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/acror, which is the ratio of the gravitational energy of

the suspension pendulum motion to its elastic energy-

Since the suspension loss is due entirely to lhe Elastic

loss (assuming all other losses, sucb as residual gas

damping, are eliminated by careful design), the loss

of the pendulum is just the intrinsic loss divided by

the dilution factor,
The eiastic energy of a wire pendulum is in turn a

function ofthe wire diameter. The thinner the wire, the

less stiff it is and the less elastic energy it stores dur-

ing the pendulurn oscillation. The gravitational energy

is independent of the wire diameter except through its

mrss. which i: ignorably smrllcompared to rhe mirror

test mass. The gravitational energy does increase lin-

early with the wire length; therefore, a low loss pendu-

lum should be as long as possible to mrximize greti-

tational energy, and as thin at its endpoints as Possible
to minimize elastic enorgy, consistent with safely sup-

porting thc test mass mirror I S^., = ng/nzrrz where

t?? is the miffor mass, r is the fiber radius and there are

n suspension wires). Excess noise motion of the test

mJss duc to cr€ep in highll stressed suspension wires

may also set a lower limit to the wire radius

It is herc that thc manufacturing process of fused

silica fibers interferes with their functiol, because it

is precisely at the fiber endpoints that the diameler

is increasing. This paper presents calculations of the

reduction of the dilution factor due to the taper regions

at the flber endpoints-

2. The physical model

The physical system modelled for this analysis is

a single wire pendulum similar to that modelled by

ConzSlez and Saulson [11] A single wire of length /-

is rigidly attached at its top end to a nxed support ard

supports a minor of mass M and moment of ineftia

/ at irs botlom end. The wire hls l inear mass density

p(z) and moment of inertia 1(z) that are functions

of position along the wire length; the tension f =

Mg is approximated as constant along the wire The

wire is rigidly attached lo the minor at a distance l,

above the mirror's center of gravity. Only motion in

the r-direction, perpendicular to the mirror face, is

considered.
Taking xy = x(L) * hxt ( L) and @ = x'(L) as lhe

oosition and rotation o[ the Lest mass mirror. respec-

tively, the equations of motion for such a single wire

pendulum are:
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along with the boundary conditions.r(0) = r'(0) =

0 at rh€ top of the fiber. Tbese equations differ from

those of Gonziilez and Saulson in the presence of ad-

ditional terms describing the variation of 1 and p with

z; the derivarion js a sraightforward extension to the

one they present. The mechanical loss of the system

enters the equations through the imaginary part of the

complex Young's modulus E of the fiber.

These additional terms render these equauons gen-

erally unsolvable by analytic means, so we solved

them numerically using a finite-element analysis. A si-

nusoidal driving force was added to Eq' (2) We mod-

elled the wire as a finite mesh oi'a lew thousand dis-

crete points, thus reducing the complex fourth-order

diflerential Eq. ( I ) to a set of eight coupled llrsGorder

difference equations for each point on the mesh We

then iteratively irnproved an initial guess at the so-

lution to x(z ) into conformance with the difference

equations and boundary conditions using a relaxation

technique nzl. The response of the pendulum test

mass mirror as a function ofdrive frequency then de-

termined the thcrmal floise spectrum and the 0-values
of the system's resonant modes

We tested the program performi g th€se calcula-

tions by comparing its results for the uniform wire

pcndulum to the exact analytic solution Thetwometh-

ods yielded the samc answe.s for the mode shaPes,

tiequencies, and p-values for the fi$1 several modes

of the syslem. The two techniques also agreed on the

strength and slope of the background themal noise

spectrum. The numerical calculations also showed the
p of the modes to be invers€ly proportional to the in-

trinsic loss. as expected.
The geometry of actual fiber tapers will depend on

lhc details of their fabrication and can be expected

to vary betweerl techniques of manufacture. For the

sake of concreteness, we have considered three par-



ticular types of tap€r; linear, exponential. and inverse-
square-root. All three are experimentally realizable in
the laboratory, and should apply in varying degrees to
actual fibers in the laboratory. The exponential taper
is created by pulling tbe liber in a uniform hot zone
of constant width. and has the nrofile:
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( 4 )
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r (z)  = ra/
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whele r'0 is the radius of the end piece, 11 is the radius
of the flexible inner region of the f,ber, and zo is the
taper length. The inverse-square-root taper is expected
in a fiber drawn in a tower with a uniform hot zone,
and has the profi le:
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10 2 .0  3 .0  40
raper Laalh (cmj

,1 : ;= .oexp(  ' " ( fX) ,

( 6 )=  r n  -  ( r . r  ' , ) ( 1 ) .
\ 10 ,/

The linear taper is produced by pulling a fiber in a
uniform hot zone with width that decreas€s at half the
rate at wh;ch tbe fiber is nulled;

Fig. l. Dilutior factor vs. taper length, The fiber parameters are:
teDgth 30 cm, inner diameter 290 /..m, outer diameter 3 mrn. Thc
data for the exponential taper are very close |o those for the lineor
tapcr rnd so are not shown,

fiber and the end pieces, and examine the change irt
the dilurion faclor as the length of lhe taper region is
increased from zero, The results of these calculations
are shown in Fig. l.

