Analysis of Parametric Oscillatory Instability

in Signal Recycled LIGO Interferometer with Different Arms

S.E. Strigin and S.P. Vyatchanin

Faculty of Physics, Moscow State University,
Moscow 119992, Russia,
e-mail:  svyatchanin@phys.msu.su
(Dated: November 3, 2006)

The basis of undesirable effect of parametric oscillatory instability in signal recycled LIGO in-
terferometer is the excitation of the additional (Stokes) optical mode, with frequency w1, and the
mirror elastic mode, with frequency wm, when optical energy stored in the main mode, with fre-
quency wy, exceeds the certain threshold and the frequencies are related as wo ~ wi + wm. We
analyze parametric instability in the general case when eigen frequencies of Fabry-Perot (FP) cav-
ities in arms of interferometer are detuned from each other and show that parametric instability
in this interferometer is relatively small due to small bandwidth of interferometer. We propose
to “scan” the frequency range where parametric instability may take place varying the position of

signal recycling mirror.

I. INTRODUCTION

The full scale terrestrial interferometric gravitational
wave antennae LIGO are operating now and have sensi-
tivity, expressed in terms of the metric perturbation am-
plitude, only 2 or 3 times worse than the planned level
of h ~ 1 x 10721 [1, 2] (see current sensitivity curve in
[3]). In Advanced LIGO (to be realized in approximately
2012), after the improvement of the isolation from noises
in the mirrors of the 4 km long optical Fabry-Perot (FP)
cavities and increasing the optical power circulating in
the resonator up to W ~ 830 kW the sensitivity is ex-
pected to reach the value of h ~ 1 x 10722 [4, 5].

In [6] we have analyzed the undesirable effect of para-
metric oscillatory instability in the FP cavity, which may
cause a substantial decrease of the antennae sensitivity
or even the antenna malfunction. This effect appears
above the certain threshold of the optical power W, cir-
culating in the main mode, when the difference wo — w;
between the frequency wy of the main optical mode and
the frequency wj of the idle (Stokes) mode is close to
the frequency w., of the mirror mechanical degree of
freedom. The coupling between these three modes arises
due to the ponderomotive pressure of light in the main
and Stokes modes and the parametric action of mechan-
ical oscillation on the optical modes. Above the critical
value of light power W, the amplitude of mechanical os-
cillation rises exponentially as well as optical power in
the idle (Stokes) optical mode. However, E. D’ Ambrosio
and W. Kells have shown [7] that if in the same single
dimensional model the anti-Stokes mode (with frequency
Wiaq = Wo + Wy ) is taken into account, then the effect
of parametric instability will be substantially dumped or
even excluded. In [8] it has been presented the analy-
sis based on the model of power recycled LIGO interfer-
ometer and it was demonstrated that anti-Stokes mode
could not completely suppress the effect of parametric
oscillatory instability. As possible “cure” to avoid the
parametric instability we have proposed to change the

mirror shape and introduce low noise damping [9]. D.
Blair with collaborators proposed valuable idea to heat
the test masses in order to vary curvature radii of mir-
rors in interferometer and hence to control detuning and
decrease overlapping factor between optical and acoustic
modes [10-12]. Recently, the instability produced by op-
tical rigidity was observed in experiment [13]. Paramet-
ric instability was also observed in resonant bar detectors
with microwave resonant readout [14].

It is interesting that the effect of parametric instability
is important not only for large scale LIGO interferometer.
K. Vahala with collaborators observed it for micro scale
whispering gallery optical resonators [15, 16].

Recently we have proposed the detail analysis of para-
metric instability in signal recycled Advanced LIGO in-
terferometer (i.e. with additional signal recycling (SR)
mirror)[17], assuming that FP cavities in arms are opti-
cally identical. However, Bill Kells [18, 19] put attention
that FP cavities in arms can have different eigen frequen-
cies because curvature radii of mirrors may differ from
each other by about several meters (~ 0.1%). Indeed,
for the frequencies of Hermite-Gauss modes in FP cavity
with mirrors radii Ry, Ry and length L between them we
have formula [20]

wqmn=%<q+(m+n+1)%), (1.1)
¢ = arccos( £/9192), g1,2:1—L. (1.2)

Ri2

Here q = 0,1,2... is longitudinal index, m, n are
transversal indices, g1, g are g-factors, ¢ is Guoy phase.
In formula for ¢ sign (+) applies if g1 > 0, g2 > 0,
sign (—) applies if g1 < 0, g2 < 0, different signs (i.e.
g192 < 0) corresponds to unstable resonator.

