
Evaluating the effect of transmissive optic thermal lensing 
on laser beam quality with a Shack-Hartmann 
wave-front sensor 

Justin D. Mansell, Joseph Hennawi, Eric K. Gustafson, Martin M. Fejer, Robert L. Byer, 
David Clubley, Sanichiro Yoshida, and David H. Reitze 

We examine wave-front distortion caused by high-power lasers on transmissive optics using a Shack- 
Hartmann wave-fcont sensor. The coupling coefficient for a thermally aberrated Gaussian beam to the 
TEM,, mode of a cavity was determined as a function of magnitude of the thermally induced aberration. 
One wave of thermally induced phase aberration between the Gaussian intensity peak and the l/e2 
radius of the intensity profile reduces the power-coupling coefficient to the TEM,, mode of the cavity to 
4.5% with no compensation. With optimal focus compensation the power coupling is increased to 79%. 
The theoretical shape of the thermally induced optical phase aberration is compared with measurements 
made in a neutral-density filter glass, Faraday glass, and lithium niobate. The agreement between the 
theoretical and the measured thermal aberration profiles is within the rms wave-front measurement 
sensitivity of the Shack-Hartmann wave-front sensor, which is a few nanometers. O 2001 Optical 
Society of America 

OCIS codes: 120.5050, 120.3930, 140.3460, 140.6810. 

1. Introduction 
High-power lasers with excellent spectral- and 
spatial-mode properties are required for applications 
such as laser machining, medicine, quantum optics, 
nonlinear optics, fusion, and interferometry. In- 
creasing laser power while maintaining laser beam 
quality requires careful consideration of beam distor- 
tion that can be caused by thermal and nonlinear 
optical effects. Thermal lensing in transmissive op- 
tics can be neglected for applications in  which beam 
quality is not important. However, for applications 
such as the Laser Interferometric Gravitational- 
Wave Observatory (LIGO),l high beam quality a t  
high power is critical. 

The LIGO detector is a Michelson interferometer 
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with 4-km-long arms, each containing a Fabry-Perot 
cavity designed to sense a phase change induced on a 
laser beam by a gravitational wave. Because the 
LIGO design specifies an M2 of 1.1, any significant 
distortion of the beam reduces the beam quality be- 
low this specification. Although it is possible to com- 
pensate static aberrations with null-corrector plates, 
dynamic aberrations remain a problem for high- 
power lasers that require high beam quality. The 
dynamic aberrations we consider in this paper are 
caused by absorption of light that causes heating in 
the optical components and therefore an optical path- 
length change that distorts the beam. The &st- 
generation LIGO receiver, called LIGO I, uses a 10-W 
Nd:YAG laser to illuminate the interferometer, so 
thermally induced aberrations are not severe enough 
to require active compensation. The f i s t  upgrade to 
LIGO, which is called LIGO 11, may use a 180-W 
Nd:YAG laser, making the thermal distortions more 
than an order-of-magnitude worse and possibly ne- 
cessitating some type of active compensation. 

One possible technique to compensate for dynamic 
aberrations is an adaptive optics system.2 Adaptive 
optics is an engineering technique developed by the 
astronomical community for sensing and compensat- 
ing atmospheric aberrations that lead to reduced im- 
age quality. The typical adaptive optical system 
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consists of a Shack-Hartmann wave-front sensor for 
determining the spatial phase of the wave front and 
a deformable mirror to compensate for the phase ab- 
errations. Such systems typically operate at a 
closed-loop bandwidth of 100 Hz3 Although we 
would not consider active compensation of thermal 
distortions for many applications because of the in- 
creased cost and complexity, the combination of strin- 
gent spatial-mode specifications and the high laser 
power make active compensation a viable engineer- 
ing solution for LIGO. 

The Shack-Hartmann wave-front sensor used in 
modern adaptive optical systems is based on the orig- 
inal Hartmann test invented in 1900.4 The Hart- 
mann test, similar to interferometry, measures the 
spatial phase variation of a beam. In the Hartmann 
test, an opaque screen with an array of holes in it is 
placed in front of an optic under test. A known 
wave-front is then aberrated by the optic and passes 
through the Hartmann screen. The light is then al- 
lowed to propagate a known distance to an imaging 
device. The average wave-front tilt over each hole is 
determined based on the change in the transverse 
position of the diffracted spots on the screen. In 
1971 Shack adapted the Hartmann technique for use 
in modern optical systems by replacing the opaque 
screen with an array of lenses. This allowed near- 
unity optical efficiency, which was important for as- 
tronomical applications. The resulting device is 
referred to as the Shack-Hartmann wave-front sen- 
sor.3 

