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alescing binary black hole (BBH) systems for the following three broadband gravitational-wave
observatorjes: initial and advanced ground-based interferometers (LIGO/ VIRGO) ang space-based
interferometers (LISA). We focus particularly on the highly relativistic and nonlinear merger por-
tion of the gravitational-waye signal, which comes after the adiabatic mnspiral portion and before
the ringdgwn portion due to the qQuasinormal ringing of the fina] Kerr black hole.

Ground-bageq interferometers €an do moderate SNR (a few tens), moderate accuracy studies
of the dynamjcs of merging black holes in the mass range (a few)Mg to ~ 2000M,. LISA, by
contrast, cap do high SNR (a few x 10%), high-accuracy studies of BB Systems in the magg range
10°Me £ (14 2)M £ 108My, where , is the binarjes’ cosmological redshifs,

Our estimateq SNRs suggest that coalescing black holeg might well be the first sources detected
by the LIGO/VIRGO network of ground-baged interferometers. Because of thejr larger masses, they
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L INTRODUC'I‘ION AND SUMMARY
A. Coalescences of black hole binaries

It has long been recognized that coalescences of bi-
nary systems of two black holes could be an important
source of gravitational waves [1,2], both for the ground
based interferometric detectors LIGO [3] and VIRGO [4]
currently under construction, and also for the possible
future space-based interferometer LISA [5~7). The or-
bits of binary black holes (BBHSs) gradually decay from
energy and angular momentum loss to gravitational radi-
ation. Eventually, the holes coalesce to form a final black
hole. For gravitational radiation reaction to successfully
drive the binary to merge in less than a Hubble time,
the initial orbital period must be 5 0.3days (M JMo)%/E,
where M is the total mass of the binary; thus the critical
orbital period is of the order of days for solar mass black
holes, and of the order of years to hundreds of years for
supermassive black holes (10°Ms S M S10°Mg).

The process of coalescence can be divided up into three
more or less distinct phases:

e An adiabatic inspiral, during which the gravita-
tional radiation reaction timescale is much longer
than the orbital period. The inspiral ends when
the binary orbit becomes relativistically dynami-
cally unstable at an orbital separation of r ~ 6M
(in units where G = ¢ = 1) [8,9]. The gravitational
waves from the inspiral carry encoded within them
the masses and spins of the two black holes, some of
the orbital elements of the binary and the distance
to the binary [1,10}.

e Towards the end of the inspiral, the black holes
encounter the dynamical instability and make a
gradual transition from a radiation-reaction driven
inspiral to a freely-falling plunge [8,11,12], after
which, even if the radiation reaction could be
turned off, the holes would still merge. We will
call the subsequent plunge and violent collision the
merger phase. Gravitational waves from the merger
could be rich with information about the dynarmics
of relativistic gravity in a highly nonlinear, highly
dynamic regime which is poorly understood theo-
retically today.

e As the final black hole settles down to a stationary
Kerr state, the nonlinear dynamics of the merger
gradually become more and more describable as
oscillations of this final black hole’s guasinormal
modes [13,14]. The corresponding emitted gravita-
tional waves consist of a superposition of exponen-
tially damped sinusoids. We will call the phase of
the coalescence for which the emitted gravitational-
wave signal is dominated by the strongest [ =m =
2 quasinormal mode signal the ringdown phase.
The waves from the ringdown carry information

about the mass and spin of the final black hole
[15,16]. (Note that, for want of a better termi-
nology, throughout this paper we consistently use
coalescence to refer to the entire process of inspi-
ral, merger and ringdown, and reserve the word
merger for the phase intermediate between inspiral
and ringdown.)

In this paper we will for simplicity restrict attention to
black hole binaries of approximately equal masses. We
will consider three different classes of BBHs:

(i) Solar mass black hole binaries, i.e., binaries that
are formed from massive main-sequence progenitor bi-
nary stellar systems. Such BBHs are expected to have
total masses in the range 10Mo < M S 50Mp, but not
much larger than this. The rate of coalescence of solar-
mass BBHs in the Universe is not very well known. How-
ever, theory suggests that most of the BBH progenitor
systems may not disrupt during the stellar collapses that
produce the black holes, so that their coalescence rate
could be about the same as the birth rate for their pro-
genitors, about 1 /100,000 years in our (Galaxy, or several
per year within a distance of 200 Mpc [17-21]. Note that
this coalescence rate is roughly the same as the expected
event rate for what has traditionally been regarded as
the most promising source for ground based interferom-
eters, coalescences of neutron star-nentron star (NS-NS)
binaries [3,10]. However, the expected rate of NS-NS co-
alescences is much more firmly known, as it is based on
extrapolations from detected progenitor NS-NS systems
[17-19].

