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Abstract

The frequency response of Micheison- and Sagnac-bascd interferometers are evaluated and compared, considering the
application for gravitational-wave detection. It is shown that Sagnac-based interferometers have some interesting features,
but in general do not offer advantages over Michelson-based ones for the detection of gravitational waves.
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1. Introduction

Precise position measurements using interferometry of-
ten adopt a configuration based on the Michelson interfer-
ometer. This is, however, not the only possibility of mak-
ing two-beam interferometers; there are also other choices,
such as the Sagnac interferometer.

Among the most sensitive interferometers currently de-
veloped are those for gravitational-wave detection [1-3}
In this field, several modifications of the basic Michelson
interferometer have been proposed in order to achieve the
extremely high phase sensitivity required (~ 107 rad).
These include the use of multiple reflections {4] or optical
cavities [5] in the arms, power recycling [5], signal recy-
cling [6], and resonant sideband extraction 17.8].

Recently, making such a gravitational-wave detector
based on the Sagnac interferometer is proposed again as an
alternative approach (see Ref.[9] and references therein).
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So far, however, its behavior is not investigated as thor-
oughly as that of the Michelson one. In this paper, we
discuss the feasibility of Sagnac-based interferometers,
with particular attention paid to applying the enhancement
schemes that are proposed for Michelson-based interferom-
eters.

2. Optical measurement of gravitational waves

Suppose a gravitational wave propagates along the
r-axis, whose polarization axes coincide with the x- and
y-axes. Then the light {of angular frequency w,) traveling
through an optical path of length L along the x-axis
acquires 2 phase delay [10,8]

wol @y o

$(B)=—"—~ 7 "y

(1) df + O(#*). (1)
Here the strain amplitude h of the gravitational wave is
expected to be extremely small (|h] < 107 %) and thus
higher order effects can be ignored. The second, time-vary-
ing term (which we refer (o as the phase shift 5¢r)
represents the effect of the gravitational wave.
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For light raveling along the y-axis, the polarity of the
phase shift is opposite dne to the quadrupole nature of the
gravitational waves, The differential phase shift between
the two orthogonal arms will be measured interferometys-
cally.

Each Fourier component of the phase shift, with an
anguiar frequency @, can be considered zs g phase modu-
lation that produces upper and lower sidebands a¢ wytw,.
Amplitude and phase of each sideband are determined by
the optical configuration. They are represented by the
optical response G(w), where © is the frequency offset
from the cartier, j.c. tw, for the upper and lower side-
bands, respectively.

"The sum of these two sidebands is the signal we finaily
extract from an interferometer {8,11]. In order to compare
the best sensitivities achievable using various kinds of
interferometers, the sideband amplitudes at the output for
given input light power must be compared. (It is not
Necessarily true that one can always achieve this optimum
sensitivity; but this is an issue different from the compari-
son of optical configurations done here.)

The normalized response F is defined a5 the transfer
function from gravitational wave amplitude 4 to the sum
of upper- and lower-sideband amplitudes normalized by
the injected light amplitude ( o VP )

F( wg) = Ginl:( wg) + Gi;t(_ wg) (2)

where * denotes the complex conjugate. {Thig definition
assumes that the phase-modulation component is detected,
which is the best scheme for broad-band responses and is
commonly used. See Refs. [8, ] 1] for more detail,)

In the following discussion, we assume the shot noise
10 be the limiting noise source in the frequency range of
interest. Then, by using this normalized response, the
sensitivity of an interferometric detector to gravitational
waves is represented as [8,12)

- 1 2k w,
h( Wy 27 ) = m —1’;0— N (3}

or by the normalized scale used in the figures (see the
caption of Fig. 1),

- 1.1 x10-%
h( mg/Z‘n') = /\/ﬁz_

normalized gain

B R R T nP, 17172
[l [l Tl ™
(4)

Here % represents the linear spectral density of the gravita-
tional-wave amplitude that gives unity signal-to-noise ra-
tio, and % is the efficiency of the photo-detector,

The time domain formula in Eqg. (1) is converted 1o the

frequency domain by taking the Laplace transform of each
side;

Z{8¢(1)}
= —3‘13’{ [i L) dz'}
= szﬁ{.?(fo!h(r’) dt’} —.?{j:_wch(t’) dz‘”
wy 1

_ e—sL/c )

F{a(r)}. ()

=2

2 g
The transfer function X from gravitational wave amplitude
h 1o phase shift 8¢ is defined as the ratio of thejr Laplace
transforms, thus

H5(1))  wy 1—erLre
e L0 -7 Y ’ ©)

(In order to obtain the frequency response, the Laplace
parameter s must be replaced by i .

