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We present a signal extraction scheme for longitudinal sensing and control of an interferometric 
. gravitational-wave detector based on a multiple-fkequency heterodyne detection technique. 

Gravitational-wave detectors use multiple-mirror resonant optical systems where resonance conditions 
must be satisfied for multiple degrees of freedom that are optically coupled. The multiple-carrier 
longitudinal-sensing technique provides sensitive signals for all interferometric lengths to be controlled 
and successfully decouples them. The feasibility of the technique is demonstrated on a tabletop-scale 
power-recycled Michelson interferometer with Pabq-Perot arm cavities, and the experimentally mea- 
sured values of the length-sensing signals are in good agreement with theoretical calculations. O 1998 
Optical Society of America 

OCIS codes: 120.3180, 170.4090, 000.2780. 

1. Introduction 
Einstein's theory of general relativity prehcts that 
gravitational waves are ripples in the curvature of 
spacetime, radiated by accelerating aspherical mass 
distributions. The gravitational-wave-induced space- 
time &stortion-or gravitational-wave strain- 
stretches the space along one transverse axis and 
shrinks it along an orthogonal axis. Astrophysical 
sources are believed to be the most likely emitters of 
detectable gravitational rachation, and because all 
known forms of matter are nearly transparent to grav- 
itational waves, detection of gravitational waves holds 
the promise for a new and hitherto unexplored window 
into the universe. Gravitational radiation &om the 
most promising astrophysical sources, such as coalesc- 
ing neutron star and black hole binaries, is expected to 
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produce strains of the order of (in dimensionless 
units of change in length per unit length)? Conse- 
quently, hghly sensitive, long-baseline laser inter- 
ferometers [Laser Interferometer Gravitational Wave 
Observatory (LIG0),2 GE0600,4 and 
TAMA30051 are currently under construction with the 
objective of direct detection of gravitational radiation 
early in the next millennium. 

The principle of interferometric detection of gravi- 
tational waves is based on measuring the optical 
phase shift that is due to path-length changes in- 
duced by a passing gravitational wave? For maxi- 
mal strain sensitivity, the goal is to convert 
gravitational-wave strain into optical phase as effi- 
ciently as possible. The detectors currently planned 
for the LIG07 are variants of a simple Michelson 
interferometer (see Fig. 1). A 4-km-long resonant 
Fabry-Perot cavity in each arm of the Michelson in- 
terferometer stores the laser light for a time of the 
order of the gravitational-wave period at 100 Hz, thus 
increasing the phase sensitivity by the number of 
times the photons traverse the cavity. To reduce 
sensitivity to fluctuations in power of the incident 
laser light, the antisymmetric or signal extraction 
port of the Michelson interferometer is held on a dark 
fringe, resulting in almost all the light returning to- 
ward the laser. A partially transmitting mirror is 
placed between the laser and the beam splitter (BS). 
When located at the correct longitudinal position, 
this power-recycling mirror (RM) reflects most of the 
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Fig. 1. Optical layout of an interferometric gravitational-wave 
detector to be used by the LIGO. RM, power-recycling mirror; BS, 
beam splitter; ITM, input test mass; and ETM, end test mass. 

light back toward the beam splitter, that is, the light 
is recycled. The consequent increase in effective in- 
cident power-by a factor known as the power- 
recycling gain-enhances the gravitational-wave 
strain sensitivity.8-10 The power-recycling cavity is 
formed by the recycling mirror as the input coupler 
and the symmetric port of the Michelson interferom- 
eter [comprised of the beam splitter and the two input 
test masses (ITM's)], which serves as a complex end 
mirror. 

This optical configuration has four length degrees 
of freedom that must be controlled to hold the inter- 
ferometer mirrors at positions where the resonance 
conditions for optimal sensitivity are satisfied. The 
lengths of the two Fabry-Perot arm cavities, L,  and 
LB, must be held on resonance, as must the average 
length of the power-recycling cavity, LC = (I, + 1,)/2. 
The path-length difference in the arms of the Mich- 
elson interferometer, ID = (I, - L2)/2, must be con- 
trolled to maintain the dark fringe condition. All 
four lengths must be controlled to within a tiny frac- 
tion of a wavelength. 

