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Increased thermal noise in nonuniform fiber suspensions
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factor, which Is the ratio of the gravitational energy of
the suspension pendulum motion to its elastic energy.
Since the suspension loss is due entirely to the elastic
loss (assuming all other losses, such as residual gas
damping, are eliminated by carefu] design), the loss
of the pendulum is just the intrinsic loss divided by
the dilution factor,

The elastic energy of a wire pendulum is in turm a
function of the wire diameter. The thinner the wire, the
less stiff it is and the less elastic energy it stores dur-
ing the pendulum oscillation. The gravitational energy
is independent of the wire diameter except through its
mass, which is ignorably small compared to the mirror
test mass. The gravitational energy does increase lin-
early with the wire length; therefore, a low loss pendu-
lumn should be as long as possible to maximize gravi-
tational energy, and as thin at its endpoints as possible
to minimize elastic energy, consistent with safely sup-
porting the test mass mirror (Smq = mg/nar® where
m is the mirror mass, # is the fiber radius and there are
n suspension wires). Excess noise motion of the test
mass due to creep in highly stressed suspension wires
may also set a lower limit to the wire radius.

It is here that the manufacturing process of fused
silica fibers interferes with their function, because it
is precisely at the fiber endpoints that the diameter
is increasing. This paper presents calculations of the
reduction of the dilution factor due to the taper regions
at the fibér endpoints. o

2. The physical model

The physical system modelled for this analysis is
a single wire pendulum similar to that modelled by
Gonzilez and Saulson [ 11]. A single wire of length L
is rigidly attached at its top end to a fixed support and
supports a mirror of mass M and moment of inertia
J at its bottom end. The wire has linear mass density
p(z) and moment of inertia /(z) that are functions
of position along the wire length; the tension T’ =
Mg is approximated as constant along the wire. The
wire is rigidly attached to the mirror at a distance &
above the mirrot’s center of gravity. Only motion in
the x-direction, perpendicular to the mirror face, is
considered.

Taking xu = x(L) + Ax'(L) and @ = x'(L) as the
position and rotation of the test mass mirror, respec-

tively, the equations of motion for such a single wire
pendulum are:

—E[I(z) £z} + 202y 2"y + 17(2) X" (2))

+Tx"(z) = p(z) ¥(2), (1)
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along with the boundary conditions x(0) = x'(0) =
0 at the top of the fiber. These equations differ from
those of Gonzélez and Saulson in the presence of ad-
ditional terms describing the variation of / and p with
z: the derivation js a straightforward extension to the
one they present. The mechanical loss of the system
enters the equations through the imaginary part of the
complex Young's modulus E of the fiber.

These additional terms render these equations gen-
erally unsolvable by analytic means, so we solved
them numerically using a finite-element analysis. A si-
nusoidal driving force was added to Eq. (2). We mod-
elled the wire as a finite mesh of a few thousand dis-
crete points, thus reducing the complex fourth-order
differential Eq. (1) to a set of eight coupled first-order
difference equations for each point on the mesh. We
then iteratively improved an initial guess at the so-

-lution to x(z) into conformance with the difference

equations and boundary conditions using a relaxation
technique [12]. The response of the pendulum test
mass mirror as a function of drive frequency then de-
termined the thermal noise spectrum and the Q-values
of the system’s rescnant modes.

We tested the program performing these calcula-
tions by comparing its results for the uniform wire
pendulum to the exact analytic solution, The two meth-
ods yielded the same answers for the mode shapes,
frequencies, and (J-values for the first several modes
of the system. The two techniques also agreed on the
strength and slope of the background thermal noise
spectrum. The numerical calculations also showed the
0O of the modes to be inversely proportional to the in-
trinsic loss, as expected.

The geometry of actual fiber tapers will depend on
the details of their fabrication and can be expected
10 vary between techniques of manufacture. For the
sake of concreteness, we have considered three par-
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ticular types of taper: linear, exponential, and inverse-
square-root. All three are experimentally realizable in
the laboratory, and should apply in varying degrees to
actual fibers in the laboratory. The exponential taper
is created by pulling the fiber in a yniform hot zone
of constant width, and has the profile:

r(z):rgexp(ln(%)f—o), (4)

where rp is the radius of the end piece, r) is the radius
of the flexibie inner region of the fiber, and zq is the
taper length, The inverse-square-root taper is expected
in a fiber drawn in a tower with a uniform hot zone,

and has the profile:

r@ =rifi+ ((2) )2 ©

The linear taper is produced by pulling a fiber in a
uniform hot zone with width that decreases at half the
rate at which the fiker is pulled:

r(z)=m—(m—n)(§0). (6)

This last geometry is somewhat more difficult to
achieve but has been shown in the laboratory | 13].
Though somewhat arbitrary, these taper profiles are
useful in displaying trends that more general tapers

will obey; in addition, there is notling to prevent ex-

perimentally measured taper geometries from being
modelled in the program as they become available.