(i) Intermediate mass black hole binaries, with total
masses in the range 50Mp S M S (a few) x 10°Mg. In
contrast to the cases of solar mass black holes and su-
permassive black holes (discussed below), there is little
direct observational evidence for the existence of black
holes in this mass range. Although there have been sug-
gestions that the globular cluster M15 harbors a black
hole of mass ~ 103Mg [22], theoretical modeling com-
bined with the most recent HST observations neither
confirm nor rule out this possibility [23]. Despite the
lack of observational evidence, it is plausible that black
holes in this mass range are formed in the cores of glob-
ular clusters, or in galactic nuclel in the process of for-
mation of a supermassive black hole [26]. Simulations
by Quinlan and Shapiro suggest that black holes with
M ~ 100Mg — 1000Mg could be formed in the evolution
of dense stellar clusters of main sequence stars in galac-
tic nuclei [24], and coalescences of binaries of such black
holes could be possible en route to the formation of a
supermassive black hole.

In this paper, we are prompted to consider BBHs in
this intermediate mass range because of the following fact
(see Sec. 1E below): even if the coalescence rate of in-
termediate mass BBHs is ~ 10™# that of NS-NS binaries
(which is thought to be ~ 10~% yr—! in our Galaxy as dis-
cussed above), these sources would still be seen more of-



of source,

(iii) Supermassive black holes binarjes: There is a varj-
ety of strong circumstantia) evidence that Supermassive
black holes (SMBHs) in the mags range 10% — 1094,

dynamical friction and gas aceretion until gravitational
radiation reaction takes over [29], have often been sug-
gested as a Promising source for Space-based interferom-
eters [1,2,7,10,30,31]. Such coalescences woyld be de-
tectable throughout the observabje universe with large
signal to noise ratiog [7,10). There i also observationa]

quasar luminogities [33] and in emission line redshifts
[34). The overall Event rate is uncertain, byt could be
large (2 1/yr), especially if the hierarchiea] seenario for
structure formation is correct [31],

B. Status of theoretical calculations of the
Eravitational-wave signal

Detailed theoretical understanding anq predictions of
the gravitationaj waveforms k., (t} and 2, x (£} produced jn
BBH coalescences will facilitate both the detection of the
gravitational-wave signal, and the extraction of jts yse-

noise ratios (SNRs) can be larger than thoge obtainahle
without theoretical templates by a substantial factor; see
Sec. II below. Thus, while it is possible to detect the
various phases of BBH coalescences without theoretical
templates, such templates can greatly increase the effec-
tive range of the interferometers and the event detection
rate. (Accurate theoretical templates are ajso essential
for extracting the maximum amount of information from
detected signals [36].)

reasonably we]] using the post-Newtonian approximation
to general relativity. To date, inspira] waveforms have
been calculated up 0 post-2.5-Newtonian order [37], and
the prospects Jook good for obtaining waveforms up to
Post-3.5-Newtonian order [38,39]. Post-Newtonian tem.-

rors in best-fit valyes of the binary’s Parameters, and
the signals wi]) still be found [40,42—44]. However, the
template inaccuracies wij) be significant when one at-
tempts to extract from the data the binary’s param.-
eters. In Particular, post-Newtonian templates’ errorg
start to become very significant around an orbital sep-
aration of r ~ 19As [45], well before the end of the

12M and 64 wilj most likely have to be calculated using
methods other than the post-Newtonjan approximation,
Moreover, the methods of full blown numerical relativ.
ity cannot be applied to this “Intermediate Binary Black

inspirals, based op the adiabatic approximation, are yp-
der development [46]; it is likely that such alternative
methods will be successfully developed and implemented
before the gravitational-wave detectors begin their mea-
surements [47].

Waveforms from the dynamic, complicated merger

stein equation for BBH mergers using massive compuy-
tational resources jg currently underway, funded under
the auspices of the Nation Science Foundation’s Grand
Challenge program (50,51).

