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1 Introduction

A pair of filters are called complementary filters if their
transfer functions sum to one at all frequencies in a com-
plex sense, i.e. the phase is zero and the magnitude is
one. Often, it is desirable to have one of the comple-
mentary filters be a high-pass filter and the other be a
low-pass filter. A computational efficient way of imple-
menting high performance complementary filters will be
discussed in this paper.

In dynamic control systems, different sensors are of-
ten used to measure the same physical variable in different
frequency bands. For example, in a navigation system, a
low frequency GPS sensor can be used together with a
high frequency inertial sensor to measure the position of
vehicle. In that case, complementary filters can be used
to combine the signals from those two sensors: filter the
signal from the GPS sensor by the low-pass filter and filter
the signal from the inertial sensor by the high-pass filter,
and then sum the two filter outputs together to generated
a “super sensor” signal. Ideally, the super sensor will have
high sensitivity at all frequencies. This technique is called
sensor blending.

A similar technique for combining sensors is called
sensor correction. For example, in an active vibration
isolation system, a relative position sensor can be used
to measure the platform’s position with respect to the
ground. From a different point of view, one can say that
the relative position sensor is sensitive to both the plat-
form motion and the ground motion. If an inertial sensor
is set up on the ground to measure the ground motion,
its signal can be used to cancel out the ground sensitiv-
ity of the position sensor. To do so, one has to use a
sensor correction filter to match the gains of the inertial
sensor and the position sensor in complex sense, i.e. both
magnitude and phase. The sensor correction filter also
has to take care of noise. For example, in general, the

inertial sensors are noisy at low frequencies. Hence, it
is desirable to process the ground inertial signal with a
high-pass sensor correction filter which can filter out the
low frequency noises. In that case, the high-pass filter in
the complementary filter pair can be used as the sensor
correction filter. Details of complementary filter design
for both sensor blending and sensor correction filters are
going to be discussed in the following sections.

It is worth mentioning that a similar kind of filter
pair, so-called “magnitude complementary filter pair”, is
widely used in communication systems [1]. The differ-
ence between those filters and the filters discussed in this
paper is that the sum of the transfer functions of a mag-
nitude complementary filter pair does not have to have
zero phase. In many communication systems, a little bit
of time delay will not damage the system’s performance
much, so some phase lag is allowed in the filters. How-
ever, the phase lag could be disastrous for dynamic con-
trol systems. Therefore, only strict complementary filters
are studied in this paper.

2 FIR Complementary Filter

Design

For simplicity, all sensors are assumed to have a nominal
transfer function of one in this paper.

2.1 Sensor Blending Filters

Robust sensor blending filters in feedback control systems
should have following properties:

1. The filters’ transfer functions should be close to zero
in stop band;

2. The filters’ transfer functions should be close to one
in pass band;
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3. The filters should be robust to sensor gain change,
i.e., if sensor gains are changed within certain lim-
its, the control system would not become unstable.
This implies that the magnitude of the filters’ trans-
fer functions should be limited at all frequencies.

2.2 Sensor Correction Filters

The design of our optimal sensor correction filter is a
tradeoff between gain match error and noise error. For
example, if the filter gain is one, there is no gain match
error but all the noise will go through the filter and gen-
erate a large noise transmission. On the other hand, if
the filter gain is zero, no noise can go through the fil-
ter but the gain match error is huge. The sensor filter’s
noise error is determined by the magnitude of its transfer
function, while the filter’s gain match error is determined
by the magnitude of the complement’s transfer function.
Hence, the sensor correction filter design problem is also
a complementary filter design problem, even though only
one filter is actually implemented. For this reason, it is
not surprising that the optimal sensor correction filters
have similar properties as the sensor blending filters:

1. The filter’s transfer function should be close to zero
in stop band;

2. The filter’s transfer function should be close to one
in pass band;

3. The magnitude of the filter’s transfer functions
should be limited in all frequencies.

2.3 Complementary Filter Design

Both sensor correction filters and sensor blending filters
can be design by solving the following problem: find a
pair of complementary filters that satisfy:

L(ω) + H(ω) = 1; (1)
|L(ω)| ≤ L̄(ω); (2)
|H(ω)| ≤ H̄(ω); (3)

Here, ω denotes frequency. Complex functions L(ω) and
H(ω) are used to denote the transfer functions of the
low-pass filter and high-pass filter respectively. L̄(ω) and
H̄(ω) are known real functions of frequency. In general,
the desired complementary filters are designed by choos-
ing appropriate values of L̄(ω) and H̄(ω) and then solving
the problem given by equations 1 through 3.

