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Abstract

We present a calculation of the phase noise in a ccycled interferometer with Fabry-Pemt cavities in the afms, induced
by the coupling of the geometrical nuctuations of the input laser witi geometrical asymmetdes of the inrerfercmeter. By
comparison with the shoi-noise limit planned for long-baseline interferometdc gravitational wave deteclo6, upper limits in
interferometer misalig[ments arc establish€d.

l. lntroduction

In recent years a great interest has been shown in the long-baseline Michelson interferom€ters as possible
detectors of graYitational waves I l-3]. Because of the wealness of the forces exerted by a gravitational wave
on the test masses (the mirrors of the interferometers ), panicular care has been devoted to analyze all possible
effects which can decrease the sensitivity of these interferometers with respert to the ultimate limit imposed
by the photon counting noise [4]. In 1981, Riidiger et al. [5] pointed out that geometrical fluctuations of
the input laser beam generate a phase noise if th€ interf€rometer is not perfectly aligned, through coupling to
the geometrical asymmetries of the interferometer. In their case, the interferometer analyz€d was a multipass
Michelson interferometer without recycling. Nowadays various detectors which are being buitt in the world, like
LIGO [2] and VIRGO [3], utilize Michelson interferometers with Fabry-Perot cavities as optical multiplicators
in the arms and a recycling minor [6] to increase the power circulating in the interferometer. Extending the
calculation for this type of interferometers, and for typical experimental values of geometrical fluctuations of
the itput laser beam, ailows one to evaluate the upper limits for the interferometer misalignments. In order to
not !o limit the analysis to a particular phase-detection scheme (frontal modulation [7], extemat modulation
-Gif, -r. 
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Fig. l. The 6elds in the inietferorneter "MC' is $e recycling mino.. "BS" is fie b€m splitler "cavitv I " and "cavity 2" a'te the Pabry-Perot

clvitics

I g] , . . .) we have calculated the phase difference of the two interfering beams at the output photodiode, and

"ompar.A it to the shot-noise lirniied phase sensitivity of VIRGO/LIGO' The calculation is analytical, at the

first order in the misalignments and jitteru, and it is frequency dependent'

2, The field in the rccyding cavitY

A useful way to describe small misalignments of a Fabry-Perot cavity is ftat of referring its eigenmodes

to a set of perflct Gaussian modes, chosen by convenience, in a panicular plane of the space, typically at the

waist [9,10].
In our case, we can describe the misalignments of the interferometer by fixing the position of the recycling

mirlor and allowing the two Fabry-Perot cavities of the alms to move. By considering that a lotation of the

bean-splitter, which is flat, is equivalent to a rotation of the two Fabry-Perot cavities, we see that _a general

descripiion is given in Fig. l, where the modes of the cavities are slightly different from the modes of the

interftrometer, as referred to the fixed position of the recycling mirror'

The misalignments that are going to be considered aIe, without loss of generality, lateral tlanslations and

rotations in only one dimension, sa/the one conesponding to the t-direction (because the )-dircction will lead

to idendcal erpressions) and waisi mismatches, in size and position. In the first case it is convenienl to use a

Canesian cooriinate system, and consider the Hermite-Causs spatial modes, du (one spatial mode number m is

sufficienr, since we are o[ly interested in the -r-direction); for the waist mismatches, it is convenient to use the

L:guene-Gauss modes, Vi, with angular mode numbers / = 0, because we are interested in the axisymmeric

modes (the ones being excited by waist mismatches).
In case of translations rr.2 and rotations d1.2, the two cavities fundamental modes fl and fl can be written

in first order [0] as

d o . , , z *  d o  + e t , d t ,  
( l )

where in case of translation e\.r= x12fwn, and in case of-rotation-s e\,2= i?tz(twoll): here l,is.th€ light

wavelength and ws is the waist si; of ih" G"ussian .odes of the perfectly aligned cavities, supposedly identical'

