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Abctract

TheffequencyrcspollseofMichelson.aodsagnac'basedi'terfelomerersareewluatedandcompared,consideringthe
application for gravitational-wava u",*ionlri Jiho*n that sagnac-based interferomete$ have some interestilg f€atures'

but in seneral do not offer advantage, ou"'-ulJ"f ton-u*ed ones for the detection of gravitational waves

?1fj;,X;tt#l;"T;T,l###.,1'"5Ji,*"--""r; power re.ycrins; sienar recvcring: Resonant sideband extracdon; Gravita-

tional \[€ve aletector

l. Introduction

Precise position measuremelts using imerferomctry of-

ten adopt a configuratiofl based on the Michelson ilterfer-

ometer This is, ho$'ever, not the only possibitity of mak-

ing two-beafi i[terferoneters; thcre ate also odlel choices'

such as the Sagnac interferometer.
Among the most sensitive irterferometers currently de-

r"fop"a L those for gravitational-wave detection [1-3]'

tn tttit n"td, several modifrcations of tlte basic Michelson

interfercmeter have been proposed in order to achieve the

"r*i"fy tlgft phasc sensitivity required (- 10-e rad)'

Ttrese inctude ttre use of multiple reflections [4] or optical

cavities [5] in the arms, power recycling [5]' signal recy-

cling [6], and resonant s deband extraction [7,8I
Recently, making such a gravitational-wave detectol

based on the Sagnac interferometer is proposed agaln as an

altemative approach (see Ref. [9] and references thereir)'

So far, however, its behavior is not investigated as thor-

ouel v as lhar of the Michelson one' In this paper' we

ai.]"u$ ttt" feasibility of Sagnac-based iflterfercmeGrs'

with panicular anention paid to applyi4 the enhancement

,"i"ti"t trt"t ar" paposed for Michelson-based iruerferom-

ete$.

2. Optical measurement of gravitrtiotral qaves

Suppose a gravitational wave. Propagates along the

:-a.:r.is, whose pol"rir"tion axes coincide with the x- and

; ;;;. Th"t the light (of angular ftequency @o) raveling

ifr-"tft * opicj pao of length L along lhe r-axis

acquires a phase delay [10.8]

4(d-+-+l'-,,"'{t)o'*o{")' (r)

H€re the suain amplitude h of th€ gravitational wave is

";;;;;;;; extenetv smatt (l ' l<10-'8) andihus

iist er order eff""ts can be ignored' The second' dme-vary'

;;;;i*;t.tt ;. ,"f"i to as the phase shif 60)

reiresents the effect of the gravitational wave'
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2 Also at: Universitiit t'lannover' APpelstr. 2. 30167 Hannover'

GermaaY.
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Jr.tjl 
traveling aiong the y-axrs. the polarity of rhe

f|.:.:Po 
is opposire duelo *r" quuo.pot" nature of thegravrhtonal waves. The d;fferentiat pf,i* ,f,,n **"*me Jwo orthogonaj arms will be measured inierferome&.i-

fl 1TTj:r.r:1�:11"#il"*ff "tjT jlk"l1#
tatlon that prcduces tpper and lower
Amphrude and phase of each ,r*n^t-'i1o-** 

ut 'l * '"
the opdcar ""#n";;;;;;-o 

are derermined by

?!i'i 1. ̂* y" elJ;'#;'': ;:'[Tffir?'ffrrom the c{rrier, i.e. t ar" for tho r
bands, respectively- 

- -8 '"' urv 'lpper and lower side-

The sum of these rwo sidebaqds irexrad trom an interferomehr [8, L i *t^:itg 
*" on",t

the. best sensiriviries d;;;ri; ;:il" :jiil: frHTrnteferometers, $e sideband amplitudcs ut ,fr. oup* fJ,grven inlut light power must Le compared. (It is not
11".::*tt 

ou. that one can a*ay, acr,ie"" rrris'oprirnui'lselstttvity; but this is aD issue differet
,on ol optrcar configurations done he 

ntaom the compari-

c 
tne nornalized response F is defined as rhe tansfery:l:l tur. 

ry"i"rional wavc amptitude A * ,n. ,"_
.lJ_ 1P1.. ana. tor"r-sideband amplitude, """rdr;;;utne roJecled jjgbr anpliuae (a {po--):

f. Mizuna e, aL / Optics Cotrururlicarions j3E ( lgg\) 3g3_393

optical parh tength Z car be r;fi; a;

n  @ o  l  ' e ' s L / c
" * = p - ' 7 _ ; - .

l:: 
o:l = I reFesents rhe ampliade atrenuauon faclorcunng the round trip in rhe ann.