An elegant method to hold the interferometer's 
common-mode degrees of freedom [Ic = (I, + 12)/2 
and LC = (L1 + L2)/2] on resonance is a variant of the 
reflection-sensing technique,11J2 in which phase- 
modulation sidebands at radio frequencies (rf's) are 
imposed on the input light, and a heterodyne detec- 
tion scheme is used to measure the deviations from 
resonance. The carrier field reflected from the res- 
onant cavity interferes with the nonresonant side- 
band field (which acts as a constant-phase reference), 
giving a rf intensity signal that is proportional to the 
deviation from resonance. 

To sense the differential degrees of freedom in a 
Michelson interferometer, Schnupp proposed the use 
of a macroscopic length asyrnmetry to couple fiontal 
phase-modulation sidebands out the antisymmetric 
port? This asymmetry shifts the sidebands away 
from the dark fringe, allowing the use of a suppressed 
carrier detection scheme at the antisymmetric port 
(see Fig. 1) to sense the deviation from a dark fringe 
for the carrier. 

A scheme to control all longitudinal degrees of free- 

dom with just one pair of sidebands, that is, with a 
single-carrier frontal modulation scheme, has been 
demonstrated by use of a gain hierarchy imple- 
mented in the servo control to separate the power- 
recycling cavity length from the common arm cavity 
length. l4 This research presents a multiple-canier 
frontal modulation scheme15 with asymmetry read- 
out.16 An additional carrier-the so-called subcar- 
rier, which is not resonant in the arm cavities-is 
used with its own set of rf sidebands to probe the two 
degrees of freedom associated with the power- 
recycled Michelson interferometer. The response of 
the sensor signals to deviations of the interferometer 
lengths is best represented as a matrix, referred to as 
the length-sensing matrix. The implementation of 
the control system is greatly simplified if the length- 
sensing matrix is diagonal and robust against small 
changes in the optical parameters of the interferom- 
eter. This is indeed achieved with the multiple- 
carrier frontal modulation scheme because the 
subcarrier separates the Michelson degrees of free- 
dom from the arm cavity lengths. This scheme has 
the advantage of yielding Michelson error signals 
that are less sensitive to the resonant state of the arm 
cavities. In fact, if the lengths are expressed as 
common-mode and differential deviations, the 
length-sensing matrix becomes nearly diagonal. 

2. Theory and Design 

In a power-recycled Michelson with cavities in the 
arms, the carrier (C) is resonant in all three cavities. 
Because the beam splitter naturally separates 
common-mode and differential fields, the reflection 
port of the interferometer resembles a linear system 
of coupled cavities (three mirrors in series) for 
common-mode arm cavity variations. A pair of side- 
bands that are resonant in the power-recycling cavity 
are imposed on the carrier light incident on the in- 
terferometer. The sidebands are not resonant in the 
arm cavities so the field returning from the beam 
splitter can be used to extract a signal that is highly 
sensitive to common-mode length deviations of the 
arm cavities. Because the carrier sidebands are res- 
onant in the power-recycling cavity but do not pro- 
duce a dark fringe at the antisymmetric port, 
substantial sideband power is transmitted to the an- 
tisymmetric port, leading to a signal that is sensitive 
to differential arm cavity length deviations. 

Writing the free spectral range (FSR) of the power- 
recycling cavity as 2f0, where 

the fields that resonate in the power-recycling cavity 
occur only at frequency intervals of 2fo. Upon reflec- 
tion from the resonant arm cavity, the carrier ac- 
quires a phase shift of .rr relative to the carrier 
sidebands, which are outside the arm cavity reso- 
nance. If all other frequencies are referenced to the 
carrier double resonance, then the carrier sidebands 
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resonate at frequency intervals of 2fo, but are shifted 
by f, relative to the carrier resonance, that is, 

where m is an integer and m = 0 for the carrier 
double resonance. 

