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Abstract

Demodulatiou of ao a,rbitra,ry htetrsity Doise in the optical heterodyne deteciion is analyzed. Geoeral

formulae for the correlation function alld the power spectral deusity of the demodulated iEteNity uoise ale

derived. The aoalysis ta.kes iuto account a baad-pass filter at the photodiode and a,u arbitrary demodulation
.wave form. Shot noise is a,lalyzed as a special case of intensity noise, and a general formula for the power

spectral density of the demodulated noostationa,ry shot ooise is derived. For the shot-noise.limited detection

the sigral-to-noise ratio is fourd itr terms of Fourier a,ropttudes ofthe modulated photocurrent. The analysis
is developed for applicatious to the emerging ioterferometric gavitational wave detectors.

lsubmitted to Journd ol Optical Societ! of Amefica A



1 Introduction
. ' : .
The heterodgre teihnique is often used in high sensi
tivity measurements of the optical phase. The tedr-
nique is based on the coherent detection of the RF-
modulated intensity which results from superposi-
tion of beams with different frequencies. The RF-
modulation shifts the frequency of the optica.l signal
into ihe region where photodetection is quiet, and
at best, is limited by the shot noise. The output of
the photodetector, which is the RF-modulated pho.
tocurrent, is then rectified by the mixer to obtain a
Iow frequmcy signal.

Much attention to the shot noise in the optical het-
erodylre detection has been given in the field of the
Iaser interferometry for gravitational y/ave detection.
This is because the sensitivity of these interferorne-
ters will ultimately be Iimited by the shot noise only.
Due to the presmce of the RF-modulation such shot
noise is inherently nonstationary. The first account
of the nonstationary shot noise in the protot'?e grav-
itational wave detectors was given by Niebauer et al

l1l. They fouud thai the nonstationary shot noise
has frequency correlations, which may increase or re".
duce the power spectral density of the demodulated
noise. At the same time, Meers and Sirain 12] ana-
lyzed how the shot noise is generated in various mod-
ulation schemes. In the experiments performed by
Mio and Tsubono [3], and by Gray et aI [4] the fte.
quency correlations of the nonstationary shot noise
were studied indirectly through the phase dependence
ofthe shot noise power spectral density. New calcula-
tions of the shot noise were developed by Lyons et al

[5] in connection with the reseaxch on the 40m pro-
totype interferometer at Ca.ltech. Recently Wirzer
[6] discussed the effects of arbitra,ry filtering at the
photodiode and showed that the va.riance of the non-
stationaxy shot noise depends on the transfer function
ofthe photodiode. However, his analysis did not ad-
dress demodulation of the nonstationary shot noise.

Calculations of the nonstationaxy shot noise in the
prototype interferometers usually do not take into
account the efiects of the band-pass ffltering of the
RF-photocurrent. Often the sine'wave demodulation
is assumed instead of a more realistic squaxe-wave
demodulation. Moreover, the effects of the high or-

der ha"rmonics ofthe RF-modulated photocurrent are
usually neglected. Such a simplified approach can be
sufficient for approximate ca,lculations of the shot-
noise. However, for accurate predictions and com-
puter modeling of the shot-noise a rigorous approach
is needed. Such a rigorous analysis is presented in
this paper, which describes demodulation of an a.rbi
trary intensity noise in a general optical heterodyne
detector. The efiects of the band-pass filtering of the
RF-photocurrent are iucluded, and the demodulatiou
with an a,rbitrary wave-form is described. The higher
order harmonics of the RF-photocurrent a.re ta.ken
into accoutrt and their efiect on the noise power spec-
tral density is analyzed. The main results ofthis pa-
per a,re the general formulae for the correlation func-
tion and the power spectral density of an arbitrary
intensity noise after demodulation. These formu.lae
are used to describe the demodulation of the nonsta-
tionary shot noise. In particular, the phase depen-
deuce of the signal-tGnoise ratio is analyzed, and the
optima.l demodulatiou phase is found in terms of the
Fourier components of the photocurrent,

Although the calculations in this paper are devel'
oped for applications for interferometric $avitational
'wave detectors, the approach is general and can be
used to a.nalyze an a,rbitrary optical heterodyne de.
tector.