, (3)

frequency domain by taking the Laplace transform of each

s{66(t)}

dtg 1 - g-st'/c-v-;--elnQ)].

-?'{l:-,,"w't o,'1
= ?['{1"'u,> o,} -'{1"'-',"w,> *,)]

IT :flI^":.9*""g1 x_ from sravitationar wave amptihrde
ffiiffi..il* 

,* is defined as rhe ratio of their Laptace

- el66(t)) @^ 1 - e-'L/.
^ !u^ -@{41= ; - "

llll.ft 
to obtair rhe frequency response. rhe Laplaceparanetcr r must be replaced by i ro. )

T: T^"*,*:*.ns; C ts rne siaeUana amptirude rela-
I:*: j:^:.51l, "*i* ",pir,ol". ; 7F, :" ;:";
1"ff:E_":f] sa.u-J p.Jl'J- ur'l iJJ,:, rff.::
:Til,_T11""q .T ,,,e_ ao rL-* ;jt.?,T
?(!,Y) :"ult, wrrere "/i 

-is 
ii'e fi, ;,J#HJ|

(2) lyl ^T:l the _opticar ,.+o;;"- for one arm of
F(<o) - Gi,,( a) + c,l,(- a,, )

E(.^tzor = I
'  ZIF(ot")l

(s)

(6)

l"l:: . 51", the complex conjugate. (This defidtionasJumes thal the phase_modulation cowirich is. the ""' "ilJ;;;.*;#f:..lHl"ffiT;
cornmoJdy used.. See 

-Refs, [g, t I J for more detail,)
.^ ,ln 

tne tollowing discussion, we assume the shot noisero be fte limiting noise source in rhe

ll5-T:,,. *:" ;r ;G;; ;#,T:':&#: ,,"J
:-e:srtryrry 

of an inlerferomedc detecror ro $avirarionalwaves ts reprcsented as [9,12]

('t)

:;rH"T;fil*d 
scale used in rhe figures (see

i (a , /2n\  = 
t ' t  x  to-20/ lE
normalized gain

. . [  t  l _ , 1  I  l , , , l  r r o f _ , r ,^ t r *J  
i , , , , " J  I  rowt

,l::, L:*rT r: iiDear specrral densiry, *. or",lj]
::"1-y-: 

amptitude *rat gives unily signat_ro-n;ise ;;_Iro._and ? is the efficiency of the pho;o_detecor.
r rre ume domain formula in Eq. ( l) js converted lo tlie

fii;"i "Yffffiilg;;'*tr# iilfl 
inrerreromercrs, borh

sHtrl?i**lT,tr'ffi il""i:: W.if+ig1:,: uT", " = 1{t , :rr,. i*"J#. t"i"jo% ;,:.T*
:lll:F: f ; : #: l;ffi'.',,),"#l;#,x:
#;I;Jr*::"* i:ii::ii 5l,*t 

response n'urcs (ex-

dIe

*,1;"no* n*i"* r 
",;% 

r
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Note that the magnitude of 6* at DC increas€s

proponional to the optical Path length l:

"*- o*? ! * "--0. (8)

Thus. a long optical path is desirable for our purpose How

to rea.lize it is discussed in the follorviDg se'bons-

3. Multiple reflectiotrs in the arms

For Durely differential phase shifs, rhc effects on the

liEht in the two arms of an inrerferometer have the same

aiolitude but opposite Polarity' Thus the optical response

J ili-or" (i-e. singtelounce) Michelson interferometer

wittr tlc optical path length L is the same as that for one

".- Jt"n in Eq. (7). igooring the constant factor thar

"or.i rto* the existence of rhe two arms- (This facror ts

i."rrJJ i" ,rt" a.n^don of Eq (3) ) Note that $e oPtical

parh lenglh L for one afm of a Michekoo interfcrometer ls

iwice tbe armlength I, i'e' L-ZL

In the case oi a Sagnac interferometer with the same

oarh length I in ot€ arltr. the light exiting ftom one arm

iuil .Jri*." an addirional round trip iD tbe other arm'