In a similar way, when we consider waist size mismatches 6w1.2 ?urd waist positions mismatches 6zt.z, lhe two

cavitjes' fundamental modes f! and {! can be w tten as I l0]

f , x l d  + k 1 . 2 v t ,
(z)
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where in case of size m.ismatches k1.z= 6.r.2/*0, and in case of position mismatches kl.2= i( A6zt,2lZ7r$4).
Analogously, the iocident beam (supposedly perfectly matched to the perfect interferomerer in the absence

ofjitter) can be written as

Ein x  A(go f  Pdr)exp( iaror) ,

where p|( r) = l(t) /wo if lateral beam jitter 1( l) is considered and B! ( t) = i|(t) (.rwol l) if angular j iuer g( r)
is considered. If the size or prosition fluctualions are considered, similar expressions hold, except for modes Vn
instead of /' and corresponding expansions must be considered.

As a case of particular interest, let us suppose that the two cavities are translated (by an amount rr!12, anq
that the input beam is oscil lating at an angle A(r) in the .r-direction.

Because the response ofa Fabry-Perot cavity is frequency dependent, it is useful to consider a given frequency
of thejitter of the beam and write p^(t) = +iqobi-t +e-i-,), where 9o=1oOrwo/t).

The incident field is now the superposition of three electric fields with different frequencies: one, E!, having
components only on the fundamental mode @0, with frequency o.16,

ro=Adoexp( ia ro l ) ,

and the two othe6, El, having components on the lransverse mode t'l
t@,

Et  =  A6t  i (po l2 )  exp l i (a ,o  +  @)r l .

The misaligned interferometer mixes up these incident modes, so that the interferometer field Erec at a particular
sideband fre4uency, say ao + o, can be conyeniently written as

Ee (ao * a) = M (ao * o) E;n(@o + o)) , ( 6 )

where E(r'r) is a two-element yector having as components the projections of the electric field onto the /0 and
/l modes. The matrix M, taking into account only the first-order terms in the misalignments, can be calculated
as a sum of all the reflections of the beam in going forth and back in the interferometer, as shown in Appendix

In this approximation, the matrix M is given by

( 3 )
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Here r6l(ar1 gie(-) is the reflectivity of the Fabry-Peror cavities, with /(ar) x l l  I 1cclj f4rLF)2)-t/2,
g = 4LF<o/trc, c is the yelociry of rhe l ight, €=€l + €2 = Gt + x)/wo, L is the length of the caviries in
the arms, F their finesse, and rp and .R are the transmirtivity and the reflectivity of the recycling mirror. The
reflectivity of the cavities for the first transverse mode, rr, is assumed to be real because the cavities are not
degenerate (see Appendix A).

If there is no j itter (,Ein = (1;0)Aei'4') and if the interferometer is perfecdy aligned (e = 0), the field
circulating in the interferometer remains on the d0 (TEM00) mode, and it is equat to the incident field
amplif ied by the recycling gain factor C = tr/(l - rRr0), as expected: Fs = (rR/(l - rRro);0)Aeiq'.

In the more general case the electric field circulating in the recycling cavity can be obtained by superposing
the (recirculated) incident 6elds: the freld incident at the fundamental mode E9, with the frequency.rr0 perf€ctly
resonating in the cavities, and the .El mode, with a frequency shifted by +ar.

(7 )
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Multiplying for the matrix M, with proper frequency, and superposing !hem, we can exprcss the field in the

recycling cavitY as

rm = [M(r , ro)(  l ;0)  + M(ao+ &/) (0:  ] ipo)e+' ' ' l  Aei"or  (8)

( t" i9oel / I I \ ,".,= 
t l  - ' - , r  - ' - -+  

[ \ f - . - -11 , ;6  
-  

|  + ' , . * i " -
. (  ,  t  \ . - ' - , . l  . . . /  t  _ _ _ _ L _ ) * . F o h ] r ; ^ , .  ( e )i  

\  I  -  r R r g / ( - a r , )  e - ' ,  
-  

l + r r r * ) "  l " * t \ t - t * . - l + r * r ,  ) '  t + r s t " -

Wc may already nore rhe coupling of the jitter (Bo) and latelal misalignments (e) in the /0 component of

C*, at the sideband frequencies arg I a.r.