2 Signal Extraction

2.7 Photodetection of Modulated In-
tensity

An optical heterodyne detection scheme which is
adopted for the interferometric gravitationa.l wave de-
tectors is the Pouad - Drever signal e-xtraction [7]. It
is shown schematically in Fig. 1 and can be briefly
described as follows.

A single - frequency laser beam is phasemodulated
by an electro- optic modulator (EOM), which takes
its input from an RF-oscillator with frequency O.
The light at the ca.rrier frequency resonates in the
cavity, acquires a round-trip phase shifi /(t) and
leaks back to the laser. The light at the sideband
frequencies is promptly reflected by the ftont mir-



photodiode Fabjy-Perot

Figure 1: Signal extraction in the Pound-Drever lock-
ing scheme.

ror of the cavity. A superposition of the reflected
Iight at the carrier and the sideband ftequencies re-
sults in beats at the modulation ftequency which a,re
detected by the photodiode. The output of the pho-
todiode is then rectiffed by the mixer. Irnportant el-
emelts of this signal extraction scheme are the phase
shifter and ihe band-pass fflter; their functions a.re
described in detail in this paper. Essentially the same
signal extraction scheme is utilized in a power recy-
cling Michelson interferometer with Fabry-Perot a.rm
cavities - an optical configuration currently adopted
in several laser gravitational wave detectors [8], [9],
1101.

The modulated intensity is usually described by its
expansion in terms of ha.rmonics of the modulation
frequency:

Pneio"t ' (r)

where P, a.re complex coefficients and O,, is the fre.
quency of the nth harmonics:

fi, = nO. (2)

Since the intensity is a real quantity the coeficients
satisfy the condition:

P_"= P; ,  (3)

where an asterisk * stands for complex conjugation.

The photodiode generates the electric curfent, 1(t),
which is proportiona.l to the intensity:

I(t) = yP(t),

where X is the photodiode responsivity (typic:Jly
about 0.5 - 0.7 A/W). ff the intensity is modulated
so is the photocurrent:

7741 _ \a f  - io. r ,  (5)

wherc In : yPn.
Assume that the photodetection and the subs+

quent demodulation take place within a finite time
? (observation time), which is much greater than
the modulatiou period. Finite duration time-domain
data can be analyzed using the finite-time Fourier
trarsformation:

I ( u ) : I(t)e-"" dt.

In this approach the d-function is defined as

?rr67(u) e-r@t drt

a.ud therefore is ffnite: 2zrdr(O) : ?.
The finitetime Fourier transform of the photocur-

r€nt ca,rt be found as

i(u,) =zrDl"'r(, - n").

In general the coefrcients P" and also I,, are not
constants but a.re slowly varying functions of time;
that is, they change little during one modulation pe'
riod. For example, the anplitude ofthe first harmou-
ics of the modulated photocurrent, which is propor-
tional to the error siqnal:

4(t) x d(t),

can be a time-dependent quadltity. Therefore, in gen-
eral, the finite-time Fourier trarsform of the pho-
tocurrent is given by

I{u) =Ei"(a -{}"), (10)

(4)
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where 1"(t;) are the finite-time Fourier transforms of
the coefficients I"(f). Since the coeffcients /n(t) axe
slowly va.rying functions of time the Fourier trans-
form of the photocurrent consists of nanow peal<s at
multiples of the modulation ftequency. In the vicin-
ity of O,, the Fourier transform of the photocurrent
is dominated by the nth harmonics;

i p -n"1  x I_" (u ) ,  (11)

provided the frequency o.' is sufficiently small:

lrl << fl.