Since we are assumiag a very weak moduladon' we can

i"*i"", nitt.. order effects' ie lhe modulation of the

Jai.i""at. fft"t, the total amourt of a single sideband is

,i," "ta "f O" produced in the first am| and that h tbe

second arm."--fl" 
"rtti"t ""*i"g the secood arm has expeienced a

nnite io., in the fini arm, which is lePresented by the

uroiito" uo**rion factor p-' On the other han4 the

,ii!i-i'o.at*a in the tust arm cxperiences loss- and

r-rr"* trt#,, in the second arm Considering drcse effects'
'the 

optlcal response of the Sagnac interferometer 10 gravF

tational waves can be wiuen as

G"." = t"n"(l - e-"1/")G-^

" 'o !:!5 (e)= p;^ 
4 

---;- -

Fig- I shows the gafu lFl' the rnagnitude of the normal-

ized isponses, of a Michelson ald of a Sagmc interferom-

"t , u.i,t-ing ttt"t mtft have the same optical Path lengih

ili o- "tttlsoo ."sponses have zeros (of order 1 in rhe

nrilrr"rton -a of order 2 in the Sagnac case) at multiPles

ot f-= c/L- The Michelson response has ils peak at L,,L'

;#"* ;; sagnac one has a zero at Dc and the peak

eain ar - 0.3?lt. The peak gain of the Sagnac resPonse

iJ."t l.+s timJs higtrir rtran thar of the Michelson The

il;;l;,h"] .*.-i "t the -3dB points arc 0 443/'

aEI-*. t""ru," "tti cdy at -3dB o! tbe Sain al the peak for

* """ii* "o-pari"on' altiough 0s/. is more commonly used

ilr ,rt.'i-itiio of a Micbilson ttt" sagnu" bandwidth is

.i"*" f" *. ""iu"* thal rePresent the uPpet and lower cut-off

ftequencies, tesPecdvely_

Fis. 2, Schematics of (a) Michelson and (b) sagnac layoul ustng

;f,;";;;; i; ,r,. a'.s Posilion' for possible Power-snd

$;;;;*;-#; 
(MpR. MsR) are arso shown (in dashed

Iincs).

for the Michelson and (0-5s1 - 0'182)/": o'399t for $e

s"tl;.ntion"d 
€rlier, a long optical path is desirable

f-'"*'p-"tp"t"' ff," -tf"ngtil is' however' limited by

niactical^considerarions such as cost' at least for ground-

i"lJ?".i"* ii"to"r ro realize a looger Path lengrh l.

*Jil gi;"" "t-l""gth l, the use of multiple refleations

;;'"J-d "tr"*" ]n Fig' 2) was proposed [4J and is

""ti"""tt l*p"t. n* dols not change the characteristic

,f,"p" of ,ft" frfuuen"y responte' but alters the scaliDg of

;ff ;'' ;';hl heigt increases bv b = N /2 wture

lo ir ,rta "tt-u"t "f "-sil in one arrq and the frequency

t""f" i""t"*"t OV the same factor'- i'e the fir$ zero l,

1"r""* .)vr instead of c/21(:fo in the flgurEs'
*-il;; 

it. howevet' a limiution on the optical path

r*g,i"*tti"'Jr" a"" to the finite Y" 'l q" *aI:
iai.sian naius oi th" beam at the mirror in the symmetnc

confocal case is given bY

, : \ I IV;, (r0)

where ) - 2t c / uo is the waveleneth of the light This is

tte-'mininnn radius of max(*r'w:) for a given annl€ngrh

;H;;; J,,J ', t" oe ueam radii at each end'

respectivelY.
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perJeflectjon. \t4ren afl the reflection spots are (more or

;ji?Tffiifi ,:ll*;r"::*;l*",*:*ii
le#j]ltiple 

refleations are reatized (see Ref.[t3] for more

,,.#],tr#;J:":,i::::,ilil"l,;l.,,#ffi ,,t:rower cur_off frcquency of 0.1g2

*?t,"--',",*;""#.ru*jq..fr rffilT#
:*_"1 0"1 lengh is required # on" *1n, ar tower fre_
.1":T:1".:, l* 

rhe waius qusred aUoue ts A.eaOy crose o
il:"Jfl::;;.:r rhe vacuum o,o* ,", *. i,"i""i"ii*l