The optical response G is the sideband amplitude rela-
tive to the injected carrier amplitude g, o \/P_o - Each
{upper or lower) sideband produced by a (weak) phase
modvlation with an index 6¢ has an amplitude of
agJ(8) = a,8¢/2 where Ji is the first order Bessel
function. Thus, the optical response Gy for one arm of
optical path length L can be written as

LF) 1- EESL/C
Gy = Parm

4 5 (7)

Here p <1 represents the amplitude amtenuation factor
during the round trip in the arm.

3.0

25

29

1.5

normalized gain

10}

o5 i

a.0

0.0 0.5 3.0

1.0 1.5 24
nNomalized froquency [ F/ fo)
Fig. 1. Response of Michelson and Sagnac interferometers, both
having a single bounce in #ach arm. The vertical scale is the gain
IF|, normalized so that the DC gain of a (non-power-recycled)
Michelsen interferometer wig N transits in one arm will be N,
(Note that ¥ =2 for single bounce case. See Eq. (4) to convere
this to the sensitivity.} The horizonta scale is the frequency
normalized by f,=c/2i~ S0kHzX[I/3km]™'. The same
scales are used in the following frequency response figures (ex-
cept for the horizontal scale of Fig. 11).



1. Mizuno et al. / Optics Communications 138 (1997) 383-393 385

Note that the magnitude of G, at DC increases
proportional to the optical path length L:
w, L

Gom ™ Pam = as s —= 0. (3)

Thus, a long optical path is desirable for our purpose. How
to realize it is discussed in the following sections.

3. Multiple reflections in the arms

For purely differential phase shifts, the effects on the
light in the two arms of an interferometer have the same
amplitude but opposite polarity. “Thus the optical response
of a simple (i.e. single bounce) Michelson interferometer
with the optical path length L is the same as that for one
arm given in Eq. (7). ignoring the constant factor that
comes from the existence of the two arms. {This factor is
included in the definition of Eq. {3).) Note that the optical
path length L for one arm of a Michelson interferometer 15
twice the armlength I, ie. L=2L

In the case of a Sagnac interferometer with the same
path length L in one am, the light exiting from one arin
will experience an additional round trip in the other amm.
Since we are assuming a very weak modulation, we can
neglect higher order effects, i.e. the modulation of the
sidebands. Thus, the total amount of a single sideband is
the sum of that produced in the first amm and that in the
second arm.

The carrier entering the second arm has experienced a
finite loss in the first arm, which is represented by the
amplitude attenuation factor Pom. On the other hand, the
sideband produced in the first arm experiences loss and
phase shift in the second arm. Considering these effects,
the optical response of the Sagnac interferometer 1o gravi-
tational waves can be written as

GSag = pam(1 — e’_SL/C)Garm

L oy (-

- ©®

Fig. 1 shows the gain |Fl, the magnitude of the normal-
ized responses, of a Michelson and of a Sagnac interferom-
eter, assuming that both have the same optical path length
I in one arm. Both responses have zeros {of order 1 in the
Michelson and of order 2 in the Sagnac case) at multiples
of f,=c/L. The Michelson response has its peak at DC,
whereas the Sagnac one has a zero at DC and the peak
gain at ~ 0.371f,. The peak gain of the Sagnac response
is ahout 1.45 times higher than that of the Michelson. The
bandwidths > measured at the —3dB points are 0.443f,

3 Here we measure strictly at —3dB of the gain at the peak for
an accurate comparison, although 0.5f, is more commonly used
for the bandwidth of a Michelson. The Sagnac bandwidth is
shown in two numbers that represent the upper and lower cut-off
frequencies, respectively-
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Fig. 2. Schematics of (a) Michetson and {b) Sagnac layout using
muitiple reflections in the arms. Positions for possible power- and
signal-recycling mirrors (Mg, Mgg) are also shown (in dashed
lines).

for the Michelson and (0.581 — 0.182)f, = 0.399 £, for the
Sagnac.