2.2 Band-Pass Filtering of RF-Sigual

Only the first harmonic of the photocuruent 4 con-
tributes to signal. The higher order harmonics
12,13..., as well as the dc-current 10 contribute to
noise. These harmonics can be suppressed by a band-
pass filter shown in Figure 1, which often is built
in the photodiode's pre-amplifier. Such a band-pass
filter can be realized by a resonant LC-circuit with
the resonarce ftequency close to the modulation fre.
quency, f,I. An example of the transfer function of
such a resona.nt circuit is shown in Fig. 2. The peak
of the transfer furction corresponds to the modula-
tion ftequency, and its width, AO, corresponds to the
pass band of the filter.

Lef_ Z@) be the impedance of the resonart circuit
and Vo6(r,.,) be its voltage output. Then the result of
the band-pass filtering is desuibed by the formula:

%a(,.r) = 21u1i1u'1. (13)

The cornplex impedance satisfies the usual condition,
Z(-u) : Z(u)-, which guaxantees thai Poa(t) is a
real quantity.

The magnitude of the sigaal is mostly defiued by
the value of the impedance at the peak:

21ny = p.-ta, (14)

where R is the magnitude and B is the phase lag
of the impedance at the resonance frequency. (The
impedance shown in Figure 2 has the phase lag at ihe
peak of approximately 4n.)

Figure 2: The transfer function of a typical LIGO
RF-photodiode. The peak corresponds to the modu-
lation frequency of approximately 22 MHz.

To avoid distortiom of the signal, the width of the
peak must be much greater than the band-width of
the siEnal:

lr,.' | << Ao'
Therefore, for typical ftequencies of the signal, the
impedance ca.n be approximated as constant:

Zp+,) x 21ay (16)

When it comes to noise, no such approximation is
made because the ftequency of noise can be a.rbitrary.

2.3 Demodulation and Low-Pass Fil-
tering

The filtered RF-signal is rectified by the mixer showa
in Figure 1. The mixer output in time domaia is given
by the product:

v^;*(t) -- D(t)Voa(t), (17)

'q/here D(t) is the demodulation wave. The mker
output in frequeucy domain is given by the convolu-
tion:

vnialQ) =

s

to-
fiequensy (tlz)

10-
fr€quer|cy (tlz)

(12)

(15)



In the optical heterodyne detection the signal V(o-r)
is the low ftequency component of the mixer output:

Ill calculating the integral, eq.(18), the finite-time t-
function was treated as the usual (Dirac) d-function.
This approximation is ralid as long as the obserra-
tion time is much greater than the modulation period,
which is usually the csse for the RF-modulation.

Explicit form of the signal ca.n be obtained from
eq.(26) by talcing the low frequmcy limit, eq. (11)
- (12). Such a signal is expressed in terms of the
ha.rmonics of the RF-photocurrent:

'it1"1 * -tla" "-t"t i1u - o,)i-"(a,). (27)

Ouly the first (n: al) ha.rmonics ca,rries informa-
tion about the signal, eq.(9). All otrher harmonics
introduce a,rr error in the signal extraction and there-
fore must be suppressed. The suppression can only
be done before the mixer, and is the main function
ofthe band-pass filter. To strongly suppress the high
order ha,rmonics of the BF-photocurrmt, the filter
must have a steep roll-off at high frequencies:

l7(u - fi")l < R, (28)

for n -- 2,3,. . .. In this case the signal becorues pro-
portional to the first hatmonics of the photocurrent:

v1r1 *  i6e i17@ +f i ) iL(a)  -

idae-it Z(u - n;I-r (o). (29)

Note that sudr a signal is la,rgely independent of the
form of the demodulaiion wave. (The coefficient d1
ody sets the overall sca.le of the signal but does not
a.ffect its functional form.) This is a consequence of
the narrow-band fi ltering.

