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fntroduction

The discovery of PSR1913+16 binary pursar a'd the obse*ation of its orbital period decayprovided the undirect evidence that gravitational war,'es do exist. several interferometric
gravitational waves detectors win be operati'g in the worrd i' a few years. rh" goJ" oiinterferometric detectors, of unprecedented seisitivity over a wide band, are ambitious:
the first detection and the beginning of a new astronomv. The ltarian-French VIRGo
antenna is one of these detectors and it is now being built on the cascina site, near pisa.

VIRGO aims to have a detection range of frequency extending from a few Hz toseveral 
^kHz. The sensitivity of ground based antennas in this range is limited by seismicnoise. Since ten years ago, pisa VIRGO Group is working on the project of the mirror

suspensions, called superattenuators, amerJ to isolate the iirror from ground vibrations
and- to extend the low frequency sensitivity threshord down to few Hz. 

-This 
work is part

of this research field.

Aims of the work In this thesis we propose a newly conceived Inverted pendulum topstage for the VIRGO superattenuator, capable of:

1. performing a pre_isolation action.

2. acting as a soft positioning device for the suspended mirrorl
3. providing a suitable platform for active damping of the SA resonances.

These carachteristics not onry allow to improve the overall isolation performance
of the superattenuator, but, above all, allow to simplify the interferometu, tocting
strateg-y. other groups involved in gravitational waves detection research are devei
oping pre-isolators for their suspension systems. The one proposed here has been
validated and approved suitable for VIRGO.

Plan of the thesis This thesis is divided into g chaoters:

o chaptem 1.2,3 are an introduction to GW physics: theory, evidences of ex_
istence, principle of interferometric detection, expected sources are reviewed.
The operation of an interferometric detectors, the limitations to rts sensiti'itv
and the desigl of VIRGO interferometer are describedt

vll
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in chapter 4 the VIRGO superatte[uator design and its performauce are de-

scribed;

chapter 5 should be read as a proposal: it explains why an Inverted Pendulum

is suitable as a top stage for the VIRGO superattenuator. The physics of the

Inverted Pendulum is outlined, the calculations are revier'r'ed and the desigli of

the top stag€ is described.

chapter 6,7,8 describe the experimental work done: the experimental setup used

for the tests, the tests of the Inverted Pendulurn as a passive pre-isolator, the

tests of the Inverted Pendulum as a platfortl for active coutrols of the mirror.
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Chapter 1

Gravitational Waves

1.1 The binary pulsar PSR191B+16

The theory of general relativity was published in 1916 [1]. Although up to now gravita-
tional waves remain undetec-ted, an important astrophysicar discoveiy his given th"e scien-
tific community the indirect evidence that they do exi"t, the binary pulsar pSRr9r3f16.
In 1974 Russel Hulse and 'Ioseph raylor observed for the first time the radio pulses of a
neutron star bound to a dark companion in a binary system. After more than i0 yea., ofobserlations data are useful to test generar rerativity to an high l"u"r of u...u.a.y lt+, ts]and also to compare general relativity with other theories of gravitv.

Pulsar 1913*16 is an accurate clock moving at high velociti. (u/c _ t6-a; in 11r"strong gravitational field of a dark companion, with orbitar period of Ta +5-. fhe datafrom the observation consist of pulse arrival times. Doppler shift of the purse period isrelated to the pulsar orbit and to rerativistic efects suJ as gravitational redshift. The
data analysis allows to determine, to high level of accurac.y, the parameters that give acomplete description of the dynamics of th" binury "yst"m. Gen".ul rerativity prldicts
such a system to lose energy and angular momentum via emission of gravitational waves.
This loss turns into a decrease of the orbital period of the pursar. Hulse and raylor
h1ve. n;leasured the orbital period ra.te of decay, which is in good agreement with general
relativity predictions: their measurement is considered as the first evidence ofthe existence
of gravitational waves (GW).

1,1.1 Keplerian and post-keplerian parameters

In this section we review the results of the measurements performed by Hulse and raylor,
in order to put in evidence the very good accuracy allowed tv this astrophysicar laboraiory.