The Q ofeven a uniform wire pendulum is expected
to vary with length according to the approximate for-
mu la  I  I  1 ]

(5)

This last geometry is somewhat more difficult to
achieve but has been shown in the laboratory [13].
Though somewhat arbitrary, these taper proliles are
useful in displaying ffends that more general tapers
will obey; in addition, there is nothirtg to prevent ex-
perimentally measured taper geometries from being
modelled in the program as they become available.

3. Results of the simuhtion

The fiber pendulum that we modelled for the
nonuniibrm case was chosen to have parameters sim-
ilar to that used by Rowan et al. [8], the major dif-
ference being that our mass was chosen to be half as
heavy as theirs since Lbey used a two-wire pendulum
instead of our one-wire pendulum and we wished to
keep the wire diameters and iensions similar-

We find that. for the set of tapcr geometries con-
sidered, the reduction in dre dilution factor can be as
rnuch as a factor of two, with even greater reductions
possible for more extreme tapers. One way to show
this is to take the overall length of the fiber as fixed,
as well as the diameters of the flexible region of the

I  I  2  /  (nq i2 \
x  - l  I  +  l .

o o'""' r/ \ 2kL J
(7 )

where & is the eiastic wavenumb€r of the fiber and is
a function olthe flber diameter and n is the number of
the mode of the system being studied. For the lowest
modes of the system, &L >> 1, so for the flrst vio-
iin mode studied here Q will increase linearly with a,
A naive model of the system would assume that the
length ofthe pendulum isjust the length of the uniform
pa of the flber between its taper regions, and that
the dilution factor and mode frequency are given by a
uniform pendulum of this dimension. The data show
that the effective length is always longer than this for
nonzero tapers, and so at least part of the taper region
flexes during oscillation, leading to increased mechan-
ical loss. Data showing the frequency ol the first vi-
olin mode as a function of taper length are shown in
Fig, 2, Notice that the inverse-square-root taper shows
the least increase in frequency, and the largest increase
in loss. This is because the inverse-square-root taper
concenhates most of its diam€ter change close to the
end of the fiber. The rest of the taper is gradual, and

-)
-  \ \ t i
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Fig. 2. Frequency of the first violin mode vs taper length The

fibcr parametels are the same as in Fig l'

FequarcY (6drsl

Fig. 4. Therrnal floise sPecrra of tapered 'Dd uthpered fiber pendu_

lu;s. The broadbtnd thermal noise spectrum is 40% higher for the

tnpercd fiber, which hc-s taper Length 2 cn and taper depth I mm

The loss fraction is l0-'.

when the outer diamercr is not much larger than th€

inner diameter. This occurs when the increase in di

ameter is not large enough to exclude bending but is

lars€ enough to induce ercess loss- As the outer di-

".-"ter in.r-ea..s Iurther. the taper becomes loo stiff lo

bend and the losses decrease'

The data at very large taper depths must be consid-

ered with some skepticism, for the equations of mo-

tion are based upon the assumPtion that the cone an-

sle made bv the axial tangenl to to the fiber surface is

imalt, which is not obviously the case for taper depths

as larqe as l0 mm in these calculations, where the

cone ingle is - arctan ( | ) = .46 However, the trends

are intuitively reasonable, and the most drastlc reduc-

tions in p are at small taper depths, where the model

is expected to be most accurate'

4, Conclusions

As expected, the reduction in 0 fol the resonant

modes of the system is accompanied by a cofiespond-

ing increase in the off-resonant thermal noise (see

Fi;. 4). For the worst case shown above, the thermal

nolse in the gravitationally interesting 5-100 Hz range

is increased by a factor of 1.4 over the uniform fiber

case, It must be remembered that the wolst case shown

herc is not necessarily the worst possible case; Ionger'

more gradual tapers can be expected to produce even

larger increases, The presence oftapers musl therefore

be considered a potenlially important noise source'

Fis. 3. Dilution factor vs taper depth The paramelers of the fiber

ar; fiber length 30 crn, innex diflmeter 290 /'tm' taper Length 2 cm

thus relatively llexible despite its irreasing diameter'

causing a large loss increase.

miJtenavior is seen in the second set of calcula-

tions, where the length of the taper and the inner fiber

diameter were held fixed, and the diamerer of the end

resions was allowed to vary (Fig' 3)' When the dif'-

feience between the inner and outer diameters goes

to zero, all thlee tapers reduce to a uniform flber' As

rhe dilference berween the inner and outer diameters

becomes very large, the taper tralsition becomes very

abrupt, and the behavior of the fiber approaches that

ofa uniform fiber of the shorter length between the ta-

pers, as the djluLion factor daLa show However' therc

i. a iaoer deoth where the Q becomes a minimum of

about iratf ttte 0 ofthe uniform fiber This is rue fof all

three taper types, which resemble each other closely

'  30 cm hbd wi$ Inaartapdrs
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The solutjons suggested by this analysis are rela-

tively sjmple to implement, however. The best Q's are

obtained by giving the taper the largest possible linear

slopi At tbe point near the uniform region. Theretbre'

tapers sbould be short, end in a lafge diameter relative

to the uniform region, and have linear- or exponential-

like proliles. Fabricating fibers with small hot zones

woul{i be one approach, perhaps using a carbon diox-

ide laser to heat the fiber rather than a hydrogen torch

Another way would be to use tailored torch oscillation

routines as described by Birks and Li [ 131 to achievc

more desirable taper proliles. A third way would be to

dispense with the bpers altogether and weld the unF

fonn parts of the fiber directly into the suspension'
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