The formula for the signal eq. (29) can be further
simpliffed if we assume that the ftequencies of interest
a.re well within the band-width of the filter eq. (15).
For these low fiequencies the impedance can be ap-
proximated as constatrt, eq. (16), and the signal be
comes

v1.u1 = idrei(1-81Rit(u) -

idre-i(t- p,i_r1u). (30)

The corresponding equation in time domain is

(1e)

In ca,lculations the demodulation wave.form is of-
ten assumed to be sinusoidal:

D(t) = 5i"191 - t), (20)

where .y is an adjustable phase set by the phase
shifter, shown in Fig. 1. Such a choice ofthe demod-
ulation wave-form greatly simplifies the calculations
but is noi usually realized in electronics.

The demodulation wave.form of a typical mixer
(full-wave diode bridge) is a squaxe wave with the
amplitude very close to 1. Such a squaxe-wave can
be described by its Fourier series:

L
n / r \  - :

7l

To make the analysis general we assume that the de.
modulation wave is a,rbitrary:

D ( t ) :  - i d,n eirl(a;1) , (22)

where d," a,re arbitra.ry coefficients. Without loss of
generality we can assume that d1 is real and therefore

dt = -dt. (23)

The square wave demodulation ca.n be obtained from
the general form, eq.(22), by setting

\-

\-

1sl , ,n(0t  -  r ) .  (21)

,  f  o ,  n = e v e n ,
4 " =  

\  z / 1 t r n | ,  n = o a a .
(24)

The finite-time Fourier transform of the demodula-
tiou wave is

D(u\ = -2ni 
ld"e-''adr(o.r 

- O.). (25)

Then the mixer output, eq.(18), becomes a series:

i , / \ - . - a ; lv^i*@) = -i La" e-'"1 z(cl-Q")I(c,l-0"). (26) -zdtrrm{eto-ilh(il}. (31)



Often the initial phase of the modulation can be cho-
sen so that I1(t) is a real function [11]. In this case

V(t) = -zdfiIr(r)sin(r - F), (32)
v(") = -2d&i1(e)snt0-il (33)

An optimal demodulation corresponds to the max-
imum of the absolute value of the signal and ta.kes
place if

t - 0 : | + n u , (34)

where .fy' is integer. This condition can be met by
adjusting the demodulation phase, 7, at the phase.
shifter shown in Figure 1. Such an optimization is
useful only if the signal is much greater than the
noise. Otherwise optima.l demodulation is arhieved
by maximizing the signa.l-to-noise ratio as described
below.

3 Intensity and Shot Noise

3,1 Demodulation of fntensity Noise

A common noise source which affects measurements
based ou the photodetection of the laser intensity is
the intensity noise. The demodulation of the inten-
sity noise is similar to the demodulation ofthe signal.
Au arbitrary intensity noise ca.u be described by the
fluctuations of power dP(i), which are detected at the
photodiode. According to eq.(4) the intensity noise
gives dse to the noise in the photocurrent:

d/(t) = x dP(t). (35)

Let the noisy photocurent be "/(t), which can be
represented as the sum:

J(t) :1( ' )+d/( t ) '

where I(i) is the average photocurrent,

1(r) = E{"i(r)},

(36)

and d1(f) is the noise with zero mean. The expec-
tation mlue E{J(i)} can be obtained by taking an
ensemble average of the photocurrent. For example,
this can be done by taking an average over many

trares of the photocurrent recorded with a storage os-
cilloscope. Another way of implemmting an ensemble
average is based on the ergodic theorem, according to
which ensemble averaging is equir€.lent to time aver-
aging. Note that the time averaging must be done
over the time interval which is much less than the
modulation period. Otherwise the time dependence
of the modulated photocurrent will be lost.

The noise in the photocurrent is characterized by
its correlation function;

ct(t,t'1 = E{dr(r) dr(r')}, (38)

which iu frequency dom n crut be qrritteu as

e r@,u') =F'16i(u) |i(,n')-j. (3e)

This correlation function is equal (up to a factor
12) to the correlatior functior of the intensity noise,
which is mostly defined by the laser and the electro-
optic devices on the bea.ur path. Here we aasume that
it is known, and derive the correlation function of the
ff ltered demodulated noise.