4. Power recycling

The advatrtage of the higher oe
:'j:*:. i: r., ;" ","o p;"";;l;},jfi ".h: 

r*: ;:f#
_"331tL.,irl, lyfs rhroueh boti of he r,-;;;;;recombrnation. This means dtat the .stored jn rhe op,i"ur ,y.,",,i'i. ;:"ff:l#j,r#""#lji
ilff ;tTH,.liit* ffi "#T ffi *Jfl ,-;
^_.11,.1r""q"", however, alt fie ptarned interferometricgEvttahonal_wave detectors will emt
IJJ rn order to achieve the requnEd hill,ol .po.w:: 

recJcring

'l;;r,:.i;lir;'el*[l;:l;i'*ffi;#l,+i::i*i
i:{:it'#'tr';::il::ffi :Tn,[{:#t:1irJf:ometer "s one of rhe cavity mirrors (see figs. 2. 4). As we

#l.l?"',liiJ;'iiJil,T*"ffi :':,'"it achi evabre bv
omelers- vo types of inrerfer_

'"#1f""JL:'"?T:-"l"iii;H:'j fo! rhe max imum

il",o' %^ u 0",.*""J' # *.'il:: ffiI#lHJ::li

_One needs a safery factor of >i

;g:y;ra;l::.;,ff..TJtft i:,,f; TJJffii
i  =o.o3m2xf- l - l l  ,  1

I r p m j l r k m ]

J, lqizuno et al. / Optics Communications 138 ( lggT) 3$_393

( l l )

l:1"- Y:l 
O g. O"yer ioss ia rhe inbrferornerer ard -ar'pR

::"T: 
p?** loss of rhe power rccyclng runor. Since thesroeband amplitude is proponionai ro ne carder amplitude,

:f ::^'Ut'y 
improves proponionat ,o ,f," ,quu."'..i".iuepower enhancement facr-r .g*-

. uue lo the fact thar the carriir Ught rravels tbxough
::tn 

"T, o_f " s"cn"" inrerferomerer, tie ioss in rhe
ij,flii-]l,"d".oi"Tr is exp€cred to be twice thar i'r a
ll]ll*": 

provided drat rhe ioss is ao*tnateo Uy'ii
:,r:,-]l 

,h:1nr.(tti, may nor be Eue if rbe loss of $ernrerteromerer is dominated by rhat ar rhe t*ril;;;, ;oy Dad rtederence.) Thus. the power cnbancement factor
fflj.","1,: 

in 
1_sagnac interferomerer is expecred ro be

:1 
"., 

"ti 1 Michelson inerferomeer- In ttre ena, *e
:r-D:,u:: 

of li+r 
.eneryy srored in rt e opticat sysrcm *iti ioioe dttterent in the two cases_

--_-:T., 
t" " naauraj consequetrce of the facr that rhe lightexjrenences at least one refliction from a mllror with finite

lT: 
""". 

3:h transir of rbe arftdengrh. t us. ttre totatam:ujt of lighr energy E that can be slored ttr an opdcalsysrem depends only on the am engrh i, tle _ini_um ioiper relectron ./.,", and the injeoj tigtrt po*e. ro. as isj
c,,^=r"! !-fu

I  P ^  1 l  r  t r  *  ' - r='o'.[-;Jit; j lE 
*] (t4)

3":li":Tt*hT""e' reflectivitv rfa or the power

pl.= (1 -dh)(t - Eu), = r _ rr".* rwo). 
g3)

lll.l_*-l*lt :" the configurarion emptoyed. (The quoted
;?"H;l"rJf.j"" 

desien parameiers or prannea.rargJ

^_I:, :TJr 
" 

:mp€iison of the two rypes of inte.fer_om€lers, wilh and without power recycling, Since theeDect ot power.r€cycling is equivalenl m rhe isc of a tig;isource with higher power, the charactenstrc shape of each