The ringdown phase of the coalescence can be accy-
rately described using perturbation theory on the Kerr

from this phase are wel] understood, being just exponen-
tially damped sinusoids, Thus, Wiener optima] filtering
is feasible for searches for ringdown waves,



C. Purpose of this paper

The principal purpose of this paper is to estimate, in
more detail than has been done previously, the prospects
for measuring gravitational waves from the three differ-
ent phases of coalescence events (inspiral, merger and
ringdown), for various different detectors, and for a wide
range of BBH masses. We estimate in each case the dis-
tances to which the different types of source can be seen
by calculating expected SNRs. In particular, we deter-
mine for each BBH mass and each detector whether a
coalescence event is most effectively detected by gearch-
ing for the inspiral portion of the signal, or the merger
portion, or the ringdown portion. We also determine how
much the availability of theoretical template waveforms
for the merger phase could increase the event detection
rate.

Previous estimates of SNRs for ground-based interfer-
ometers have focused on the inspiral {1,40] and ringdown
[15,16] phases, and also focused on solar-mass BBHs. For
space-based interferometers, previous estimates of SNRs
from the merger phase [7,10] were restricted to specific
mass values and did not consider the ringdown portion
of the signal.

In a companion paper, paper II of this series, we dis-
cuss in detail the useful information carried by the three
phases of the gravitational-wave signal, and methods and
prospects for extracting this information both with and
without templates for the merger phase [38].

In the following subsection we describe our calcula-
tions and summarize the assumptions underlying our es-
timated signal-to-noise ratios. In Sec. IE below we sum-
marize our main results and conclusions, and an outline
of the paper is given in Sec. I F.

D. Estimating the signal-to-noise ratios: method
and assumptions

We calculate SNRs for three different types of inter-
ferometer: initial and advanced ground-based interfer-
ometers (LIGO/VIRGO), and the proposed space-based
interferometer LISA. The noise spectra of the initial
and advanced ground-based interferometers we took from
Ref. [3], and that for LISA we obtained from Ref. [7]. Our
approximate versions of these noise spectra are given in
Fgs. (4.1) - (4.4) below, and are illustrated in Figs. 1 -
3in Sec. VA.

We consider the following three different signal-
detection methods:

(i) Matched filtering searches: For those phases of the
coalescence for which a complete set of theoretical tem-
plates will be available (i.e., the inspiral, the ringdown,
and possibly the merger), the method of matched filtering
or optimal filtering can be used to search for the waves
[1,35,53-55]. The theory of matched filtering is briefly
sketched in Sec. IT A below. For any source of waves, the

SNR, p, obtained from matched filtering is related to the
gravitational waveform A(t) measured by the interferom-
eter and to the spectral density Sa(f) of the strain noise
in the interferometer via [56]
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where h(f) is the Fourier transform of h(t) defined by
Eq. (2.3) below. The SNR (1.1) depends, through the
waveform h(t), on the orientation and position of the
source relative to the interferometer. In Sec. IIC below
we show that if we perform an rms average Oover source
orientations and positions (at a fixed distance), the rms
SNR thus obtained depends only on the energy spectrum
dE/df carried off from the source by the gravitational
waves. The resulting relationship between the waves’ en-
ergy spectrum and the rms angle-averaged SNR. forms
the basis for most of our calculations. It is given by
{¢f. Eq. (2.34) below]

_21+2)? 1 dE
") = 522 D0)2 ISk

where z is the source’s cosmological redshift and D(z) is
the luminosity distance from the source.

Tn order for a signal to be detected, the waves' mea-
sured SNR must be larger than the detection threshold

[(t+2)f], 12)

Pthreshold & V 2rln(th-times) + 2]11(Mhapes)§ (1‘3)

see, for example, Ref. [40] and also Sec. IIB below. Here
Ntart—times i3 the number of independent starting times
of the gravitational wave signal that are searched for in
the data set, determined by the total duration of the
data set (of order one year) and the sampling time. The
guantity Nenapes is the total pumber of trial waveform
shapes used in the matched filtering process.