3. Eff€cts of misalignments

Srarting from the expression of .En* we can calculate ahe two electric fields interfering at the outPut of the

interferometer. With the notation of Fig. I we obain

4* = +( (E'�*ld?)r?dl + (E*ldl)rldl ),
E* = +( lt'" 142) {oi + F" l6i) ii4]il.

The phase of the interfering beams is dominated by the relative phase of lhe electric fields on the du mode'

and the components of the fields on the d0 mode are given by

(  l0)

( l l )

(t2)

(  t 3 )

) \
t l

|  .  
( 7 )

I

n L f  ) '  l

re cavities in
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The phase difference at the frequency ar is finally given by

/  .  r r  l r n f ( a ) d e  I  - r o r n ) .  
( 1 4 )t / = R e l ( e r  - e z ) f t -'  \  r o  l + ' ' r r q )

In this formula it is worth noting that the phase noise is proportional to the product of the amplitude of the

component of the asymmetry of the interferometer on the {l mode, and the amplitude of the quadrature-

component of the incident field on the same rnode. It is ersy to verify that this result is also valid, if we

consider the coupling betwecn the lateral jitters of a laser with angular misalignments of the interferometer'

while coupling between components with the same geometrical phase (like translations of the cavities -

flucruations in posirions of tbe b€an) produces only a change in the light circulating in the interferometer (a

power decrease). but no phase noise, within our approximations.
In rhe same way, considering the waist fluctuations of the input laser, we obtain the same expression, excePt

thar the coupling is now between the diameter fluctuations of the laser and the difference . in position of the

waist in the iwo cavilies, and vice-versa. In the previous formula ( 14) € and B must now be interpreted as the

components of the analogous expansions on the first I-aguene-Gaussian modes'
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4. Results and conclusion

l'ooking at Eq. (14),let us first nole that in rhe absence of the recycling cavity and in the zero-frequency
limit, which implies 9 = 0, we find the same results as Rudiger et al. [5], Arso we notice ( non-surprisingry)
the filtering effects of the recycling cavity, which reduces the phase noise, in the zero-frequency limit, by the
factor ( I - rRro)/( I * rprl ), as is expected and as we have checked arso by beam-propagition computer code
l i l J .

If we consider that the cavities are not degenerate, so that ir is essentially not frequency dependent, the
frequency behaviour is described by the factor rt + rof(@J eiq, which shows a reduction of the noise effect tbr
frequencies that are antiresonant in the recycling cavity (p = n).

Nevertheless, when we consider the extreme sensitivity of the interferometers designed for gravitational wave
detection, the limits that formula ( l4) imposes for the misalignments of the interferometers, ie quite stringenr.
In fact' a.spectal density of the angular jitter of the laser, lleaned by an input mode-cleaner at the level of
dry l0-rr ftd/^rE; [12], and a recycring-minor reflectivity | -rsx2x lb-2, would te"a, ro. "*ampte in
the case of VIRGO (l= l.064 pm,wo=2 cm, recycling cavity power gain F= l00, laser power = l0 W), to
the Dhase noise

The modes c

Q i r = a
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6 ( t - 6 x 1 0 - 7 5 ,

A d * 3 x 1 9 - r r u 6 .

rad
,/Hz (  l 5 )

(  l 6 )

In order to have a noise ( tkee times) less than the shot-noise limited phase sensitivity of VIRCO, ty'so ='1.4 
x l0-rl tad/JHz, the transverse position of the optical axis of the cavities has to be maintained as well as

E, < l0-r m.