As mentioned earlier, a long optical path is desirabie
for our purpose. The armlength is, however, limited by
practical considerations such as cost, at Jeast for ground-
based detectors. In order to realize a Jonger path length L
within a given armlength 1, the use of multiple reflections
in an arm (as shown in Fig. 2) was proposed [4] and is
commonly adopted. This does not change the characteristic
shape of the frequency response, but alters the scaling of
both axes: the overall height increases by b= N/2 where
N is the number of transits in one arm, and the ifrequency
scale decreases by the same factor, ie. the first zero f,
becomes ¢ /NI instead of ¢/2! (=fo i the figures).

There is, however, a limitation on the optical path
fength achievable due to the finite size of the beam. The
Gaussian radius of the beam at the mirror in the symmemic
confocal case is given by

w=IA/7, (10)

where A = 27c/ w, is the wavelength of the light. This is
the minimum radins of max(w],w._,) for a given armiength
1, where w, and w, are the beam radii at each end,
respectively.




386 J. Mizuno et al. / Optics Communications 138 {1997} 383- 303

One needs a safety factor of Z 3 for mirror radii in
order to reflect most of the light power. Thus, the mirror
surface area required js

A =0.03m? x A ——1
1= 0.03m Tpm || 35 (11)

detail),

This limitation is an even more serious problem in a
Sagnac interferometer, since is gain is poor below the
lower cut-off frequency of 0.182 f2- When an optical path
length of 100km is chosen, the lower cut-off frequency is
546Hz and the peak frequency is 111k, A longer
optical path length is required if ope aims at lower fre-
guencies; but the valye quoted above jg already ciose to
the limitation of the vacuum tubes for the planned large
interferometers,

4. Power recycling

The advantage of the higher peak gain of the Sagnac
response is for the most part coming from the fact that the
camier light travels through borh of the arms before
Tecombination. This means that the amount of light energy
stored in the optical Systeru is twice that of 3 Michelson
interferometer, under the assumption that the Light power
hitting the beamsplitter is the same in both cages,

In practice, however, all the planned interferometric
gravitational-wava detectors will employ power recycling
[5]in order to achieve the required high sensitivity, As can
be seen in Eq. (3), the Sensitivity improves with the square
root of light power (for a given interferometer). The use of
Power recycling effectively enhances the iight power hit-
ting the beamsplitter by forming a cavity with the interfer-
Omeler as one of the cavity mirrors (see Figs. 2, 4}, As we
will see shortly, the power enhancement achievable by
power recycling differs between the WO types of interfer-
ometers.

When power recycling is optimized for the mazimum
power enhancement, the equivalent powey enhancement
factor £, is determined by the loss of the interferomerer
as

pp )7 1
I .

Fp= |+
PR ( int "w:'n:""B,PR

by choosing the power refiectivity Ppr Of the power
recyeling mirror to be

Bip = (1 -, )1 ) =1- (& 23w ).
(13)

Here o, is the power loss in the interferometer and Hon
is the power loss of the power recycling mimor. Sinea the
sideband amplitude js propottional to the carrier amplitude,
the sensitivity improves proportional to the square root of
the power enhancement factor .

Due to the fact that the carrier light travels through
both arms of 3 Sagnac interferometer, the loss in the
Sagnac interferometer ;s expected to be twice that in a
Michelson, provided thar the loss is dominated by the
losses in the arms. (This may not be true if the loss of the
interferometer is dominated by that ar the beamsplitter, e.g.
by bad interference. ) Thus, the power enhancement factor
achievable in 3 Sagnac interferometer is expected to be
half that in a Michelson interferometer. In the end, the
amount of light energy stored jn the optical system will not
be different in the two cases,

This is a natural consequence of the fact that the light
experiences at least ppe reflection from a mirror with finite
loss after each transir of the armlength, Thus, the total
amount of light energy & that can pe Stored in an optical
system depends only on the armlength 7, the minimum Joss
per reflection ., | and the injected light power Py, as [8]

& { I_—"‘z"min
s 0: "vmr'n
PO ! ”@’min !
=20 X —— || — || Zmin_ . 14
[50W}{3hn][25ppm (14)

not depending on the configuration employed. (The gnoted
values are typical design parameters of planned large
interferometers.)