-n"nn"r."o#illL"n 
r,rri.', o2o

l1:; ];-*::1"":" 
of Michelson and Sagnac InlerferomeEF wilhmurlpre reflecdons in the arms (lU =-ff

lfl .jl.lowirrout(rowe-r;^*".;'0"#,;"1ff 
"H.lm:wnen power recycling is adopted. rhe oea-kof iorerferomekrs *-.. "ii"-rr,'#'^ 

gains of the two types

.& eoc
E

, u = ( r , , * ,  . " *  
) - ' =

t  t - v p n J g;", + dpp ( r2)
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thrcugb a detailed analysis

Frg. 4. schematics ol (a) Michelson and (b) Sagnac layout using
aD oprical cavity in each a.rm. Posilions for possible power- and

signal-recycling (extraction) mirrors (M"*, MsR) are also shown
(in dashed lioes).

response does not change. When power recycling is

adopted, however, the oveEll heigbt can be increased by a

significant factor (- 30). The peak height of the Sagnac
interferometer comes very close to that of the Michelson'

due to the difference in power rccycling factor. In Fig. 3,
ly' = 30 transits in each arm are assumed.

As can be seen in Fig- 3, the improvement in gain due
to power recycling will be substantial. Thus, in the follow-
ing discussion we assume that power recycling is always
adopted and optimized for the maximum Power enhance-
ment,

5. Optical cavities in tlre arms

In the case of Michelson interferometers, the use of an
optical cavity (either Fabry-Percl type or ring type) in each
arm was proposed [5] as an altemative means to realize
long storage times in the arms. The same scheme can be
used for Sagnac intederomete$, and we consider it here
(see Fig- 4).

Therc is a multiple inte.rference inside a cavity which
complicates the analysis. The oPtical response of a Fabry-

,  (1s)

wherc pc, r.,4 represent the amplitude reflectivity and
transmittarce of the coupling mirror and the reflecting

mirro., rcspectively, ard t" is the tound-rrip dme in the

c|vity G"=21/c for a Fabry-Perot cavity with lergth /)'

For drg-type ca.vities, p. p, must be Eplaced by the total

amplitude attenuation during a round trip.
In the case of a Michelson with a cavity in each arm,

the effects on the light in the two arms are the same (widr

opposite polarity), Thus, dle optical response is the same

as that of rhe cavity in one arm. It turns out that the effect

of the cavity is simitar to that of multipte reflections: a

cavity with finesse .f and lelgth t yi€lds similar gain and

bandwidth to an effective optical path lengtb of

4 4
L * = - g t ,  o t  N . F = - 5 r  ( 1 6 )- " n

using the effective number of transits (see Fig. 5).

For the SagDac with an optical cavity in each arm, the

sidebands produced in the fusr and the sccond arm must be

added in a way similar to the multiple-reflecton Sagtrac

In this case, they are added at the coupling miror of the

second cavity, The sidebands produced in $e first cavity

are reflected by the second cavity, wift a cefiain amPlitude

reflectivity as well as a certain phase shift upon the

reflection.
This is represented by ^ complex teflectiuity of a cavity

which is given as

p.- ( l  -  d^t ) p, e- 'v
( r7 )P@"\v , = --=:-=tiw)

Here f is the tudllg of the cavity at that ftequency.

Perot cavity can be obtained
[8]:

( r8 )

at the
is the

a A cavity in which the power transmitlance of rhe coupling

miror dominales the total loss inside the cavity.

where ry'o is the amount of detuning (the tuning

canier frequency, usually set to ry'o-0) ald tt

frequency offset fiom the carrier (positive fot the upper

sideband and negative for the lower sidebald).
Another fact to be noted is that the carier which enters

the second cavity is that rcflected by the first cavity. There

is not only the amplitude loss factor but also the Phase
shift upon reflection. When 'over-coupled' cavities' are

used (as expected in interferomehic gravitational-wave

detectors), the carrier expeiences a phase shift of ,t.



{

G"-s"g : { a",(o) - p-,(r..,r")}c"",. (1e)

^, -C:lbhilg 
the above retarions, the frequency response

:f ;"-#il::T"-merer 
with opricat cavities in the arms
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excepting the one at DC (which comes from the Sagnac
characteristics). This ma-kes the respoose broader when
mea.sured at the -3dB poin6.

It is also possible to make comparisons with conditions
differenr from Eq. (ld). Thus we do not make any defitrite
conclusion here and postpone that to a.lfter evaluaing other
types of responses in the coming sectioDs.