For parameters planned in Advanced LIGO [5]

Ri2=2076+3m, L=4km,

g12=9=-0.9265+3x1073, ¢ ~0.3858, (1.4)
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FIG. 1: Eigen modes of FP cavities in different arms. Main
modes with indices m = n = 0 (shown by higher peaks) are
tuned in resonance and other modes differ in FP cavities.

the frequencies of modes will differ by

———— ~+(m+n+1)100Hz. (1.5)
It is a large value if we remember that frequency range
of Advanced LIGO sensitivity is planned between 50 and
500 Hz and relaxation rate of optical modes in interfer-
ometer — about 2 sec”'. Recall that main modes of FP
cavities in arms are tuned in resonance by feedback con-
trol system. Then additional modes (which can play role
of Stokes modes) will be different as shown in Fig. 1. Tt
means that we can not consider FP cavities in arms to
be optically identical ones as in [17].

In this paper we analyze parametric instability in Ad-
vanced LIGO interferometer with detuned arms. We
show that arms detuning provides shift of normal fre-
quencies of whole interferometer, however, the probabil-
ity of parametric instability does not differ considerably
from the case of optically identical arms. It means that,
on the one hand, the parametric instability in this inter-
ferometer can appear at low optical power (about several
Watts) but, on the other hand, the probability that para-
metric instability condition will be fulfilled is small due
to small relaxation rates of optical modes (about several
Hz).

In section IT we derive the parametric instability con-
ditions in signal recycled LIGO interferometer with de-
tuned arms, we discuss these results in section III. The
details of calculations we present in Appendices.

II. SIGNAL RECYCLED INTERFEROMETER
WITH DIFFERENT FP CAVITIES IN ARMS

We consider the LIGO interferometer with signal recy-
cling (SR) and power recycling (PR) mirrors — see fig. 2.
Simplifications are the following:

e We do not take into account optical losses and sus-
pension noise in all mirrors.

e Higen frequencies w; and w; of Stokes modes in FP
cavities in arms slightly differ from mean frequency
ws = (w7 + w3z)/2 by arms detuning d = (w7 —
wz)/2 so that wy = ws =+ d. For simplicity we
assume that relaxation rates and transparencies of
input mirrors are the same: y; = vy, =v, T) =
T, =T.

e The distances between input FP mirrors and beam
splitter and between beam splitter and PR , SR
mirrors are short (about several meters) — hence
we consider the phase advance of waves traveling
between these mirrors as a constant and omit de-
pendence on frequency (of these phases).

Interferometer is pumped via port Fs.

A. FP cavities in arms

We introduce the mean amplitude and small fluctua-
tional amplitude (denoting by small letters). For exam-
ple for amplitude in FP cavity 1 this means: Fiin =
Fo + fi1in, where mean field Fy corresponds to main
mode with frequency wo and fluctuational field fqin, —
to Stokes mode with mean frequency wgs. We start from
formula (A10) in Appendix A:

T, 2ikz! (A — Q)

f1in (Q) = T1£1(Q) + N1 Fo - , (21
VT
6](Q) =TRf; (Q)*N]}—o'f] ZlkZ?(Afﬁ) y (22)
2iy Y +1Q —d)
T = —frr s
VT —ie-aq)’ M=y e a
(2.3)
A=wy— Wsg — W, 2.4)
w1 + wy w2 — W1
21(Q) =x1(Q) —y1(Q), v =cT/4L,
f2in(Q) = T2f2(Q) + N2Fo TZZ*TZ—\/(TA_Q) , o (2:6)
ez(Q) = szz(Q) — szo T ZlkZE(A — Q) y (27)
2iy Y +iQ+d)
T — _ e
A uara) ¢ y-io+d’
(2.8)
22(Q) = x2(Q) —y2(Q), (2.9)

Ei =RiFy, E2=RuF;, Ri2=Ri2(Q=0).

