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Can piezoefectric acceferometers be used to actively damp the mechanical
suspensions in laser interferometric gravitational wave detectors
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An invesdgation of the use of mass-loaded piezoelectric accelerometers for active damping of high

0, mechanical. vibration isolation suspensions is reponed. The transfer function and noise of the
acceleromerer are modeled, and the predicred noise compared with measurements, A servo which
damps the normal modes of a two-stage suspension by sensing the acceleration of, and feeding back
to, the intermediate mass is then modeled. The rms and "high frequency" closed loop motions of the
isolated rnass are calculated- @ 1996 American Institute oJ Ph"-sics- JS0034-6748(96)01003- l]

t. INTRODUCTION

Laser interferometric gravitational wave detectors en-
deavor to detect the passage of a burst of gravitational radia-
tion by sensing the change in the relative separation of a
number of almost-freely suspended test masses using laser
inrerferometry.rTo allow unambiguous deiectio-n of the
minute chalges in separation that are expected,'the test
masses must be isolated from many extemal influences. In
particular, the test masses must be highly isolated from seis-
mic vibrations and, funher, the parts of the suspension near-
est eacb test mass must Dot apply significant Nyquist
dissipation-fluctuation forces to the suspension. That is, the
"last stages" of the test mass suspension must have low me-
chanical losses. However, the concomitant high B normal
modes can result in large motions of the test masses at the
normal mode frequencies. This can lead to difficulties in the
servo conbol of the positions of the test masses since the
energy stored in this motion must be extracted by the sewo
before control can be achieved, and the motion may exeeed
the dynamic range of the transducer. Funher, the high 0's
may allect the stability of rhe seno.J

The hi-eh 0 normal modes can be damped by imple-
menting a seryo control which uses either an inertjal or non-
inertial sensor to monitor the motion of the suspended
masses, and then applies a correction force to the appropriate
part of the suspension system.r An example of a noninenial
sensor is a shadow-position sensor,'as used on prototype
interfercmete6. which consisls of a flag that is mounted on
the sensed surface and is free to move between a lighF
emiming diode and photodiode that are mounted on a refer-
ence surface. However this type of sensor has the disadvan-
tage that it is as sensitive to the motion of the rettrence
surface as it is to motion of the sensed surface; which could
result in high tiequency vibrations being imposed on the
suspended test mais unless the referetce surface was suffi-
cienrly well isolated from eovironmenhi and seismic
vibrations.' Fufiher. a noninertial sensor is sensitive only to
the relative motion of the sensed and reference surt'aces.
Thus, if a suspended reference mass was used then the non-
ineftial sensor would not damp the common mode motion of
the tesl and reference masses-

An inenial sensor such as a mass-loaded piezoelectric
accelerometer does not have these problems; but perhaps
would appear to have a more serious problem in that it does
not have much sensitivity to low frequency displacements.
We will show, however, that such a sensor may be used in a
normal-mode damping servo without introducing excessive
noise-

We will consider the two-sta8e suspension system shown
in Fig. l� The motion of rhe intermediate mass is sensed
using a mass-loaded piezoelectric accelerometer. The model
assumes that the correction force is applied to the intermedi-
ate mass using a magnetic actualor similar to lhose used in
prototype interferomete$.4 To decide whether the piezoelec-
tdc accelerometer is suitable, we need lo determine the sig-
nal produced by the accelerometer and the noise produced by
the piezoceramic and prearnplifier. These parameters can
then be used to calculate the closed-loop noise imposed,on
the test mass by a realistic servo loop. Clearly we require thar
the servo electronic noise not limit the sensitivity of the de-
tector at ils operating frequencies (>100 Hz), and that the
residual low frequency noise imposed on the test mass by the
servo noise be less than the residual low frequency noise due
to seismic excitation.