(i) Band-pass filtering searches: For the merger phase,
a complete set of theoretical templates may not be avail-
able, in which case it will not be possible to use matched
filtering and other search methods will need to be em-
ployed. Band-pass filtering, followed by setting a detec-
tion threshold in the time domain, is a simple method
of searching an interferometer data stream for bursts of
unknown form [35]. In Sec. IIA below we derive an
approximate relation between the SNR obtainable from
bandpass filtering, and the SNR (1.1) obtainable from
matched filtering, for any burst of waves, namely

™ 7757 ()
— N — | = . (1.4
(N band—pass 2TAf N optimal )

Here T is the duration of the burst and Af is the band-
width of the bandpass filter [¢f. Eq. {2.14) below]. The
quantity 2T'Af is the dimension of the linear space of
signals being searched for, which is roughly the same as



(iil) Nonlinegr filtering searches: The traditional view
has been that the SNR (1.4) is about the best, tha can be

sence of templates js bandpass filtering or something very
similar, However, we suggest in Sec. IIB below an alter.
native search method, motivated by Bayesian analyses
and based on nonlinear filtering, which performs much
better than bandpass filtering and in some cases almost
as well as matched filtering. This search method is also
described in detail in Ref. [57). It is based on calculating
the quantity

T/2
Q) = % /: - drhi(t +7)2, (1.5)

where T is the maximum expected duration of the signal,
and hy(t) is a Suitably prefiltered version of the interfer-
ometer data stream.

not usefully be deseribed in terms of a sighal-to-noige
ratio, since the detection statistic is very not-Gaussian,
Instead, ijts efficiency can be described in the following
way. Let p denote the SNR that would be obtained by
matched filtering (Eq. (1.1) above], which we use as a
convenient parameterization of the signal strength, and
which is meaningful even in situations where templates

itive way of understanding it.

The relation (1.2) forms the basis of our SNR calcu-
lations, and the SNR thresholds (1.3) and (1.8) underlie
our deductions from the calculated SNR values as to the
detectability of the various types of gravitational-wave
signal. To calculate the SNRs, we also need to specify
the waveg’ Cnergy spectra for the three different phases
of the coalescence, As we now outline, for the inspiral
and ringdown phases the waves’ energy spectrum is es-
sentially known, while for the merger phase we make an

educated guess of dE/df. Sec. I below gives more de-
tails,

gravity supplemented with the quadrupole formula [58]
[Eq. (3.19) below]. Strictly speaking, this spectrum
describes_the SNR that would be achieved by search-
ing for Newtonian, quadrupole waves using Newtonian,
quadrupole templates. However, the actual SNR ob-
taired when searching for a real, Eeneral-relativistic in-
spiral waveform using post-Newtoniag templates should
deviate from this by only a few tens of Dercent [59].
We terminate the spectrum at the frequency Smerge =
0.02/M which is (roughly) the frequency of quadrupole
waves emitted at the orbita] dynamica] instability at
T~ 6M [8]. For LISA, we assume that the measurement
brocess lasts at most one year, and choose the frequency
at which the inspiral spectrum startg accordingly.

Ringdown energy spectrum: The Spectrum that we
use [Eq. (3.23) below] is determineq (up to its overal]
amplitude) by the characteristics of the } = m o= 2
quasi-normal ringing (QNR) mode of the final Kerr black
hole. This mode is the most slowly damped of all QNR
modes, s0 we expect it to dominate the last stages of
the gravitational-wave emission. The QNR spectrum de-
pends on three parameters: the quasi-normal modes’ fre-
quency fo., and damping time 7, and the avera]] ampli-
tude of the quasinormal mode signal. Equivalently, the
three parameters can be taken to be the mass M and
dimensionless Spin parameter e of the final black hole
(which determine Janr and 7) and the total amount of
energy radiated in the ringdown (which determines the
overall amplitude). The Specirum is peaked at f = Janr
with width Af ~ 1 /T

In our analyses, we {(somewhat arbitrarily) assume that
a = 0.98 It seems likely that in many coalescences the
spin of the final biack hole will be close to maximal, since
the total angular momentum of the binary at the end of
the inspiral is ~ 0.9/2 whep the individual black holes
are non-spinning [61], and the individual black hole spins
can add to this. Exactly how close to maximally spinning
the final black hole will be is a matter that probably
will not be decided until Supercomputer simulations—or
observations—settle the issye. In any case, the ringdown
SNR values that we obtain depend only weakly on our
assumed value of o [cf Eq. (A14) below].

The overall amplitude of the ringdown signal depends
upon one’s delineation of where “merger” ends and “ring-
down” begins, which js somewhat arbitrary. We assume a
value of the overal] amplitude that corresponds to a total
radiated energy in the ringdown of 0.03 4, i.e., a 3% radi-
ation efficiency. This number is based on a back of the en-
velope, quadrupole-formula-based estimate of the QNR
mode’s amplitude when the distortion of the horizon of
the black hole is of order unity (ef. Sec. ITID below). Al-
though this radiation efficiency seems rather high, there
have been numerical simulations of the evolution of dis-
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