Here N; is dimensionless overlapping factor (A3), A is
parametric instability (PI) detuning. We write down the
formula in frequency domain, introducing slow ampli-
tudes of mechanical displacement z; (t) = z1 (t) e t®¥mt 4
zi(t) e'mt and their Fourier transforms. In order to
clarify the presenting formulas we have to write in de-
tails the last term in (2.1) as following:

T;
Ty

Frin e Hwo—wi)t

X
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FIG. 2: Signal and power recycled LIGO interferometer. Here
F1, Ei are amplitudes on incur mirror of FP cavity 1 (and
on plane (1)), F2, E; are amplitudes on incur mirror of FP
cavity 2 and on beam splitter, F3, E3, F4, E4 are amplitudes
on beamsplitter.

x 2ik (z(Q’)e*"“‘”m*Q/)t +2}(Q) ei(wm+Q’)t) ‘

We omit non-resonance term ~ z(Q’) and then we equate
under exponent terms from the left and from the right in
(2.1):

—i0t = —i(wo —wi)t+ilwn, +Q)t - Q'=A-Q

B. Beam Splitter (BS)

We consider that F3, E3 and F4, E4 are amplitudes
on BS as it shown in Fig. 2. We assume that BS trans-
parency is Tys = 1/2 and the phase of wave due to travel-
ing between FP cavity 2 and BS is el®? = T and between
FP cavity 1 and BS is e'®1 =1. So we can imagine such
plane (i) (see Fig. 2) that phase advance between BS and
this plane is e'®' =i and between this plane and input
mirror of FP cavity 1 is fold to 2rt. Then F;, E; are
amplitudes on input mirror of FP cavity 1 (and on plane
(1)), F2, E are amplitudes on input mirror of FP cavity
2 and on BS:

 F iR 1

F = \/z , Fz——z(ng, +1'.F4), (210)
—F —F i

Fs=—F7—= F1=—(F —F), 2.11

3 7 4 \/i( 1—F2) (2.11)
—E1 — i(—E E

E3:Q, E4:1( 1 +E2) (2.12)

C. Power Recycling and Signal Recycling Mirrors

On PR mirror we have (F3 and E3 are amplitudes on

BS):

F3efi¢1” = 1\/ﬂF5 — mE3ei¢pr, (213)
Es =iy/TprE3e'®r — /1T —T,,Fs, (2.14)
d)pr = ((,U] + Ap‘r +Q)1pr/c- (215)

We assume that PR cavity in resonance: exp(idp:) =1
and we assume that ¢, does not depend on frequency
Q due to shortness of PR cavity(l,» < L). So we have:

F3 = /1= TyrE3 — /TprFs, (2.16)
Es = —/TprE3 — /1 — TprFs. (2.17)

On SR mirror we have (F4 and E4 are amplitudes on
BS):

Fie ' =i\/Ts,Fg — /1 — T, Eget®, (2.18)
Es =i/ T Eqe™® — /1 — T, Fe. (2.19)

We assume that SR cavity is not in resonance (i.e. ¢ =
(w14+Q)1s,/c is an arbitrary multiplayer) and we assume
that ¢ does not depend on frequency Q due to shortness
of SR cavity (lsy < L).

D. Equations for fields inside cavities

In order to find the equations for fields f1inn, f2in inside
cavities we substitute (2.11, 2.12) into set (2.16,2.18) and
then using Eqgs. (2.1, 2.2, 2.6, 2.7) we obtain equations:

frin (v4 — UQ — d)) + fain (v+ — UQ + ) = 24,
flin (T —1UQ —d)) — f2in (T —i(Q+d)) = Z_,

z, = NiFokz o leNiFokzy
L L
1—/1—T
vi=y—Y P Z, —Z 42, (2.20)
T+ /T—Tpr
1—e2io/T—T
=y —i=y—2" o (2.21)