This control system is an example of an active vibration
isolation system in which only the 0 of the rnechanica.l sys-
tem is controlled, Active isolation systems can also be used
to increase the isolation by using feedback to actively reduc€
the mechanical resonant frequency.r However. such control
systems require more complex sensors which have better low
frequency sensitivitv.

II. PIEZOELECTFIC ACCELEFOMETEF AND
PREAMPLIFIER

Piezoelectric accelerometen can be conligured to apply
ei$er a compressive or shear stress to the piezoceramic.b
However. the best sensitivity and the lowest pyroelectric in-
duced noise is obtained by operating rhe piezoceramic in
shear mode.

The ourput of the piezoceramic can be preamplified us-
ing either a cbarge-sensitiv€ amplifer. which converts the
charge induced on the electrodes of rhe piezoceramic by the
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FIC. l. Schematic of rhe twe.stage suspension considered in rhis DaDcr The
!ienal from rhe accel.rometer is rmpli6ed and fihered, and rhen fiejback to
the "voice coil" which applies a force to the magnet mounred on the inrer_
mediate mass.

applied stress to an output voltage, or a noninvening voltage
amplifier which amplifles the potential difference induced
across the piezoceramic electrodes by the applied sress. We
begin this section by predicting that the signal-to-noise ratio
obtained when using a charge-sensitive amplifier will be very
similar to that obtained using a voltage amplifier, and con-
clude by demonstrating rhat the predicted noise for the
charge configuradon is in good agreement with experiment.

A. Signal at the outprrt of the preamptitier

The induced charge and induced voltage are given by

induced charge=mrrr2r9d,r, {l)

m@-.Xn' l  t \
rnduced vollage= -:_-j, 

Q)
v p

where rz is the mass of the inertial load, r,r is the angular
frequency of the appiied saess, _16 is the amplitude of the
motion, dl5 is the charge de[sity/shear stress at consrant
electric fleld, and Co is the capacitance of the piezoceramic.

To determine the volage that appears at the ouqrut of rhe
preamplifier we need to model the cable that connecrs the
piezoceramic to the preamplifier, and the amplifier. Neglect-
ing the various noise generators for the moment, the accel-
erometer and preamplifier can be modeled as shown in Fig.
2.

At frequencies well below the intemal rcsonant fre-
quency of the piezoceramic (which is ideally > several kHz),
the signal at the ouFut of the charge-sensitive amplifier is
given by

FIC. 3. The models used to delermine the tralrsfer function of rhe Diezoce-
ramic acceleromeler and {ar a charge-sersirive preampli6er. and ibl a voh_
age preamplifier Ce and R, represenr rhc capffirance and leajiage relisrnnce
ot the prezocemmrc. C. represenls the capacitance of the cable that connects
tne rcceleromElEr to the preamplifer. Nole tllal .he feedback rsjsror R. js
rcquircd to limir the dc gain of the charge-sensirivc preamplifier It resol; in
additional phase advMce of lhe signal. however, and rhis phase advance
mus! be subsequcndy conected if lhE signal is ro be used in a servo l@D.

i^rtroarrar(,t*fi)
1+ j  a(Co+ C")R,

provided that Rd>Rp , Note that the cable
tenuaks the signal from the piezoceramic.

Thus, the charge-sensitive amplifier configuration would
appear to be better However, this conclusion neglects the
nolse produced by each configurarion, and consideration of
the signal-to-noise ratio indicates that there is verv little dif-
ference between the two configurations.

B. Noise at the output ol the preamplitier

An expression for dre noise at the output of the pr€amp-
lifier can be determined using the models shown in Fig. 3. It
can be shown that the spectral density of voltage noise at the
output of the charge-sensitive amplifier is given by

(4.)

capacitance at-

,, 
- jnro3xsd15R'r

( t+ j toc f i i \ (3)

provided that AoLCf>Ce+C, and AsyRp a ) r?r1. whgre
AoL is the openJoop gain of the op-amp, lQr1,1= RolR,1/
(Re+R/ ) , lR j  =  ( l  +  R1/R. )Rp,  a .ndR2is  the  inpur  imped-
ance of tlte op-amp. Thus, the output signal produced by the
charge-sensitive amplifier configuration is unaffected by the
cable capacitance.