The parameters. determined by fitting experimentar data with the theoretical model,
are divided in two groups:
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l:epleri.an param.eters (*'hich determine the lewtonian orbit):

1. P: the orbital period:

2. e: the orbit eccentricity;

3. r: asini/c, lr'here a is the semimajor axis of tlte orbit, i is the angle betrveen

the orbital angular momentum and the line of sighi from Earth to pulsar, c is

the velocity of light:

4. ru: the longitude of periastron;

5. 7o: the time of periastror passage;

post-keplerian ( P I{ ) pararneters (associated to relativistic effects) :

1. ci: the arlvance of periastronl

2. 1: the time dilation and gravitational redshift parameter;
-  ;  , 1

3.  P:  the orb iLal  per iod rate ofdecay.

The values of these parameters obtained from the data of ten years high quality timing

observation are listed in the table 1131.

parameter value

P (.)

z  (s)
' i  ( " )

"o (MJD)

27906.9807807(9)
0.6171309 (6)
2.34175e(3)
226.57531(e)

46443.99588321(5)
n ("vt- ')
7 (ms)
P

4.226628(18)
4.294(3)

-2.425(10) x r0-12

The PK parameters are functions of the two star masses: from the equations

, i th (mo, m ")

1th (n't o, m")

;obs

70b"

( 1 . 1 )

(1.2)

the masses.  of  l l re  iwo stars have been accurate ly  der ived [12] :

mp = I.442I0.A03 lt[a i rn" = 1.386 f 0.003 lle

where mo is the mass of the pulsar and rn. that of the dark companionl '

rThis result has been pub)ished in 1989. tt is interesting to compare it lviih the former result published

in 1982:
mp = L.42 iO.OC Mo ; m. = 1.41!O-OG Mo

Seven years of further observation reduced the uncertainty 6mfm ftom about {% to about 0.2%.



where /(e) is a function2 of the orbit ellipticitv e and a is the semimajor axis of the
orbit3. The system loses energy and angular momentum via GW emission: psRrgr3+16
is spiralling towards its companion and the two stars will coalesce in J.5.10s 1,ears. The
general relativity prediction of the period decrease is straightforward usi.g thl values of
the star masses calculated above:

Dih - 192n l2rGlsl3r  -  -  
,  l - ; -^  |r LC"t- J

mpnTc

( m e  +  m . ) 1 / s '  
\ - l (1.4)

1.1. THE BINAR}'PUISAR PSR1913+16

1.1,2 Orbit  decay

According to general relati'itv the binary svstem emits GW rvith luminosity (see [t9] and
references therein):

"  32G4 @a"mc)2(nh + m,J.=sF--_-_f f l r " t , (1 .3 )

= (_2.40216 + 0.00021) x 10-12

The result of the observarion is:

;,"b" : -2.425(10) x ro-t: (1.5)

(1.6)

\

To correctly compare theory and experiment the perturbing eflect of the Gala,>iy gravita-
tional field has to be subtracteda i16,I. The result is:

i-obs oeal' --#- = 1.0032+0.0035

The agreement between the general relativity prediction and the observation is at
3 10-3 level: this result is a success of general relativity and is considered as the ildirect
proof of GW existence. Moreover, as pointed out by Damour l1g], this is also a proof of
the propagation properties of the gravitational field in the strong field regime.

'The 
function /(e) is written [11]:

J(e) = (1 - e2)-7 /: (r * 3.' * *--)\ : 4 9 6 )
In ca'e oI ejrcular orbii (e : 01, fte 1 = L and, rhe G!! luminosicy is minimum.-tbr 

the sake of simplici ty: in the caseof circular orbit  a.nd np=rnc:tn (1.3i is writ ten:

. 64 Ga ms' = ; F B .
where .t? is the orbit radius.

. "!The 
observed plnod- P"b" depends on the relative velocity of the pulsar and the solax system. Then,

'l'""" depends on tbeir relative acceleration. The pulsar and i.tre Sun accelerate towaids the galactic centre
in such a way that a non null relative acceleration is present, which turns rnto aD error on the measured
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1.1,3 Other theories of gravity

The observation of the PSR1913f16 and of other similar systems (such as PSR1534*12

132]) has provided a natural laboratory to test gravitv theories in a strong-field regime.