14 e T T,

Here values y4, " have simple physical sense: vy (y_)
is a relaxation rate of symmetrical (anti-symmetrical)
mode in interferometers with non-detuned arms (i.e.
d = 0) [17] and & is a SR detuning of antisymmetric
mode depending on SR mirror position. Summing and
subtracting these equations we obtain:

flin (94 —1(Q—d)) + f2ing- = Z1, (2.22)

fling— + f2in (94 —UQ + d)) = 23, (2.23)
+T +v_ Fid

gs = =Y 2¥-FD (2.24)
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E. Ponderomotive forces

We have to add equation with ponderomotive force (see
Appendix A, Egs. (A13)):

21 +ymZ1 = 2Q i1 (t) et (2.25)
23 +YmZ2 = 2Qfain(t) et 2.26)
2 N 2 2
20 -2Vl 171 Fol” (2.27)
mcuw, L

F. Normal modes

We see that equations set (2.22,2.23) describe coupled
oscillators and, hence, we can introduce normal modes
(with complex amplitudes &, n) for interferometer with
detuned arms. It allows us to rewrite equations set (2.22,
2.23) and equations (2.25,2.26) in time domain as follow-
ing (see details in Appendix B):

(145) (3¢ — A1) E =ze e Y, (2.28)
ze +Ymze =2Q (1 + ) E(t) e

(2.29)
(T4 (3 —A2)n =zq e Y, (2.30)
iy +¥Ymzn = 2Q (1 +57)n(t) e,
(2.31)
o frin — #f2in o sfrin + f2in

E, - ] + %2 ) T] - -I + %2 ) (232)
zg =21 — %2, zn=xZ1 + 23, (2.33)

\/g2 —d?+id

)\]‘zzngr:l: ngfdz, %:g—
(2.34)

We obtain two separate pairs of equations as for the case
of non-detuned arms. Note that in case d — 0 mode &
transforms into anti-symmetrical mode (i.e. & — (f1in —
f2in)/2, z& — 21— 2Z;) and mode n — into symmetrical
mode (i.e. 1 = (f1in + f2in)/2, 24 — 21 + 22).

For the most likely case we have strong inequality |y, —
v_| < & (relaxation rates y+ arein range 1...10s~" and
SR detuning & introduced by SR mirror position is about
103 s~ 1) and we can use approximation for (2.34):

Y+ +v— | Oye—v) e
Ao~ ( 7 + D +1 EiD ,
(2.35)

2
20 o e (3

For elastically identical mirrors (i.e. when all mirrors
have the same masses and eigen frequencies) we can ana-
lyze two pairs (2.28, 2.29) and (2.30, 2.31) separately. For
example, for the equations set (2.28, 2.29) we can obtain

characteristic equation (presenting & = & e M 1At

ze eM)

Zg =

20=A—-1A=X)(A+vm). (2.37)

Estimates in Appendix C demonstrate the inequality:

Ym < Y+) Y- (2.38)

We are interested in root, which is close to relaxation
rate of elastic mode: |A| ~ yy,. Hence, using (2.38) we
can approximate characteristic equation (2.37) putting
A =0 in all brackets, where vy, y_ (or A1) exist:

29

oy 2 2.
A= =Ym T (2.39)

Parametric instability condition corresponds to Re(A) <
0:
20 —Re(A)
X 2 2
Ym  [Re(M)]” + [A+ Im(Ay)]

>1 (2.40)

For elastically different mirrors when frequencies of
elastic modes do not coincide we can take into account
displacement of only one mirror, for example, displace-
ment x; of end mirror FP cavity 1, and we introduce
X1 = 1Ny Fokxi /L. In this case set (2.28, 2.30, 2.25)
transforms as following;:

(1452 Qe —A) =Xy e ™4 (2.41)
(1452) (3¢ — A2)n = 22X e AL, (2.42)
X+ ymdr = Q (§(t) +sm(t)) eAt  (2.43)

Going from (2.25) to (2.43) we take into account that
effective force has to be two times smaller (because it
acts on one mirror only). Presenting & = & eM~ 14t 1 =
neMTAt i = &) eM we obtain characteristic equa-
tion: in form similar to the case (d = 0) [17]:

Atym =

Q 1 L 72
(T4 3¢2) \A—1A — Ay A—1A—A;
(2.44)

The using condition (2.38) we can obtain parametric in-
stability condition:
Q *RQ()\] )
(T4 52)vm \ [Re(A1)]” + [A + Im(A)]
—%zReU\z)
+ 2 2
[Re(A2)]” + [A +Im(A2)]

S+ (2.45)

> 1.