Fig. 3 shows a comparison of the two types of interfer-
ometers, with and without power recycling. Since the
effect of power recycling is equivalent to the use of a light
source with higher power, the characteristic shape of each

normalized gain

0.00 008 0.10 D.15
normalized frequency (/o }

When power recycling is adopted, the peak gains of the two types
of interferometers become very similar.
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Fig. 4. Schematics of (a) Michelson and (b) Sagnac layout using
an optical cavity in each arm. Positions for possible power- and
signal-recycling (extraction) mirrors (Mpy, Mg ) are also shown
(in dashed lines).

response does not change. When power recycling is
adopted, however, the overall height can be increased by a
significant factor {~ 30). The peak height of the Sagnac
interferometer comes very close to that of the Michelson,
due to the difference in power recycling factor. In Fig. 3,
N = 30 transits in each arm are assumed.

As can be seen in Fig. 3, the improvement in gain due
to power recycling will be substantial. Thus, in the follow-
ing discussion we assume that power recycling is always
adopted and optimized for the maximum power enhance-
ment.

3. Optical cavities in the arms

In the case of Michelson interferometers, the use of an
optical cavity (either Fabry-Perot type or ring type) in each
arm was proposed (5] as an alternative means to realize
long storage times in the arms. The same scheme can be
used for Sagnac interferometers, and we consider it here
(see Fig. 4).

There is & multiple interference inside a cavity which
complicates the analysis. The optical response of a Fabry-

Perot cavity can be obtained through a detailed anatysis
8L

—st,

G T, -7, w, 1—e
:av= - I'__ ? 15
l=p.p 1= p.pee Py 5 (15)

whete p,, 7., p, represent the amplitude reflectivity and
transmittance of the coupling mirror and the reflecting
mirror, respectively, and 7, is the round-trip time in the
cavity (r, = 21/c for a Fabry-Perot cavity with length /).
For ring-type cavities, p_ p, must be replaced by the total
amplitude attenuation during 2 round trip.

In the case of a Michelson with a cavity in each arm,
the effects on the light in the two arms are the same (with
opposite polarity). Thus, the optical response is the same
as that of the cavity in one arm. It turns out that the effect
of the cavity is similar to that of multiple reflections: a
cavity with finesse & and length [ yields similar gain and
bandwidth to an effective optical path length of

4 4
Lyg=—F1, of Ng=—5 (16)
ko T

using the effective number of transits (see Fig. 5).

For the Sagnac with an optical cavity in ¢ach arm, the
sidebands produced in the first and the second arm must be
added in & way similar to the multiple-reflection Sagnac.
In this case, they are added at the coupling mirror of the
second cavity. The sidebands produced in the first cavity
are reflected by the second cavity, with a certain amplitude
reflectivity as well as a certain phase shift upon the
reflection.

This is represented by a complex reflectivity of a cavity
which is given as

pc—(l —Mmin)pre’—m 17
1 — P pre_m’ ) ( )

P () =

Here ¢ is the tuning of the cavity at that frequency,
'1b=l;’0+wtcs (]8)

where i, is the amount of detuning (the tuning at the
carrier frequency, usually set to i =0} and @ is the
frequency offset from the carrier (positive for the upper
sideband and negative for the lower sideband).

Another fact to be noted is that the carrier which enters
the second cavity is that reflected by the first cavity. There
is not only the amplitude loss factor but also the phase
shift upon reflection. When ‘over-coupled’ cavities * are
used (as expected in interferometric gravitational-wave
detectors), the carrier experiences a phase shift of .