Damour and Esposito-Farbse [17, f8] have studied a class of two Parametels tensor-scalar
theories of gravity, compatible with the equivalence principle, at the light of the results

cotning from binary pulsars experiments, and have calculated the constraiuts imposed

to the parameters bv the observations. This class of theory predicts tlie existence of

scalar GW beside the usual tensot rvaves. The detection of GW from coalescing biuaries

and the observations of binary prlsars could prove quantitatir.ely the radiative aspects of
relativistic gravity and help to discriminate b€tween general relativity and other theories.

1.2 Gravitational Waves

ln the weak field approximation Einstein eqlations cal be linearized and then admit wave

solutions describing ripples in the space-time metric propagating at the speed of light:

gmuitational urctres. In the following we describe shortly the theory of GW' referring the

reader to [2,3] for details.

The flat space of Special Relativity is described by the \4inkowski metric:

The metric of regions of space-time where the gravitational field of astrophysical objects

is  weak can be wr i t ten in  the form:

9 p , : r l p , * h p , (1.8)

with lh.r,l ( 1. The tensor h is a small perturbation to the flat space geometry. To first

order with respect to h.p, the field equations are linear. The freedom in the choice of the

coordinate system car be used to impose h to be transverse and traceless (TT gauge)' In
this gauge the coordinates are marked bv the world lines of freelv falling test masses (that

is, the coordinates of freely falling test masses are constant). With such a choice. Einstein

equations in the weak field approximation, are written:

/ o ' - 1 4 ) r , , = o  ( r . e )
\  c ' o t ' /

and describe the propagation of waves at speed c.

Let .i be the propaga,tion direction: in the chosen gauge h is written in the form

h =

0 0
a b
b - a
0 0

(r. i)

0 \
0 l
o l
o /ft
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The tensor h can be written as the sum of two components:

h = a i t + + b h r (1 .10 )

plus" and "ft cross" represents the two possible polarizations
where the basis tensors ,,A

states and are written:
{

The power emitted in form of GW (GW luminosity) is:

,=;3.eoieoi ,

- ,G X.Iz R4
L  -  € - c  

T 6
The source mass ca' be expressed in terms of the Schu.arzschild radius:
Introducing a chararteristic speed u : R/T the (1.13) reduces to

where <> indicates the time average over the wave period or the duration of the waveburst' From (r'12) comes out that there cannot be Giv emission from a sphericallv sym-metric mass distribution. Moreover' {1.12) can be used to estimate the GW luminosity ofan astrophvsical source of mass ,rf and characteristic radius -R. Let ? be the character-istic time for the evorution of the source and let e be a factor measuring the asymrnetryin the mass distribution; thus the quadrupole moment is roughly e _ eMRz. The GWluminosity is then:

/ 0  0  0  0 \  / 0
L t ,

l o  I  0  0  |  i , _ 1 0
|  0  0  - r  0  I  

'  "  -  
|  o

\ 0  0  0  0 /  \ o

a,i = 
lnn@;o (*,,, -lt,,1tf)av

-  c c '  I  H c Y  t r \ . 6
L N ( - _  |  - : t  t _ t

G \ R J  \ C /

0 0
0 1
i 0
0 0 t)

The emission of GW is associated to mass accereratio', as the emission of electromag-netic radiation is associated to charged particres arcereration. But, while an oscillffielectric dipole emits radiation, this is noi true in the g.uuitution.r case, due to momen-tum atrd angular momentum conservation raws. The emission of GW is associated to ther'ariations of the quadrupole moment tensor of a mass distribution. defined as:

The last equation shows that an eficient source of GW
relativistic (u - c), highly anisotropic (e - 1).

(1 .11 )

(r.12)

(1 .13 )

ZGM /c2.

(1.14)

should be compacr (F -  ps).
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The amplitude at distance r of the GW en.ritted by this mass distribution is (in TT
gauge):

) r J  A 2
n, ,=1 j foQ, i f t - r /c1 (1 .15 )

where r is the distance of the observer from the source. For a rough estimate of lr one cau

use the same approximation of (1.13). thus gettilg the expressiol [19]

r: rfns
n N - - - . -

where -8"" =" e M R2 lT2.

1.3 Radiation-rnatter interaction

Let us consider a "*" polarized plane gravitational wave of freqtelcy "fsw Propagating
along the .i direction and impinging over a circle of test ma'sses laying in the rOy plane.