The noise is filtered by the photodiode's resonant
circuit and is demodulated by the mixer. The noise
at the output of the mixer is given by

av@): -tla" e-i", z@-Q*) di(,.,-o"), (40)

which is similar to eq. (27). Define the correlation
function of the filtered demodulated noise as follows

0y(u,u'): E{dr(a,) 6V(a').}. (41)

Usirag eq. (40) we obtain a general formula for this
correlation firnciion

iy(u,u') = Dl,a^qe-i(m-n)'t x

Z@-n; Z@'-n 'J"  x
e1@-a^ ,u , -e" ) .  (42)

Therefore, the correlation function of the ffltered de
modulated noise depends on the tra.nsfer function of
the photodiode, Z 1u1, tne Fourier coemcients of the
demodulation wave, d,,, and the demodulation phase,

1. The power spectral density of the demodulated



noise can be derived ftom the correlation function as
follows

The correlation fuDction of the demodulated noise
can be found from equations (46) and (42). The re-
sult is that the demodulated noise is also stationary,

lv(w,u') = 2rSv(u)6r(u -w'), (47)

and its power spectral dmsity, Sy(ta), is given by

sv@) =Dld."lzl1@ - n;P sr@ - a). (4s)

This result shows that the demodulated noise ac-
quires contributions {rom all ftequencies. Mormver,
all the terms in the sum, eq.(48), are positive aud
therefore add up.

An ideal na,rrow band filter greatly suppresses the
noise at a.ll ftequencies except in the vicinity of the
first harmonics:

,sy(r. ,)  = al l2@ -gl ' ,9y(r. ,-a)+

ft p@ +$1'� sr(ru + o). (4e)

In this case the noise in the demodr:Iated output of
the mixer is mostly due to the intensity noise at the
ftequencies near the modulation ftequency (c,.' - O).
Since there is much less intensity noise at the RF-
ftequencies than at Iow frequencies,

51(tr + A) << ,Sr(r), (50)

the efiect of the intensity noise becomes greatly re
duced by the heterodyne detection.

In practice, the band pass filter trarsmits some of
the noise in its stop band. Since there a.re an bfi-
nite numbex of terms in the sum, eq. (48), a substan-
tial difference betwem the anticipated power spec-
tral density, eq.(49), and the real power spectral den-
sitn eq.(48), might occur. To avoid this the noise
at the frequmcies nea,r harmonics of the modulation
frequency must be strongly suppressed by the band
pass filter. This is another reason for the band pass
filter to have a steep roll-off at high frequencies.

3.3 Nonstationary Intensity Noise

Consider a nonstationary intensity noise and assume
that the strong na,rrow band filtering takes pla.ce.

5,,1,;=,l$ 1"9']
(43)

a.nd is calculated below for several different cases.
In the case of strong nanow-band filtering, eq.(28),

the intensity noise outside the pass band is greatly
suppressed. Then the formulae for the demodulated
noise, eq. (a0), and its correlation function, eq. (42),
can be simplified. Namely, the demodulated noise is

6v (.) = idrc;12(u + Q) dilo; + a) -

idre-ia Z(u - n) di(ar - 0), (44)

and there a,re only four terms (m, n = *1) in the
sum, eq. (42). Note that -the same result can be ob-
tained if the impedaflce Z(tr) is broad band but the
demodulation vrave is sinusoidal.

Thus the broad-band photodetection with the sine-
wave demodulation is equiralent to the narrow-band
photodetection with the squaxe wave demodulation.
Moreover, in the presence of the narrow band filter
the demodulation with any wave form leads to the
sarne result provided the coefficient d1 is adjusted
accordingly. For example, demodulation with the
squaxe wave of amplitude 1 is equivalent to the de-
modulation with the sine-wave of a"rnplitude 4/zr.