2.4 FIR Complementary Filter

For a finite impulse response (FIR) filter, the transfer
function, G(ω), is the Fourier transform of its filter coef-

ficients in the time domain, g(n):

G(ω) =
∑

n

g(n)e−i2nπω. (4)

Because G(ω) is a linear function of g(n) for FIR filters,
the problem given by equations 1 through 3 is a convex
optimization problem which can be solved very efficiently
using well developed convex optimization tools [2]. For
example, a 512th order FIR filter can be designed using
the SeDuMi [3] convex optimization tool. Its frequency
and time domain responses are shown in Figures 1 and 2.
The length of the filter’s impulse response is about 300
seconds. The filters have very sharp frequency discrim-
ination. For example, the high-pass filter can attenuate
the signal proportional to frequency’s fourth power in its
stop band below 0.04 Hz, while its transfer function is
almost exactly one in its pass band above 0.1 Hz.

This filter was designed for the horizontal ground
mounted sensor correction seismometers in our isola-
tion system, which need good gain-matching performance
above 0.1 Hz, but are plagued by tilt noise below 0.04 Hz.
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Figure 1: Frequency response of the FIR filter. This is
a 512th order FIR filter with sampling frequency of 1.67
Hz.
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Figure 2: Time impulse response of the high pass FIR
filter. This is a 512th order FIR filter with a sampling
frequency of 1.67 Hz. The total impulse response time is
about 300 seconds.

2.5 IIR Complementary Filter

For an infinite impulse response (IIR) filter, the trans-
fer function, K(ω), can also be easily obtained from its
time domain numerator coefficients kN (n) and denomi-
nator coefficients kD(n):

K(ω) =
∑

kN (n)e−in2πω

∑
kD(n)e−in2πω

. (5)

However, finding kN (n) and kD(n) that satisfy equations
1 through 3 is not a convex problem, and hence very dif-
ficult to solve.

The difference between FIR and IIR complemen-
tary filters is summarized in the following table.

FIR IIR
design convex, easy non-convex, difficult

implementation complex simple
computation much little
performance great ok

3 Polyphase FIR Filter Imple-
mentation

For some precision applications the performance of the
complementary filter exceeds the accuracy that can be
achieved with simple IIR filter design tools. We have
found that FIR filters can provide the necessary perfor-
mance, but the complexity leads to computational loads
that are impractical.

When implementing FIR filters in the traditional way,
the amount of calculations required per second is given

by
N = TFs

2, (6)

where T is the filter’s response time and Fs is the sam-
pling frequency. In order to obtain the desired sharp tran-
sition between stop-band and pass-band, the filter has to
have high frequency resolution, which implies a long time
response. However, the signal sampling frequency cannot
be too low, otherwise the anti-aliasing and interpolation
filters used before and after the FIR filter will introduce
enough phase error to destroy the overall performance of
the complementary filters. For these reasons, the calcula-
tion speed required by the traditional high performance
FIR complementary filter is often too high to be practical.

We have developed a technique called polyphase FIR
filtering, as shown in Figure 3, to reduce the the calcu-
lation load. The incoming data stream is divided into
m sub-streams by a cyclic distributer according to the
data samples’ arrival time. Hence, each sub-stream has
the sample rate of Fs/m (in Figure 3, m = 3). The FIR
filters on each sub-stream are identical traditional FIR
filters which work at frequency Ff = Fs/m. At each time
step, the cyclic collector picks up an output sample from
the FIR filter that is working in that phase and sends it
to the output. Hence, the output sample rate is Fs, which
is the same as the input sample rate.
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Figure 3: Polyphase FIR filter implementation. The three
FIR filters have identical filter coefficients and each oper-
ates at frequency Ff , but are offset in phase. The cyclic
distributor distributes the incoming data samples to dif-
ferent FIR filters according to the samples’ arriving time
phase. At each time step, the cyclic collector picks up an
output sample from the FIR filter with the appropriate
phase and sends it to the output. Hence, the overall sam-
pling frequency is Fs = m ·Ff , where m is the number of
cyclic phases.