6. Signal r€cycfing

6.1. Principle of signa! recycling

Another scheme proposed for Michelson interferome-
te$ to imp_rove th-e_ low frequercy performance is srgzal
recycliag 16l. lrs effecr is ro increase the peak sensirivii at
the expense of narrowing the detector bandwidth. Another
benefit of this scheme is that one can alter the frequency of
the peak sensitivity, which is, however, in general wolse
than 

lhe DC case by a factor of E Gor tf," ,"." l"na_
width).

- 
The scheme of signal recycting is especially yaluable

ror tnrcneromete$ with rnulriple reflections in the arms,
slnce the mrror size problem mentioned earlier pmctically
limits the low-frequency performance of these ioi".f"__"-
ters. \4rhel dre interferometer employs cavities in the arms,
the.additional minor (M.* in Fig. 4) forms a coupled
cavit! with rhe arm cavities of the iaterferometer [g,ll].
This results jn rhe effect of signal recycling or resonllnt
sroeDand extracdon, depending on &e tuning condition of
tbat additional miEor.

. To implement signal rccycling, the additioEal mi[or
\signal recycling mirror, MsR in Figs. 2, 4) is positioned
so as to form a cavity with the interferomet€r in a way
similar to lhe case of power rscycling, but this time ar rhe
derection pofi (s€e Figs. 2. 4). The sidebands produced by
a differettial modulation of the interferomiter will be
stored in rhis caviry (, signal caDiry' for sirnplicity). Due to
the multiple interference inside this cavity, the iidebands
that are resonant with this cavity are elhaDced, thus im_
proving the sensitiviry. On the other hand, 0!c sidebands
that are off-rcsorlana are suppressed by the same mecha_
nlsm.

This enhancement or suppression is expressed bv the
signal req)cling Jactor given as

where both arm cavities are assumed to be resonant with
the carrier frequency.

{There is actually an additional paraneer, that is thepath lengfh from one arm cavity to another. It is assumed
rrom practical comideradons thal this lengri is short com_
gld *iT the arm caviry lengrh. If there is significanr
drstance Zb.r between the two cavities. there wijl be an
additional factor. exp {- i aL6/ cl in fiont of the second
rerm in Eq. (19).)

Fig.-s^shows rhc response of (power-recycled) Michel_
son and Jagnac interferomebrs with caviries in the arms,
togedEr widr the response of ahose with Bultiple_reflection
arms. The finesse of the cavities is assumed to be .f = 200.(The multiple--refl€ction rcsponses are shown for compari-
son, although for kilomerer_cjass interferometers t = lr'1=
t4/-n )g I = Tukm x It/3 krnJ is quite unrealistic-)

tn the case of Michelson_based interferometeF, the use
of cavities gives a peak gain similar ro the equivaleft
multiple-reflection case but with a slightly narrower band-
y'ol lyl"n 

compaEd ar rhe _3dB poins). provided rhat
tq, (16, js satisfied, On the other hand, the cavity response
has no.zeros within f <fo= c/21, resulting in a Lner
sensr(vrty around the zeros in the multiple_reflection re.
sponse.

In the Sagnac case, the peak gain wirh caviries in rhe
arms is aboul 0.7 times that with multjple-r€flecdol arms,
assuming rhe relations in F4, (16). In addilion. the pcak is
located at a slightly lower frequency. These results come
rrom combidng the characterisdcs of a Sagnac inrerfcrom_
eter and of cavities in the arms. As in the case of the
Michelson, there are no zeros in the cavity response,

6
3 zooo
+
3 ,.""

(20)

no-"ro"o rr"qr"n y 1lro0i015 
0.020

Fie. 5. Response of Michelson and Sagnac rnterferomekrs wirh
cav,rles jn the arms (.' = 200). power recycling is oprimized-
Those. wirh mulr iple-ref lecrion a|. l |s (N =U/;)g ='25/J arc
also lhown for comDarison.

1*.: t^ i: the (possibly complex) amplirude refleciviry
or rne lntertercmeter. p5 and r, are the amplitude reflec-
trvlty and Eansmjnance of the signai recycling mirror, ard
r,, rs rhe tuning of the signal cavity at rhar frequency, given
by

( 2  t )