For a system that is optimized for gravitational- 
wave sensitivity, almost no carrier power is reflected 
from the interferometer. This is achieved by chooi- 
ing the power transmissivity of the power-recycling 
mirror to be approximately equal to the total loss in 
the Michelson interferometer with arm cavities, that 
is, the carrier is critically matched.17 The transmis- 
sion of the carrier sidebands out the antisymmetric 
port is determined by the macroscopic Michelson 
path-length asymmetry 1,. The most efficient 
transfer of sideband power to the antisymmetric port 
is achieved by making the fraction of the carrier side- 
band power directed out the antisymmetric port be- 
cause of the asymmetry equal to the power-recycling 
mirror power transmissivity, that is, 

Of course, if the carrier sidebands are also critically 
matched by the asymmetry losses, then a negligible 
carrier sideband field is reflected from the inter- 
ferometer, and the carrier double-resonance signal 
must be extracted from the fields inside the power- 
recycling cavity. 

The role of the subcarrier (SC) and its sidebands is 
to detect deviations in the power-recycled Michelson 
lengths (the signals from the carrier and carrier side- 
bands sense the arm cavity length deviations). To 
ensure that the subcarrier frequency family is insen- 
sitive to the arm cavity lengths, we choose the fre- 
quency of the subcarrier to be exactly antiresonant in 
the arm cavity, that is, 

where n is an integer and FSRmM refers to the av- 
erage FSR of the arm cavities. We expect a relative 
phase shift of .rr between the carrier and the subcar- 
rier because of antiresonance in the arm cavity. 
However, the subcarrier can be adjusted to experi- 
ence a phase shift of .rr that is due to the asymmetry. 
The amplitude reflection coefficient of the field retro- 
reflected from the Michelson interferometer with arm 
cavities is given by 

The reflection coefficient of the Michelson r, varies 
sinusoidally as a function of frequency for a fixed 
asymmetry ID. Light at the frequency for which r,  
= -1 effectively undergoes a phase shift of n. In 
most practical cases, the carrier phase is shifted by T 

because of resonance in the arm cavity, whereas the 

subcarrier acquires a phase shft of T because of the 
asymmetry, and hence there is no relative phase shift 
between them. In the power-recycling cavity, for 
light at frequencies such that r, < 0, resonance oc- 
curs at even multiples of fo. Consequently, the fre- 
quency of the subcarrier relative to the carrier is 
given by 

and phase-modulation sidebands imposed on the sub- 
carrier (SCSB), which are to be resonant in the 
power-recycling cavity, must obey 

where p and q are integers. Use of the suppressed 
carrier scheme based on the subcarrier and subcar- 
rier resonant sidebands at the antisymmetric port 
will give an error signal that holds the subcarrier on 
the dark fringe. To simultaneously satisfjr the dark 
fiinge condition for the carrier, the wavelength asso- 
ciated with the subcarrier frequency shift must be an 
exact multiple of twice the asymmetry, for example, 

Moreover, this choice minimizes the shot noise at the 
antisymmetric port because destructive interference 
of the carrier and subcarrier fields ensures minimal 
power leahng out at this port. 

In principle, the power-recycling cavity length 
could be sensed using the signal from the subcarrier 
and its resonant sidebands at either the reflection 
port or by picking off a tiny fraction of the field inside 
the power-recycling cavity. This is possible because, 
despite the fact that both are resonant in the power- 
recycling cavity, the asymmetry losses guarantee a 
different phase sensitivity for the subcarrier and its 
resonant sidebands. The signal strength is, how- 
ever, strongly dependent on the relative losses for the 
subcarrier and the resonant sidebands in the power- 
recycling cavity, and a more robust solution is to add 
an additional pair of sidebands to the subcarrier that 
are not resonant in any cavity. These nonresonant 
sidebands do not couple into the interferometer at all 
and are chosen to have a minimal overlap with both 
longitudinal and transverse modes of the power- 
recycling cavity to ensure low coupling into the inter- 
ferometer. 

In Fig. 2 we plot the amplitude of the fields inside (a) 
the power-recycling cavity and (b) at the antisymmet- 
ric port as a firnction of frequency. The horizontal 
axis is in terms of the dimensionless quantity f/fo. 
The camer resonance occurs at f/fo = 0, the carrier 
sidebands at f = (t 1, t 3, 25 )  f,, the subcarrier at f = 
20fo, and the subcarrier resonant sidebands at f = 
(20 2 2,20 2 4) fo. The subcarrier nonresonant side- 
bands are ideally in the valleys, at f = (20 4 1, 20 * 
3) f,, so that they do not couple into the interferometer. 