3. Results of the simulation

The fiber pendulum that we moedelled for the
nonuniform case was chosen to have parameters sim-
ilar to that used by Rowan et al. [8], the major dif-
ference being that our mass was chosen to be half as
heavy as theirs since they used a two-wire pendulum
instead of our one-wire pendulum and we wished to
keep the wire diameters and tensions similar.

We find that, for the set of taper geometries con-
sidered, the reduction in the dilution factor can be as
much as a factor of two, with even greater reductions
possible for more extreme tapers. One way to show
this is to take the overall length of the fiber as fixed,
as well as the diameters of the flexible region of the
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Fig. I. Dilution factor vs. taper length. The fiber parameters are:
tength 30 cm, inner diameter 290 wm, cuter diameter 3 mm. The
data for the exponential taper are very close to those for the linear
taper and so are not shown.

fiber and the end pieces, and examine the change in
the dilution factor as the length of the taper region is
increased from zero. The results of these calculations
are shown in Fig. 1.

The @ of even a uniform wire pendulum is expected
to vary with length according to the approximate for-
mula [11]

11 2 (nar)?
E - Cinat * E(l + 2kL )1 ™

where £ ts the elastic wavenumber of the fiber and is
a function of the fiber diameter and # is the number of
the mode of the system being studied. For the lowest
modes of the system, kL 3 1, so for the first vio-
lin mode studied here @ will increase linearly with L.
A naive model of the system would assume that the
length of the pendulum is just the length of the uniform
part of the fiber between its taper regions, and that
the dilution factor and mode frequency are given by a
uniform pendulum of this dimenston. The data show
that the effective length is always longer than this for
nonzero tapers, and so at least part of the taper region
Hexes during oscillation, leading to increased mechan-
ical loss. Data showing the frequency of the first vi-
olin mode as a function of taper length are shown in
Fig, 2. Notice that the inverse-square-root taper shows
the least increase in frequency, and the largest increase
in loss. This is because the inverse-square-root taper
concentrates most of its diameter change close to the
end of the fiber. The rest of the taper is gradual, and
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Fig. 2. Frequency of the first viclin mode vs, taper length. The

fiher parameters are the same as i Fig. 1.
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Fig. 3. Dilution factor vs. taper depth. The parameters of the fiber

are: fiber Jength 30 cm, inner diameter 200} yem, taper length 2 cm.

thus refatively flexible despite its increasing diameter,
causing a large loss increase.

This behavior is seen in the second set of calcula-
tions, where the length of the taper and the inner fiber
diameter were held fixed, and the diameter of the end
regions was allowed to vary (Fig. 3). When the dif-
ference between the inner and outer diameters goes
to zero, all three tapers reduce to a uniform fiber. As
the difference between the innter and outer diameters
hecomes very large, the taper transition becomes very
abrupt, and the behavior of the fiber approaches that
of a uniform fiber of the shorter length between the ta-
pers, as the dilution factor data show, However, there
is a taper depth where the @ becomes a minimum of
about half the 0 of the uniform fiber. This is true for all
three taper types, which resemble each other closely
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Fig. 4. Thermal noise spectra of tapered and vntapered fiber pendu-
Yams. The broadband thermal noise spectrum is 40% higher for the
tapered fiber, which has taper length 2 cm and taper depth 1 min.
The loss fraction is 1077,

when the outer diameter is not much larger than the
inner diameter. This occurs when the increase in di-
ameter is not large enough to exclude bending but is
large enough to induce excess loss. As the outer di-
ameter increases further, the taper becomes too stiff to
bend and the losses decrease.

The data at very large taper depths must be consid-
ered with some skepticism, for the equations of mo-
tion are based upon the assumption that the cone an-
gle made by the axial tangent (o to the fiber surface 13
small, which is not obviously the case for taper depths
as large as 10 mm in these calculations, where the
cone angle is ~ arctan{ %) = .46. However, the trends
are intuitively reasonable, and the most drastic reduc-
tions in O are at small taper depths, where the model
is expected to be most accurate.

4. Conclusions

As expected, the reduction in @ for the resonant
modes of the system is accompanied by a correspond-
ing increase in the off-resonant thermal noise (see
Fig. 4). For the worst case shown above, the thermal
noise in the gravitationally interesting 5-100 Hz range
is increased by a factor of 1.4 over the uniform fiber
case. Tt must be remembered that the worst case shown
here is not necessarily the worst possible case; longer,
mors gradual tapers can be expected to produce even
larger increases. The presence of tapers must therefore:
be considered a potentially important noise source.
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The solutions suggested by this analysis are rela-
tively simple to implement, however. The best Q’s are
obtained by giving the taper the largest possible linear
slopé at the point near the untform region. Therefore,
tapers should be short, end in a large diameter relative
to the uniform region, and have linear- or exponential-
like profiles. Fabricating fibers with small hot zones
would be one approach, perhaps using a carbon diox-
ide laser to heat the fiber rather than a hydrogen torch.
Another way would be to use tailored torch oscillation
routines as described by Birks and Li [ 13) to achieve
more desirable taper profiles. A third way would be to
dispense with the tapers altogether and weld the uni-
form parts of the fiber directly into the suspension.
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