3.2 Stationary Intensity Noise

Consider a situation when the intensity noise is sta-
tionary, and therefore its correlation function has the
form:

Cr(t,tt) : Cr(t - t '). (45)

In frequency domain this correlation function can be
wdtten as

e 1@,w') = 2nSt(u)ir@ - u'), (46)

where ,9;(r,r) is the Fourier transform of Cr(t) and
also is the power spectral density of the noise accord-
ing to the Wiener-Khinchin theorem. Note that the
theorem cannot be applied for a nonstationaxy ran-
dom process. In this case a more general definition,
eq.(43), can be used to find the power spectral den-
srtv.



The coFelation fuaction of the demodulated noise the nonstationaxy shot noise in frequency domain is
is given by eq.(42) wiih m,n = !7. In this case the given by
power spectral deusity is C1(u'u') -- ql(u - u'), (54)

sv(") = al l7(u - {r)12 ,97 (r.r - o) +
dl l2@ + Ql' ,S7(r,r + o) -

zal, ne {e2t 21',,1 - n)-z1c.r + o)

where we introduced a new quantity

where q is the electron charge and i(ar) is the Fourier
transform of the average photocurrent. Deriration of

(51) this formula is given in Appendix.
n , r,.,\ I Consider the noise in the absence of signa.l (I1 = 0),."' \*/J ' 

and assume that all ihe coefficients 1. axe constatrt.
Then the correlation function of the nonstationarv
shot noise is given by

it(u,u') =?;lrqlt'"6r(u - r' -a). (55)

Substituting this equation into the general formula,
eq. (42), we obtain that the demodulated shot noise
is stationary. Its Fourier-domain correlation function
is diagonal:

Cv(u,u') = ZrSv(u)ir(a - u'), (56)

and its power spectral density is given by

sv(u) : 2lrq|Ld^d;e-i(m-'r)'Y x

I^-^Z@ -a; Z@ - a")..  (57)

This is the general formula for the power spectral
density of the demodulated shot noise in the optical
heterodyne detection.

In the presmce of the strong narrow band filtering
the power spectral densiiy is

^  r  -  - I
sy(i,.r) = qdiln llz(a 

- n)( + lz@ + n)f I 
-

2od? Re { e2i1 h 2 (u, - n)" Z1,u + o)} .
t  -  

(b8)

Such a power spectral density has a charscteristic
shape ofthe photodiode transfer function. This result
can be used to distinguish the shot noise from other
sources of noise.

Note that the power spectral dmsity, eq. (58), can
also be obtained directly from the corresponding for-
mula for the demodulated intensity noise, eq. (51),

by using tbe following observation:

S1(u) = qln,

Q u) = qI2.

(5e)
(60)

@.(,)  =, l*  
[

'l, (52)
C1(u * u - Qo,

T

which characterizes nonstationary properties of the
noise. Note that Qr(cu) : 0 if the noise is stationaxy.

The first two terms on the right hand side ofeq.(51)
have a simple mea,ning: they represent the power
spectral density of the intensity noise filtered by the
band-pass filter a.nd frequency-shifted by the mixer.
The last term, which is proportiona,l to Qt(r,.,'), is due
to the frequency corelations of noise. It is not pos-
itive definite and therefore can increase or decrease
the total noise power.

Irr the low frequency approximation, eq. (16), the
demodulated noise becomes white:

s.(w\ = 2d? R2 [,s,(n) - n" {"'nlB-t)o, rot } l .* v \ ' ' - - ' - - 1 , - , . " , ' * t ' = , . " r r , r r ,

Therefcrre, not only the power spectral density of the
intensity noise, 5r(O), but also its frequency correla-
tions, Sr(0), contribute to the demodulated noise.

3.4 Nonstationary Shot Noise

The heterodyne detection a.llows us to greatly reduce
the effect of the laser intensity noise. By choosing a
sufficiently high modulation frequency we can shift
the detection to the fr€quencies where the inteusity
noise is minimal- At these ftequencies the photode.
tection car be limited by shot noise only.

The shot noise is created during the photodetection
and is largely defined by the average photocurrent,
I(t). In the optical heterodyne detection the average
photocurrent varies with time, maklng the shot noise
inherently nonstationary. The correlation function of