Taking into account that the position of the axis is controlled by orienting the curved mirrors (and that these
mirrors have a curvature radius typically of the order of the length of the cavities), we see that the mirrors
have to be aligned with an accuracy of the order of

In the case of the initial LIGO, the limits are of the sarne order of magnitude, even if a linle less stnngenr,
because the planned shot-noise lirnit is a bit worse than for VIRGO, and imposes angular residual misalignments
of the order of l0-8 rad, while the other possible kinds of nuctuations (waist mismatches) do not impose
11,::,.:f g! stringent limits, in both cases. In facr, the laser flucruarions [ 12] are of rhe order of 6Vws x
ll-t /'/Hz afi 6z(r/rwl) F lo-e /t/-ua after mode cleaning. By inserting this values in the above formula

!111, 
anq 

,copdering .symmerries of the cavities of the order of l0-3, we obtain a phase noise 6t/t z,
l0-'r rad/ {Hz, which is negligible.
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Appendix A. The matrix M

*-Rd:TIg to- Fig. l, ler us firsr suppose that the incident field has a componenr only on rhe do mode:
E"'= 44" exp Li(aro * ar)rl. Afrer the firsr refl€ction on the cavities, the fields qui and _eul are given by
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n* = 
Sr<o"toi)t?dl + (doldl)ildl), 4* = 

#((6olo3)i902 
+ (6ol4l\itd,)

Thc modes of the interferometer and the modes of the cavities are related by the expressions

6[ = S0 + e@t, 6l  = Qt -  r td l ,  d = 4o + ez6t,  d = d'  -  116o.

For the sake of simplicity, assuming Ihat the freguenry of the laser, even if shifted by the amount @ due

to rhe jitter, is always resonant in the cavities, even if not perfectly, we can write the complex reflection

f  = * r= - ro71r1exp( i9) ,  where f (ot )  = l l  +  (ca I  a t rLFl l  ) -112 and e(a)  =4LFaf  nc.
Here fr is the refleativity of the cavity for the first tnnsverse mode: because in the typical case of

LIGO/VIRGO the frequency distances of transverse modes are of the order of some kHz, in the frequency

range of interest these modes are never excited, and i1 = 71 can be assumed real.
The fields Efut and Elu' then take the expression

E'tt = -7 {* rnJ ko) exp( i9) /0 - e tlrof (a) exp(ip) + rr ldr },
v z

Ei" t  = +{- rof  @))  exp( ie)  S0 -  ezUof  (a)  exp( ie)  + r r  ldr } .
v 1

In this way, after the recombination at the beam splitter, and the reflection or the recycling mirror, the

contribution of this first round trip on rhe interferometer to the field of the recycling cavity can be written as

4" = Atx{rof @) exp(id 60 + }(€r + €2) [r0l(ar) exp(iq) + rr ]dr].

In the same way, considering an incident field with components only on the fl mode, the contribution after a
round trip is

E:lEc = ArR{i(€' + €)trof ki) exp(iqo) + ri6o - rftt},

so that we can write q* = F"'RA, where the mahix I is

_ ( rnfQt) e;e trGt + e)lrof @) eie + r1l \B = l  -  l .
\  i ( e r  + r : ) l r o l ( o s ) e i e  + r t )  - r t  )

The total field in the recycling cavity is then the sum of all the contributions, and it is given by

E* = E'"tn ) 8'.
fr

The sum can easily be performed taking irto account that the matrix B is symmetric and than the off-diagonal
elements are much smaller that the diagonal ones.

ln this case it is easy ro s€e that the off-diagonal elements do not give a contribution, at the fiIst order,
ro the diagonal elernents of the resulting matrix M. Fu hermore, in the same approximation, the off-diagonal

elements of M can be expressed as

t * = - - ! : L - (  |  -  |  )
B r r  -  8 : 2  \  l  -  B  

 

1  -  B z z )  
'

so that the matdx M assumes the form
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| - rR',f( @) de
M = t R

1 \
|  + r r r l , l

! (
2 \

€

l \
|  +  r t r l )- rpr6f (a) dc

I- 1 + t ' . -
2 \  I  -  rx r6 / l ro )de

wnere € = €l t-  €?.
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