IIT. DISCUSSION AND CONCLUSION

For our discussion we use the following scale of re-
laxations rates (see Appendix C): the relaxation rate of
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FIG. 3: Dependences of real (top) and imaginary (bottom)
parts of Ay 2

elastic mode v, >~ 6 X (10*4 = 1072) sec” !, the re-
laxation rates of symmetric and anti-symmetric modes
Yo+ ~ 1.5sec™ !, yo_ > 2sec” ', and the relaxation rate
of a single FP cavity in arm y ~ 100sec™.

We see that parametric instability conditions for Ad-
vanced LIGO interferometer with detuned arms obvi-
ously relates with interferometer with non-detuned arms
considered in [17]. Indeed, conditions (2.40, 2.45) trans-
form into conditions (2.16, 2.30) in [17] correspondingly
if we make substitutions:

A — —y_+10, A2 — —y4 (3.1)
Hence, the dependence of eigen values A > on arms de-
tuning d provides the complete information we need.

The plots of Fig. 3 show this dependence qualita-
tively. We see that real parts of Ay, described re-
laxation rate of normal modes, do not change dramat-
ically. Therefore, we can conclude that crucial depen-
dence on PI detuning A is valid also for Advanced LIGO
interferometer with detuned arms, i.e. parametric insta-
bility takes place when PI detuning is relatively small:
Al < Yo, Yo ~2sec .

From bottom plot in Fig. 3 we see that arms detuning
d may change the frequencies of normal modes consider-
ably. However, it does not change the density of optical
modes and, hence, does not change the chance to fall into
trap of parametric instability.

On the one hand, in case of parametric resonance
(when total detuning is small: A+ ImA;, < v4, v-)
the parametric instability in a signal recycled interfer-
ometer takes place at relatively low value of optical
power. For example, if |A + Im(A7)] < vo4, Y- and
|A 4+ Im(Az)| > vo4, Y— one can obtain from Eq. (2.45)
that the parametric instability will take place even at
small power W, ~ 5 W (!) circulating in arms (if

W =10 sec™ !,y =6x10"%sec™ ", IN¢[2/u~1). On
the other hand, there is a small chance that such small
PI detuning will take place and for large PI detuning
(|A + Im(A7)| > Yo+, Y—) the realization of paramet-
ric instability requires dramatically larger optical power:
W, ~ (A + Im()\1))2/y%+. For example, if detuning is
about 1 kHz (|A + Im(A7)| ~ 6 x 103 sec™") and other
parameters are the same one can obtain W, ~ 108 W (!).
For the same reason the possibility that the presence of
anti-Stokes mode can depress the parametric instability
is small enough especially for such PI detuning. There-
fore, we did not consider the anti-Stokes mode in our
analysis.

Our consideration can be generalized for the case of
mirrors with losses for the same reason as in [17].

The most reliable method to avoid the parametric in-
stability is the direct experimental test. For signal recy-
cled interferometer we can vary SR and arms detunings
(6 and d) to investigate the parametric instability ex-
perimentally in situ. One can vary SR detuning & by
displacement of the SR mirror position [17] and arms de-
tuning d by variation curvature radius of mirrors though
its inhomogeneous heating. It will allow to scan relatively
wide spectral range to find dangerous (from the point
of view of parametric instability) places. This scanning
combined with the detailed knowledge about the elastic
modes (it can be obtained in situ in separate experiments
before the test masses are placed into the interferometer)
will provide us with very valuable information to avoid
the parametric instability.
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Appendix A: FP cavity with two movable mirrors

We consider two optical fields in cavity with moveable
mirrors (Fig. 4)— with constant amplitude in main mode
Foin with frequency wgo and fluctuational field fii, in
Stokes mode with frequency wj. Capital letters denote
mean complex amplitudes, small letters — fluctuational
and signal components. Transmittivity and reflectivity
of input mirror is T and R correspondingly (T +R =1).
We assume T < 1. Back mirror is completely reflecting.