Similarly, the signal ar rhe output of the voltage amplifier
is given by

' " ̂,-6#Fr) { iia ;ffe]" ""
+4kBTaC p tan

where

Rr,Xo= RrRo /(R1+ R),

sX,.n=s,+ lz,,1r(s,- T),
si""*s,+T+H
Zjn= \ l ( I  +  jaC3\ ) ,
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Similarly, the specral density of voltage noise at the
output of the voltage amplifier is giyen by

I  n" \ ' � f  t  n]  Is,' ou'-f t + & / tq "".1il;{c;zJ4l

x!4k1rrlc etan d+ sl"nl] ,

where

S!,.6S,+ 4,t6llt 112 +.iil i1:,

4k"T(Y :s +----:-- r , c n  - ,  
R p

r t  p1 ;2  =R 1R2 / (R1+R2) ,

assuming tan 6<1.

FIG. 3. The models used ro determire rhe ooise at the output of the (a)
charge-sensitive prcamplner. and (b) voltage preamplifier, .D, et, a t, er,
and e' represent the Johnson noise produccd by r}€ associated resisrors. e,
represcnts thc Johnson noise p.oduced by the rcsistsnc€ associatcd wiih the
loss tangent of the piezoceaamic, R t=la'l BaC,, ?. and id replesent rhc
equivalenr input voltage and cufienl noise ofdle op-amp; they are related to
thc mor€^u ailt sp€.i6€d (single-sided) €quivalcni input noises ,, and i,
by ei= e:n nd i i= i : .

S, and 51 are the spectral density of voltage and curent
noise of the op-amp, and tan 6 is the loss tangent of tJte
piezoceramic. The derivation of !q. (5) assumed that
tan &1, &l and R2<Ry and C7(Co.

(6)

C. Signal-to-noise ratlo

Using the above equations, the signal-to-noise ratio for
the charge configuration, SNR4 , is given by

slrR; =
n2 a6 xfdzr,

t L 
-=--fr- 

lsl.,n+ 
a k nroc o tan d* sfl"rri

and the. SNR for the vohage configuration, SNR' , is given by

^ ^2r6*f,d2u
SNR; =

1 f 
---fr 

lsl''n+ 
4 k Br'c e tan d+''i"n.i

In practice 5f ..n - 4,"r, Sl."r * {"u, and ̂R >Xo, and
thus SNR{=SNR,,. The remainder of the paper will there-
fore consider only the charge configuration.

D. Frequency dependence ol the output nolse

To elucidate the frequency dependence of the noise at
the output of the CSA, it is convenient to rewrite Eq. (5) as
follows:
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FIG. J. Circuit used ro derermine componenr values in the chaige-sensilive
amplifier.

The actual values of C7 and Ri can be determined using
the circuit shown in Fig. 5. which'has a gain given by

I  R', ' �  I ' ,
-  

I  1 +  @ " C i R ; -  . l

frequency

(10)

( l  l )

E. Comparison ot predicted output noise with
measufements

To show that the model accumrely predicts the ourput
noise, it is imp,ortanr that the values of the componenrs in the
model arc determined independently of any noise measure-
menl Fonunately, it is possible to independently detemine
most of the component values.
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The frequency dependence of the noise specral density
can be summarized as shown in Fig. 4. At high frequencies
the noise is dominated by effective voltage noise (S,,.p)
which is white at high frequencies arld is proportional to
approximately lf at low frequencies. In this frequency
range

l f  - + r  \ 2
t * - l= . r -J t , *

The gain is largest ar high frequencies where ir has the value
C "l C 1, and at @= tt3 dB= IlC fRi the gain is 3 dB less than
the maximum. Thus, measurernent of the maximum gain and
ta3 dB will allow the actual values of C, and R. to be calcu-
lated. Our CSA has C7=3.25 pF and Rr= 1.68x t0r0 O.