The mirror radii of curvature, along with the cavity 
lengths, influence the characteristics of the funda- 
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Fig. 2. Amplitude of the fields (relative to the input power) as a 

function of frequency offset from the double resonance of the car- 
rier (in units off,, the half-FSR of the power-recycling cavity) in (a) 
the power-recycling cavity and (b) at the antisymmetric port. The 
narrow carrier double resonance occurs at f = 0 and again at f = 

?13.3f0, the FSR of the arm cavity. The field amplitude in the 
power-recycling cavity at f = 0 is lower than the one at f = 20fo (the 
subcarrier resonance) because the carrier sees additional losses in 
the arm cavities. The sinusoidal envelop is due to the Michelson 
transmissivity corresponding to the asymmetry. The interferom- 
eter parameters used in this calculation are given in Table 1. 

mental Gaussian-mode and the transverse-mode 
spacing of the cavity. To ensure that none of the 
circulating frequencies excite higher-order trans- 
verse modes in the cavity, coincidences in the fre- 
quencies of the higher-order modes with the 
modulation frequencies are avoided. The lengths of 
the cavities directly influence the allowed modulation 
frequencies, and the multiple resonance and anti- 
resonance conditions determine their relative 
lengths. By varying the mirror radii of curvature 
(while maintaining compatibility of the fundamental 
mode in the arm and power-recycling cavities) we can 
achieve optimum mode spacing for avoidance of the 
higher-order transverse modes. 

Mirror reflectivities are chosen to optimize the in- 
terferometer sensitivity to gravitational waves. With 
arm cavity end mirror reflectivities as close to unity as 
possible, the arm cavity input mirror reflectivities are 
chosen to give a storage time comparable to the lowest- 
frequency gravitational wave of interest; the power- 
recycling mirror reflectivity is chosen for near-critical 
matchmg of the carrier for given interferometer losses. 

The technical limitations of rf techniques and the 
physical constraints on the interferometer pararne- 
ters combine to determine the choice of modulation 
parameters. Phase-modulation frequencies above 5 
MHz are used to ensure that the laser technical in- 
tensity noise does not dominate over shot noise. On 
the other hand, working at frequencies below 100 
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Fig. 3. Schematic overview of the fixed-mirror interferometer, 
including the input optics train. 

MHz makes the implementation of the electronics 
more practical. For the carrier sidebands to effi- 
ciently exit the antisymmetric port, modulation fre- 
quencies of tens of megahertz are necessary given the 
practical asymmetry of a few tens of centimeters. 
Consequently, the subcarrier frequency shift must be 
a few hundred megahertz to ensure the dark port 
condition for both the carrier and the subcarrier. 

3. Experimental Verification 

We define the length-sensing matrix L such that 

where Si is the light intensity at the modulation fre- 
quency on the ith sensor; SZJ is the deviation from 
resonance of the jth degree of freedom; L, are the 
elements of the length-sensitivity matrix in the static 
field limit; +ij is an intrinsic rf phase; Pi is the power 
on the ith detector; fli and Ti are the rf modulation 
frequency and depth, respectively, for the ith sensor. 

A tabletop-scale interferometer was constructed to 
test this multiple-carrier scheme by quantitative de- 
termination of the length-sensitivity matrix L. A 
schematic overview of the tabletop-scale fixed-mirror 
interferometer experiment is shown in Fig. 3. The 
laser source is a frequency- and power-stabilized cw 
Ar+ laser with a wavelength of 514.5 nm and a typ- 
ical output power of 250 mW. The laser light is split 
into two paths; the light transmitted through BS1 is 
used for the frequency stabilization, and the reflected 
light goes to the main interferometer input optics 
train. Light reflected from BS1 is further split by 
BS2. The reflected beam is the carrier path (PC) 
where PC3 generates the carrier sidebands; the 
transmitted light is used to generate the frequency- 
shifted subcarrier. Vertically polarized light re- 
flected from polarizing beam splitter 2 (PBS2) passes 
through an acousto-optic modulator (AOM) modu- 
lated at 195.5 MHz, and a curved mirror reflects the 
frequency-shifted component back toward the 
acousto-optic modulator. The light that passes 
twice through the acousto-optic modulator acquires a 
frequency shift of 391 MHz with respect to the car- 
rier. Double passing the quarter-wave plate (QWP) 
converts vertically polarized light to horizontally po- 
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