* A cavity in which the power transmittance of the coupling
mirror dominates the total loss inside the cavity.
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Combining the above relations, the frequency response
of a Sagnac interferometer with optical cavities in the arms
can be written as

GcavSag = { Peay (0) - Pca\,.(Gch )} Gcav . (19)

where both arm cavities are assumed to be resonant with
the carrder frequency.

{There is actually an additional parameter, that is the
path length from one arm cavity to another, It is assumed
from practical considerations that this length is short com-
pared with the arm cavity length, If there is significant
distance L, between the two cavities, there will be an
additional factor exp{—iwL,_ /c} in front of the second
term in Egq. (19).)

Fig. 5 shows the response of (power-recycled) Michel-
son and Sagnac interferometers with cavities in the arms,
together with the response of those with mnltiple-reflection
arms. The finesse of the cavities is assumed to be F =200,
(The muliiple-reflection responses are shown for compari-
son, aithough for kilometer-class interferometers L=N=
(4/m)F I~ 764km X [{ /3km] is quite unrealistic )

In the case of Michelson-based interferometers, the use
of cavities gives a peak gain similar to the equivalent
multiple-reflection case but with slightly narrower band-
width (when compared at the — 3dB points), provided that
Eq. (16) is satisfied. On the other hand, the cavity response
has no zeros within f< fo=¢/21, resulting in a better
sensitivity around the zeros in the muitiple-reflection re-
sponse.

In the Sagnac case, the peak gain with cavities in the
arms is about 0.7 times that with multiple-reflection arms,
assuming the relations in Eq. (16). In addition, the peak is
located at a slightly lower frequency. These results come
from combining the characteristics of a Sagnac interferom-
eter and of cavities in the arms. As in the case of the
Michelson, there are no zeros in the cavity response,

500
son0 | N/
2500 |

2000
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1500

normalized gain

1000 ff

506G J

0.000 0.005 0.010 0.015 2.020
normalized frequency (fifa)

Fig. 5. Response of Michelson and Sagnac interferometers with

cavities in the arms (& = 200). Power recycling is optimized.

Those with multiple-reflection arms (N={4/7)5 = 254) are

also shown for comparison.

excepting the one at DC (which comes from the Sagnac
characteristics). This makes the response broader when
measured at the —3dB points,

It is also possible to make comparisons with conditions
different from Eq. (16). Thus we do not make any definite
conclusion here and postpone that to after evaluating other
types of responses in the coming sections.

6. Signal recycling
6.1. Principle of signal recycling

Another scheme proposed for Michelson interferome-
ters to improve the low frequency performance is sipnal
recycling [6]. Its effect is (o increase the peak sensitivity at
the expense of narrowing the detector bandwidth. Another
benefit of this scheme is that one can alter the frequency of
the peak sensitivity, which is, however, in general worse
than the DC case by a factor of v2 (for the same band-
width).

The scheme of signal recycling is especially valuable
for interferometers with multiple reflections in the arms,
since the mitror size problem mentioned earlier practically
limits the low-frequency performance of these interferome-
ters. When the interferometer employs cavities in the arms,
the additional mirror (Mg, in Fig. 4) forms a coupled
cavity with the arm cavities of the interferometer [8,11]
This results in the effect of signal recycling or resonant
sideband extraction, depending on the mning condition of
that additional mirror.

To implement signal recycling, the additional mirror
(signal recycling mirror, Mgy in Figs. 2, 4) is positioned
$0 as to form a cavity with the interferometer in a way
similar to the case of power recycling, but this time at the
detection port (see Figs. 2, 4). The sidebands produced by
a differential modulation of the interferometer will be
stored in this cavity {*signa! caviny’ for simplicity). Due to
the muiltiple interference inside this cavity, the sidebands
that are resonant with this cavity are enhanced, thus im-
proving the sensitivity. On the other hand, the sidebands
that are off-resonant are suppressed by the same mecha-
nism.

This enhancement or suppression is expressed by the
signal recycling factor given as

Ts

- 20
1 —pspime_w ( )

H=

Here p;, is the (possibly complex) amplitude reflectivity
of the interferometer, pg and Tg are the amplitude reflec-
tivity and transmittance of the signal tecycling mirror, and
Y is the nming of the signal cavity at that frequency, given
by

=ty + wig, 21)