5r..6 can be esrimared by placing a low capacitance, low
loss langent, high leakage resisrance (polystyren e) ba4citor
on the input of the CSA and measuring the noise on the
output at a sufficiently Jow frequency that the loss tangent
and effective voltage noise contributions are negligible (0.t
Hz, for example). Equation (l l) can then be used to calculae
Si.41. Our CSA has 5;..6 = 1.27 X 10-30 A?Hz, which is
close to. that calculatsl using rhe specifiedT input cunent
noise (Sl'/=0.3 fA/VHz) and Rp= I x t0rr O. The conribu-
tion to S,.eff due to Su.cf is negligible. Since the effective
cunent noise is dominated by the Nyquist noise from rt, and
the leakage resistance of the piezoceramic is expected io be
> 10" O, the above value of Si,.6 should be a good estimaE
of the effecdve current noise of the accelerometer and CSA.
Note that 51,.6 will be- indeperderr of frequency as S, is
frequency independent.?

The most accurate method of determining ,i,,"6{ar) is to
measure the output noise when rhe input is loaded by a se-
lecdon of low loss-rangent (polysryrine) capacirors which
maximize the output noise due to Su,€tr bui do not produce an
amplifer gain that exceeds the open-loop gain of the op-
amp. Tben. since Si..s has already been determined and
tan ,-5x l0-4 for low-loss polvstyrene capaciton, Eq. (9)
can be used to calculate Su.efi{@). For the CSA shown in Fig.
2, we used a 9950 pF capacitor to determine the 0.1_50 H-z
norse, a ll58 pF capacitor to d€termine the 100_500 Hz
noise. and a 241 pF capacitor to dgtermine the l_5 kHz
noise- We obuined 5,1?n * t.O nV/1iH-z at high frequencies,
ano me tow-trequency comer was ar - 100 Hz.

To check the model's predictions a piezoceramic device
that had minimal sensitivity to mechanical vibrations was
consfu€led. It consisted of two shear_p.l ate pz26
piezoceramics8 that were bonded to an end-face of a brass
cylinder, with their polarization ares pointed in opposite di-
rections, and elecbically connected in parallel. The ceramics
had been annealed after polarizarion so as ro minimize aging.
Thin wires werc used to connect rhe device to the CSA. The
p.11.""":.f ,.h:_:ompound piezoceramic were Cr=376 pF
and tan d=3X l0-r. The measured outpur noise and the pre_
dicted noise are shown in Fig. 6. Note that the agreement is
very 8ood. and so the acceleromerer_CSA model can be
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The noise conrribution due to the loss tansent of the
piezoceramic is also proponional to lf lassumirg the loss
langent i6elf is independent of frequency) and will only be
significant relative to the voltage noise contribution if the
loss tangent is large. At low frequencies the noise becomes
dominated by the effective cur€nt noise:
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FlG. 6. The measured (box symbols) and predicted (pius symbols) noise at
the outpu! of |J|e charg€-s€nsirive ampiifier.

used with confidence to predict the residual noise in the
servo loop, The disagrcement b€tween the measurements and
predictions at 20 and 50 Hz is due to environmental me-
chanical noise.

Figure 7 illustrates how tbe loss tangent of the piezoce-
ramic affects the output noise; for Cr:376 pF,
tan ,< I x l0-r is required to remove the effeci of loss taa-
gent noise. I Pz26 (d r=4QQ pClN)8 accelerometer with an
inenial mass of I kg and Co=376 pF would have an open-
loop displacement sensitiviry of about 4xl0-ro mllHz at
l0O Hz- In contrast, the higher loss tangent noise in a Pz29
(drs:700 pC7N. ran ,-2X l0-l) acceleromerer rhar had rhe
same geom€try (and therefore diffggnr Cp) would result in a
sensitivity of about 7X 10-ra rn/iHz ar 100 Hz.