The total amount of calculation that is required by
the polyphase FIR filter is given by the total of m paral-
lel FIR filters:

Np = mTFf
2 = TFsFf =

N
m

, (7)



which is m times smaller than what the traditional FIR
filter requires.

The output of the polyphase FIR filter is given by

y(n) =
Nf∑

i=0

x(n− im)f(i), (8)

where x(n) denotes the nth input signal, y(n) denotes the
nth output signal, Nf is the number of coefficients of each
FIR filter and f(i) denotes the ith filter coefficient of the
FIR filter.

If the transfer function of each FIR filter is F (ω), ω ∈
[0, Ff ], the transfer function of the polyphase FIR filter
is given by:

P (ω) = F (ω − kFf ), ω ∈ [0, Fs], (9)

where k ∈ I, and k = floor( ω
Ff

).
At low frequencies, when ω ∈ [0, Ff ], k = 0 and P (ω)

is exactly the same as F (ω). However, is obvious that
P (ω) is not perfect at higher frequencies. In fact, P (ω)
is just a periodic repetition of the function of F (ω) every
Ff .

Figure 4 shows the transfer function of the ployphase
high-pass filter based on the high-pass FIR filter shown in
Figure 1 and 2. P (ω) is the same as F (ω) at low frequen-
cies. However, P (ω) is not unity as desired for ω > Ff .
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Figure 4: Transfer function of the high pass polyphase
FIR filter based on the high-pass FIR filter shown in Fig-
ure 1 and 2.

To address this problem for the high-pass filter, an-
other pair of complementary filters, La and Ha, are added
to the polyphase high-pass FIR filter, as shown in Figure
5.

OutIn

   

  

  +
  Polyphase

highpass FIR
La
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Figure 5: Complemented polyphase FIR filter. Comple-
mentary filter pair Ha and La are used to work with the
original polyphase FIR filter to correct its high frequency
transfer function.

The overall transfer function of the final filter is given
by

Hcp(ω) = Hp(ω)La(ω) + Ha(ω) (10)
= Hp(ω) + (1−Hp(ω))Ha(ω) (11)
= 1− (1−Hp(ω))La(ω). (12)

Ha(ω) is selected such that

|(1−Hp(ω))Ha(ω)| << |Hp(ω)| (13)

in Hp’s stop band. According to Equation 11,

|Hcp(ω)| ∼= |Hp(ω)|. (14)

So, the new filter and the original polyphase FIR filter
have similar low frequency properties.

Similarly, choose La so that

|(1−Hp(ω))La(ω)| << 1 (15)

above the original FIR filter’s pass-band. To realize this,
La might have notches at frequency Ff , 2Ff , ... so that
the peaks of Hp are compensated. This way, the overall
filter transfer function is close to one in all the frequen-
cies above the original FIR filter’s pass-band. As shown
in Figure 6, the high-pass filter transfer function is very
close to unity in its pass-band above 0.1 Hz. Finally, we
get the high-pass filter that we wanted!

The low-pass filter of the complementary filter can be
simply implemented as Lcp = 1−Hcp.
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Figure 6: Filter performance.

There is an intuitive way of thinking about this hy-
brid polyphase FIR filter implementation. The original
polyphase FIR filter behaves very well at low frequencies,
but not so well at high frequencies; on the other hand, a
simple transfer function of unity behaves very well as a
high-pass filter at high frequencies, but not so well at low
frequencies. So, it makes sense to use a complementary
filter pair, La and Ha, to combine these two transfer func-
tions and form a “super” transfer function. For this rea-
son, the filter shown in Figure 5 is called complemented
polyphase FIR filter. There are a few remarks that we
would like to make about this complemented polyphase
FIR filter implementation.

1. The added complementary filter pair does not have
to have as sharp a stop-band to pass-band transi-
tion as the original FIR complementary pair does.
Hence, they are easier to implement, so they can be
simple IIR filters. Of course FIR filters work just
as well.

2. The added low-pass filter can be implemented as all
or part of the decimation and interpolation filters
to save calculation power.

