a completely analogous way.

6.3.3 The equations of motion function and the coupling function: eomO and
couplingO

This ae caculated from ki neticmatri X, potential matri cesO and

coupl i ngmatri ces0. Thus they neglect wire bending elasticity but correctly incorporate
dissipation dilution on the remaining sources of damping.

6.4 Preparation for Stages 1 and 2

6.4.1 Wire angles: relaxval

As noted above, the wire definitions are allowed to have placeholder symbols for wire attachment
angles. The definitions are scanned for such symbols and the optimum attachment angles are
calculated taking into account the equilibrium position of the pendulum. The values are assembled
into asubstitution list r el axval .

6.4.2 Additional potential term lists: potentialtermlistWB and
potentialtermlistWE

In preparation for Stages 1 and 2, new potential terms describing the wire bending are generated
and stored in the lists potentialternl i st WBand potentialtermistWEin the same
{{term, tag}, ..} format as for potentialterm ist0O. The first list, used in Stage 1
describes the potential from pure angular bending of the wire. The second list, used in Stage 2,
describes the potential from the additional longitudina stretch of the wire due to the fact that it has
been displaced away from the straight line between the endpoints assumed in Stage O.

The elasticity theory used in the wire bending phase of the calculation is derived in the notebook
W r eAnal ysi s. nb, based on the discussion in Matt Husman's thesis. The two key results of the
analysis are exported to the notebook wi r ef uncti ons. m which is read in by the model
definition file when it is loaded. The function wi r ebendi ngPE[ T, |, EE, 11, 12,
al phal, betal, al pha2, beta2] computesthe bending part of the potential energy for a
wire with tension T, Young's modulus EE, moments of area | 1 and | 2 along its principal axes,
which is stretched between two points | apart on a line and makes angles al phal and al pha2
with the line a one end and betal and beta2 a the other end. Similarly,
wi rebendi ngdel ta[ T, |, EE, 11,12, al phal, bet al, al pha2, bet a2] computes the
extralongitudinal extension of the wire due to the curvature of the wire.

The functions wi r epot enti al 1[] and wi repot enti al 2[] defined in the Utilities section
of the model notebook do the 3D geometry required to apply the above functions to wires at the
angles implied by the equilibrium position of the model.
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The tags associated with the new terms are taken from the entries in wi rel i st. Those in

pot enti al t erm i st V\B get the tag specified for bending; thosein pot enti al term i st \E
get the tag specified for stretching.

6.5 Stage 1 - normal modes and damping with wire bending elasticity

The Stage 1 calculation processes the entries in potentialtermistWB to produce
potential matri cesWB and couplingmatri ces\WB. These are then merged with
potential matri cesO and couplingmatricesO respectively to  produce
potential matri cesl and coupl i ngmatri cesl. In turn, these are processed in the same
way as for Stage 0 to produce potential matrixl, couplingmatrixl, eomnd,
coupl i ngl, ei genval uesl, ei genvectorsl andHz1l.

6.6 Stage 2 -normal modes and damping with additional wire stretch due to
bending

The Stage 2 calculation processes the entries in potentialtermistWE to produce
potential matri cesWE and couplingmatri cesWE. These are then merged with
potential matricesl and couplingmatricesl respectively  to  produce
potential matri ces2 and coupl i ngmat ri ces2. In turn, these are processed in the same
way as for Stages 0 and 1 to produce potenti al matri x2, couplingmatri x2, eont,
coupl i ng2, ei genval ues2, ei genvect ors2 and Hz2.
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