III. ACTIVE DAMPING OF A TWO.STAGE PENDULUM
SUSPENSION

The loop diagnm of the acdve damping servo modJ is
shown in Fig. 8 and analyzed in fie Appendix. The support

FIC. E. Servo loop diagram used !o model the active damping of rhc normal
modes in r twGsm8e pendulum suspnsion- F, reprcsents lhe force applied
to the interm€diate mass due to the modon of the p€ndulum susp€nsion
point. Cl I represents the open loop respoose of lhe intermediate mass to an
apptied force. fbe uansfer funcdon of th€ piezoelectric acceleronreter and
preaftplifrer is represented by S. The sisnal f.om the premplifier is ampli-
tied using r 6her wj(h !-rnsfer flncrio0 Fr to ensure stability of the servo
loop. a.d a filter with transfer function Fr to remove excess nois€ at high
frcquencies. The signai from the second nltff is coovened o a curreD! and
fcd to the actuator which has a lransfer function A. lrr relates the closed-
loop molion of the test mass |o tlat of the inlermediate mess. The eleclronic
noise added to the loop is rcpres€nted by S,.,, the oueut voitage nois. of
tlle preamplifier, aod 5,,", the input voltage noise of the actuator The inpul
voltage nois€ of thc fituers is negligible.

point of the suspension experiences a displacement X"(r)
due to seismic (and other environmental) vibrations which,
in htrn, exerts a force .F"(s) on the intermediate mass and
produces motion of the intermediate and test masses. The
modon of the intermediate mass is detected using the piezo-
ceramic accelerometer and charye-sensitive preamplifier (S)
discussed above. The sigaal from the preamplifier is filtered
(F1) to ensure loop stability, and the excess high frequency
noise is removed using a low-pass amplifier (F2). The signal
is then converted to a curre[t and fed to a nonconhcting
magnetic actuator (,4) which applies a coffection force Ff s)
to the intermediate mass- The accelerometer should use a
large inertial mass to maximize its sensitivity and minimize
the effect of noise, particularly low frequency noise added by
the preamplifier.

The closed loop rcsponse of the intermediale mass to
F,(r) can be determined using

C ,  ' ( s ) F . ( s )
Y. ^. / ( \ = __-___j_:_--i---_

I  + c r l ( s ) f l ( s ) '
(  l3)

wherc t1(r) =.t(r)F1(s)F2(s)l {s). The closed loop motion
ofthe test mass, X2s1(s), can be deduced from the motion of
the intermediate mass using X,.r(s) = T12(s)X16s(s), as out-
lined in the Appendix.

A. Servo loop stability

we car ensure that the servo loop is stable and obtain
acceptable trursieDt response by requiring tha;t 27113
>ary(G tF\> -2T/3 while lG Lrll l>0 dB.

The low frequency behavior of C,F1 is dominated by
G11 and 5 in the absence of F,. lG1ll is independenr of s
below the coupied mechanical rcsonant frequency of the in-
termediate mass and then "rolls-off" as s-'. From Eq. (3),

'o' iF

1 o '  3

.t

:  r ^ _

=  i ^ -

o

1 0 -' -  
l O - ,  1 O o  1 O r  t O 2  1 0 !  1 0 .

FrsquEncy (Hz)

RC- 7. An illustration of how lhe oueut noise of fie charge'sensidve
ampLifie. er'ould increase as the loss tahg€D! of fte piezoceramic was in-
creised f rom jx lo-r  ro lx  l0-1 to :x l0 r .

msJ  d , ,R ' ,
s{ 5 ) + ----------j:--l-

( I + sCrRi)

and rhus lSl increases as si at very low frequencies (below
the comer frequency of the CSA) and then increases as sr.