Let the centre O of the circle coincide with the oriEin of the reference frame. The metric

element is then written:

f , .s2 = -s2472 +17+h(2rf, ,*t  - f , .41art - l l r-h(2zrf"*t - [ .*)]ag2+arr 0.17)

Suppose that two of the test masses (the ones on the i and y axes) are the end mirrors of a

Michelson interferometer (whose beam splitter is placed in the origin of the referelce frame

at distance Z from each of the mirrors). For a photon propagating in the interfetometer

ds2 = 0. Then it is possible to calculate from (1.17) the time the light takes to complete

a round trip in earh a,rm of the interferometer. The light travel time in the f arm form

the beam splitter to the mirror (at distance L) is:

,l\ = lo o,:: l" "/-1r+ r;1a* =l 1"" (t+ jn) a' ( 1 . 1 8  )

hr the same way, the return trip takes a time

(1 .16 )

(1 .1e)

The trvo integrals can be easily calculated by replacing h(t) : 7io "*o 1122-/r*t] and remem-
bering that t  = r /c in (1.18) and t :  (2L -  r) /c in (1 '19).

The result for the round trip travel time is:

,t', =l t ('- ir).'

(1 .20 )
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1.3. RADIATION-,VfAT"ER IN?ERAC?ION

2 L  7 f L  1 f L
;+  2 ,  J ,  

hdr  - ;  
Jo 

hdr

ro + ;+- i.a'r..'o - 1l
+ttt  Ja$iro L . l

where 16 =2L/cis the c/a.ssical return trip time.
In the g arm the light picks the efect of A22 : _Arr ald one gers:

ra = ro - -+- l"i2,h*,0 - i
47r I  l \w rO L l

L.= , ,k  =  ,0 - * )
L, : "+  =  t ( t -+ )

From the point of view of an observer in the laboratory, the phase variation of theinterferometer output can be interpreted as a variation of the arms length (see fig. l.l):

(1.21)

/ 1  t . r l

(1.23)

(r.26)

\['hen t]e two ruaveforms arrive at the beam splitter they ar€ ..out o1.sync,, and thetime difference is

(1.24)

Thrrs, at the interferometer output a photodiode *ould measure a phase variation:

6dL.� = 
+h4\e 

;o/g*,osinc(?r/g.ro) 
(r.25)

where ,\ is the laser wavelength and since : sin x / r.

. From (1.26) it is clear that an interferometer can be used as a GlV detector. Theinterferometer respollse to impinging GW is plotted in fig, 1.2 as a function of /**:the interferometric transducer acts as a low pass filter star-ts attenuating at frequencies
J^ - c/zl, that is when the period of the wave is comparable to the return trip time 26.Alyway, for low frequency wave jf"o, ro ( 1 the interferometer response is flat:

Ar1t1 = tr 1i 1 ,o ", ",rs. 'o si n (1/t * ro )
T IEwTO

h(.t)
4rL

^

Eq (1'26) shows straightforwardly that the lo'ger the interferometer arrns the moresensitive the detector. In the low frequency approx-imation fron (1.22) and (1.23) one can
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h

Figure 1.1: Effect of a monochromatic GW of frequency f ' 2tr l:l over a circle of test
masses: a) when the wave is " 

+" polarized; b) when the wave is " x" polarized. The figure
shows esoeciallv the effect of the wave on a Michelson interferomerer.

derive the "arm length variation" measured in the laboratory frame;

h

t,p;: LUn1t1 ty4l - -Lzn4l (r.27)

L.4 Astrophysical Sources of GW

A large amount of theoretical work has been done to predict waveforms and intensities of
the gravitational radiation emitted in astrophysical events. The task is diffcult because
of the subtleties of the theorl', the complexity of the systems under study and, above all,

because of the fact that little is known about the dynamical behaviour of compact objects
as supernova cores. A fair amount of uncertainty afects the calculated GW amplitudes as
well as the event rates. In the following sections we revierv the main results about expected
GW sources emitting in the operating frequency ralge of ground based antennas (from

few Hz to few kHz) (see 120, 22] and references therein): coalescing binary compact stars,
gravitational collapses, spinning neutron stars, stochastic background- In chapter 3 the
expected intensities of GW are compared with the target sensitivity of the forthcoming
interferometric antennas.