3. In multi-rate FIR filter systems [1], there is a
multi-phase decimation FIR filter implementation,
which combines the decimation process and the
anti-aliasing filtering process together to save cal-
culation loads. There are two differences between
that multi-phase FIR filter and the polyphase fil-
ter in this paper. First, the parallel FIR filters are
not identical to each other in the multi-phase fil-
ters. Second, the multi-phase FIR filter sums all
the FIR filter outputs together, rather than using
a cyclic collector. Interestingly, there is a duality
relationship between these two kinds of filters: the
multi-phase decimation filter decimates the signal,

while the polyphase filter in this paper decimates
the filter coefficients.

4 Sensor Correction Used For

The LIGO Active Vibration

Isolation and Alignment Sys-

tem

The Laser Interferometer Gravitational-wave Observa-
tory (LIGO) is designed to measure gravitational-waves
from astrophysical sources by observing a spatial strain
change between suspended test masses using a laser inter-
ferometer [4]. At low frequencies, seismic vibration is one
of the major noise sources for LIGO. An active vibration
isolation system is proposed to reduce the platform vibra-
tion for Advanced LIGO [5]. Particularly, the ground seis-
mic motion has a peak, called the micro-seismic peak, at
about 0.15 Hz, whose amplitude spectral density (ASD)
is about 10−6meter/

√
Hz at the LIGO experiment sites.

For Advanced LIGO to reach its design sensitivity, the
isolation system needs to reduce the ASD motion of the
platform to 2 · 10−7meter/

√
Hz at 0.15 Hz [6].

Figure 7: Picture of the active isolation and alignment
system prototype for Advanced LIGO.

The micro-seismic peak isolation requirement is
achieved by an active vibration isolation and alignment
system, a prototype of which is currently at Stanford. As



shown in Figure 7, the prototype is a double-stage active
isolation system. Capacitive position sensors, L-4C geo-
phones and Streckeisen STS-2 seismometers are used to
measure the motion of the stages and the ground. Voice-
coils are used as actuators. A dSPACE realtime computer
is used to implement the control algorithms whose sam-
pling frequency is 2.5 kHz.

For frequencies below 1 Hz, the system’s control algo-
rithm is shown in Figure 8. A high gain feedback control
loop (the loop gain is more than 1000 below 1 Hz) is closed
based on the signal from the position sensor. A Streck-
eisen STS-2 seismometer is used to measure the ground
motion with respect to inertial space to provide the sensor
correction signal. The basic idea of the control design is
very simple: use the high-gain feedback loop to accurately
control the motion of the platform and then command the
platform to move just opposite to the ground motion by
following the sensor correction signal.

Platform
Position

Sensor

Ground

Actuator

Feedback

Control

+

_

+
+

STS2
Sensor

Correction Filter

Figure 8: The block diagram of the low frequency control
algorithm. The feedback control has an open loop gain
of more than 1000 at frequencies below 1 Hz. STS-2 seis-
mometer is used to measure the ground motion. Active
vibration isolation is achieved by cancelling out the po-
sition sensor’s ground motion sensitivity using the sensor
correction signal.

The sensor correction filter design is critical. In the hor-
izontal direction, the noise level of the STS-2 seismome-
ter grows very rapidly at low frequencies: its ASD value
in units of meter/

√
Hz grows proportionally to inverse

frequency cubed below 0.04 Hz. On the other hand,
to isolate the micro-seismic peak at 0.15 Hz, the plat-
form should start to have isolation above 0.1 Hz. We
have found that the FIR filter shown in Figure 6 can
provide the necessary performance. It provides a poten-
tial isolation factor of 20 above 0.1 Hz and dramatically
reduces the low frequency noise below 0.04 Hz with a

transfer function that is proportional to frequency to the
fourth power. With this sensor correction filter, the vi-
bration isolation system’s performance is shown in Fig-
ure 9. An isolation factor of 10 is achieved in the hori-
zontal direction without introducing unnecessary low fre-
quency noises. The noise level of the platform reaches
2 · 10−7meter/

√
Hz at 0.15 Hz which meets the requires

for Advanced LIGO.
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Figure 9: Horizontal vibration isolation performance.
The micro-seismic peak is reduced by a factor of 10 at
0.15 Hz.
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