Main mode is in resonance with pump.



1. Notations and normalization

The electric field E in traveling wave inside cavity and
mean power W is written as following:

= 2n = —iw
E(t,71) >/ av‘lom(m)fome oty

+ 4/ 2 J Atin (FL)f1in (Q)e Hwr +Q)t@+
CS] 27

—00

+ h.c.,
2
W = |~7:O1'.n| )
So :J\Aom(mz ar, S :JMM(MZ aF. .

Here W is the mean power in main mode circulating in-
side cavity, dimensionless functions Agin (¥1), A1in(¥L)
describe the distributions of optical fields over cross sec-
tion, integration [ d¥ is taken over the mirror’s surface.

Denote distance between mirrors as L. It is convenient
to introduce “generalized transparency” 7 and “general-
ized reflectivity” R for Stokes mode as following:

@Zewlﬂr‘ e:ei(wr}—ﬂ)’r’ T:E,
Cc

0~1, 921—1—1_(1)’(,

o wWT o n T

T1-Rer VI T ar

T 2iy
T_Q: ~ )
1-VRO2 VT (y—iQ)
~ —VR+0©? _  —VR+6* _y+iQ
1—vREZ ' 2T 1 Re2 y-iQ

Close to resonance approximation means that

Okl Tkl (A1)
s N
Tomy m
f1 —  €lin frin
e 1;1 in €lin
= -
N Y,

FIG. 4: Scheme of FP cavity and notations. Both mirrors can
move as free masses.

The mean amplitude of main mode falling on back mir-
ror is Foin and we assume it is a constant.

2. Small components (Stokes mode)

Here I denote:

O=1,0=elr ™I Kk=w/c

fh’.nEb(Q)a"' XEX(Q)a yEy(Q)a

For general case fields on back mirror we have

zZ=x—Yy.

(n) (n)

Z Atin egn) e*iunt_iz ‘Alin gn) —iwit_
(m) in - () in

= VS = VS,
Aoin

Foine 'Y0R2ikjuy (xe tOmt 4 xFelwmt) .

VSo

Here sum is taken over the complete set Ag?& of cavity’s
modes (they are orthogonal to each other) and w, is
normal to surface component of displacement vector U
of elastic mode and x is slow amplitude of displacement.
Multiplying this equation by distribution function Aj;,
of our Stokes mode, integrating over cross section and
omitting non-resonance term (~ xe~*mt) one can obtain
in frequency domain

e1in(Q) = —f1in (Q) — Ny Foin2ikix" (A — Q),
VSo0S1 ’

A=wy— W1 — Wn.

(A2)

(A3)

For fields on input mirror we have

1in = WTf1 — VRF1in + VR (—Foin )Ny 2ikqy*,

(Ad)

e1 =iVTfiin — VRf1 — VRN F; 2ikiy*,  (A5)

f]in = éﬁne; 1?1 in — ee]in (A6)
Combining these equations one can obtain:
. N1 FoinZo .. . .

erin =7a 1 +$2ﬂ<1 (x* —y"), (A7)

fiin @ €1in,  f1in @ €1in = —€1in, (A8)

e1 =f1Rao — N1FoinTo 2tk (x* —y™). (A9)

One can obtain equation for amplitude fii, in time
domain using the rule (—1Q) — 0y:

N in 2 .
1fE)I—1T1 Y 21k] (X*(t) o y*(t))eflAt

(A10)

frin + Yfiin =

3. Light pressure force

The light pressures acting on back mirror and input
mirror (from inside cavity) are approximately equal to
each other. So we can calculate light pressure acting
only for back mirror. In calculation of light pressure P
one can obtain in time domain keeping only cross term:

2
Cv SoS]
A Agin Fo fing (1) el(@o @ >) .

P~ (Aoin Al Foin fi (1) €704



Now we can write down equation for elastic oscillations
with amplitude x:

p D the(Re+ 2yl e + (wl))?xe) = AxP(FL) 8(ry —1])
4

Here p is density of mirror, sum is taken over the com-
plete set of elastic modes (spatial displacements vectors
U, are orthogonal to each other), i, is unit normal to
mirror’s surface, r| is longitudinal coordinate of points
inside body of mirror, coordinate 9 corresponds to face
surface of mirror. Multiplying this equation by spatial
distribution vector i* of our elastic mode and integrat-
ing over volume V of mirror body one can obtain:

. i 2 (N3 Fin fina (1) efl@om@nt 4 ¢ c)
X4 2y mX + w2 x = in I e ,
1

w=y | R e

(A1)

where m = pV is mirror’s mass.
Presenting x = xe '@mt 4 x*el®mt (introduction of
slow amplitudes) we obtain equation for amplitude x*:

X +YmX = 71~7:1infinl (t) etAt

- (A12)
iempwq,

And for the coordinate z = x —y we finally obtain (mir-
rors are elastically identical):

. 2N .
2 Ymzt = ———F fin (1) e

- (A13)
iempwq,

Appendix B: Normal modes in LIGO interferometer
with detuned arms

We have the following set of equation for fields
f1in, T2in inside arms:

(dc+1id+ g+)frin + 9-fain = Z1e 2 = (4,
g—frin + (0¢ —id + g ) foin = Z2e 20 = (g,

(B1)
(B2)

To find normal mode we should solve this set with zero
right parts. The characteristic equation of such set and
its solution is the following:

A+id+gs)(A—id+g4) — g2 =0,

Ma2=—9gyt4/g2 —d?=

_ Y+ +y- —1d i\/(Y+Y+ié)2_d2

2 2
(B4)

(B3)

In case of small relaxation (i.e. yy, y— — 0) we have
usual formula for coupled oscillators Ay, =~ 1(5/2 +

(6/2)2 + d?). To find normal modes we present

frin = %zAGM ty Bet2t,
(B5)

flin = AeMt + %1Be)‘2t,

Substituting them into Eqs. (B1, B1) with zero right

parts we obtain coefficients s7, kz:
\/g2 —d?+id

L __)\z—id—l—g+_ —g_
1 9- A2 +1id+ gy 9- ’
M +id+gy —g_ /92 —d? +1id
)y — — = e
2 g- M —id+gy 9-
Below we denote: 1 = 2, 30 = —». Now we can

introduce normal coordinates &, 1 and substitute into
(B1, B2):

f1in = £+ om, foin = —2& +7,
(0t = A1) E+ 2 (0¢ —A2)n = (1,
—2(0¢ — A1) E+ (0 — A2)n = (2,
_xfrin + fain

£ — f1in — #f2in
I R

14 22

Now one can obtain separate equations for normal coor-
dinates:

(B7) — s x (B8):  (1+3%) (3¢ — M) &= 81 — 02,

(B10)

(14 2%) (3¢ — A2)n = G + x(a
(B11)

» x (B7) + (B8) :

For the simple for analysis case is |y, —y_| < & one
can expand into series formula (B4) for Aq »:

Y+ +v- | Oye—v) e
Ao~ ( > + D +1 EiD ,
(B12)

2(d + D) L (8
2Dy (5

The case of small detuning d — 0 corresponds to

(B13)

M=—gy+4y/g2 —d? = —T_, (B14)
A =—gp —y/g2 —d? = —v,, (B15)

= -1,

\/ g2 —d?+id
4~ B16
g—

B17
B18

f1in =&+5m — £+,
f2in = —x&+M—n—¢,

(B16)
(B17)
(B18)
(B19)

- f] in — %fZin f]in - fZin
&= T2 — 3 , B19
#f1in +f2in frin + f2in
= . B20
'l T+2 2 (B20)



Appendix C: Numerical Parameters

We used the parameters planned for Advanced LIGO

[5]:
Wwo ~ wy ~ 2x 10" sec™!, L = 4x10° c¢m,
m = 40 kg, W = 830 kW,
T =5x1073, Tpr = 6x1072,
Y ~ 94 sec !, Yo+ =~ 1.5sec™ !,

Ter = 7x 1072,

We also assume that FP mirrors are fabricated from
fused silica with angle of structural losses ¢ = 1.2 x
1078 and for elastic modes frequencies w,, = 10° =
107 sec™! we estimate relaxation rate v of elastic modes
by formula:

Ym = Wmdp/226x (1007 + 10 %)sec '
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