( 14)



Therefore. lGr lf/l would increase as s3 at verv low freouen-
cies. and then increase as sl unti l the mechanical resonanr
frequency, after which it would become indeDendenr of s.
Thus. ar very low frequencies. the loop gain (C lt) would
have a 3d2 phase lead, which must be reduced to l"ss rhun
z before lG,,llJ becomes larger than 0 dB-

To ensure stability, Ft must provide some phase las at
low frequencies. Thar is. it musr be a iow-oass iher:

with a comer frequency, @"1, below the mechanical resonant
frequencv. The optimum position of fte low-Dass corner u,ill

( 1 5 )

be determined by the position of the CSA corner frequency
relative to the mechanical resonant frequency, and the max!
mum loop gain required. The net effect should be to yield a
phase lead -2trl3 at the low frequency 0 dB point. An ad-
ditional effect of F1 being a low pass filter is rhat the roll-off
of the loop gain above the mechanical rcsonant frequencv
will become s-1, and rhus ensure that rhe phase "r rhe-upper
0 dB point is also suitable. The servo loop will therefore be
stable provided that any phase lags resulting from F2(.r) and
A(i) do not significandy degmde the phase margin at the
upper 0 dB point.

The Bode plots of the loop gain are shown in Fig. 9. We
have assumed the following parameten:

intermediare lnass
test mass

CSA
filier Fr

rnr= l0 kg
mr= l0 kg
n = 1  k e
tan 6=3X10-l
C F3.25 pF
aaDn=0.065 Hz

ut/2n=0.1 Hz
oEt=0.1 Hz
d15=4O0 pC,N

R/= 1.68x !0ro O

0r=  106
4z= ld
c' =s00 pF

Rr =29 kO

R r = l x l 0 r ' O

R:= | kO

In addition, we have assumed that the noise reduction
filter, .F:, is a two-pole Chebyshev (2 dB) low-pass flter
with a -comer frequency a,2/2r=5 Hz and a transfer
functione

K(f ,."t)2
s'� + rtar.:(3 - K) + t-f ,r,j'

(16)

where K=2.114 and /":9.9q7.t0
The ddve-stage amplifier is assumed to have the circuit

shown in Fig. 10, and thus the actuator has a uansfer func-
tior

fitR^) F "^
.4 f c \ = ---------l----:-"  -  

[ r  +s( r . /R1)J ' (17)

where Z.=20 mH, R1:l kO. and .F6" is the dc force per
ampere that would be applied by the actuator. The value of
R" is determined by the required (dc) dynamic range of the
actuator. For example, if the maximum output voltage of the
op-amps was l0 V and a dynamic nnge of d*,"" was re_
quired then

FIC. 9. Bcde ptots for the assunred s€rvo IooD. Thc solid line is Z0
logl6]rHl and th€ dashed line rs l0 algf6||Hl The psramerels assumed in
lhe calcularion arc listed in lhc rexr.

^ /  r0y\  Fdc I  tov \  Fdc^'= la.-*/ cr('=o) =(d,-,"1 
td ( l8)

Thus, in this panicular example, a dynamic range of 0.4 mm
would require Rs=58 O assuming that fd"=0.9 N/A (this
coresponds to thredr prototype magnetic actuatorsa acting in
parallel).

The only remaining free parameter in the servo loop out-
lined above is G,, which can be varied to adjust the damping
of the normal modes. However, varying C1 will also change
the servo phase margins which could degrade the servo ier
formance at other frequencies. It can be shown that a normal
mode will be critically damped if

sFfF 2Al,=i,,= j2n,al, (19)

where mo and tern are the mass and frequency of the normal
mode. Thus, in this case, the normal modes will be appmx!
mately critically damped if

G-ck=-z(nt l i ' '  )  , t {1,
\ m  l \ a " 1 1  d 6 K F a ,

FIC. 10. ciftuit diag?m of the assuined dive,sragc anplifier. L. is the
inductancc of lhc "loice 

coil rhar prodKcs lhe dflve maqneric field. R.,
prev.nts saturauon of ahe op-amps at high frequeDctes.
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