The technology developed for the Shack- 
Hartmann wave-front sensor has been commercial- 
ized for optical metrology5 by use of CCD arrays, 
personal computers, and micro-optic lens arrays. 
The Shack-Hartmann wave-front sensor can be fab- 
ricated today for a fraction of the cost of interferom- 
eter systems and can achieve sensitivities 
comparable with those from commercial interferom- 
eters.6 Moreover, the sensor typically operates at a 
measurement rate that is much faster than tradi- 
tional interferometer systems and is vibration insen- 
sitive, thus eliminating the need for vibration 
isolation. 

Here we evaluate thermal aberrations induced on 
laser beams by absorbing transmissive optics and 
evaluate the possibility of using the Shack- 
Hartmann wave-front sensor in an adaptive optical 
system to measure those aberrations. We begin by 
describing the shape of the thermal field in absorbing 
transmissive optics and how it affects the optical path 
length through the material. We show that the 
transmissive optic thermal aberration couples light 
from the lowest-order Hermite-Gaussian laser mode 
to higher-order modes. We then introduce and eval- 
uate the Shack-Hartmann wave-fiont sensor as a 
tool for measuring the spatial prome of a thermal 
lens. Finally we conclude by commenting on the po- 
tential for the Shack-Hartmann wave-front sensor as 
a feedback element in an adaptive optical system for 
high-power lasers. 

2. Thermally Induced Optical Path-Length Changes 

Here we discuss the effect of absorption of a Gaussian 
laser beam by a transmissive optical component. 
We discuss the resultant thermal field distribution in 
the optic and calculate the effect on the optical path 
through the crystal. We give examples of some op- 
tical materials of interest to the LIGO project and 
evaluate how the induced optical path-length 
changes affect the laser beam quality. 

A. Temperature Changes 
Thermal lensing is caused by absorption in an optical 
medium and the subsequent optical path-length de- 
formation caused by heating. The equation describ- 
ing the temperature profile for a known heat source is 
given by7 

where T is the temperature, q is the heat source 
(W/m3), Dth is the thermal dfisivity, and kth is the 
thermal conductivity (W/mK). Assuming that a 
Gaussian beam is transmitted through a sample with 
uniform absorption and that the heated sample is 
much larger than the heating beam and the heat flow 
is exclusively radial, Eq. (1) yields a steady-state tem- 
perature distribution given by8 

- - -" [I? + l n [ 2 ( 3 1 +  E l [ 2 ( i ) ' ] ]  
4.rrkth 

where a is the absorption coefficient per length, Pis the 
incident power, I? is Euler's constant (-0.577215), w is 
the TEM,, Gaussian beam radius, and Ei is the expo- 
nential integral function.9 To compare different ther- 
mal fields quantitatively, here we d e h e  the 
magnitude of the thermal field as the temperature 
difference between the center of the Gaussian beam 
and the l / e2  radius of the intensity profile, which is 
given by 

aP aP 
AT,,, = IAT(0) - AT(w)l = 1.32 - - - 0.105 - . 

4'rrkth kt13 

Often only the parabolic term of the series expansion is 
considered. This approximation, referred to as ther- 
mal lensing, makes the thermal distribution behave 
optically like a lens. However, the higher-order 
terms are important to consider because they can cou- 
ple power from the TEM,, mode of a laser to higher- 
order modes and thus reduce the beam quality. 
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Fig. 1. Calculation of the transmissive optic thermal lens shape 
in waves assuming five waves of aberration between the center and 
the Gaussian waist with respect to distance from the center of the 
heating beam. The Gaussian intensity is also plotted to show how 
much power is in the beam with respect to the radius. 

B. Thermally Induced Optical Path-Length Changes 
Temperature changes in an optical medium result in 
optical path-length changes through a variety of 
mechanisms. The most prominent are the index-of- 
refraction changes that are due to temperature and 
strain and thermal expansion. These effects com- 
bine to produce an optical path length A(r) through 
the optic given by 

where no is the material refractive index at a con- 
stant temperature, L is the length of the optic, 
Anihemd(r) is the thermal shift in the refractive in- 
dex, An,,,,,(r) is the shift in the refractive index that 
is due to stress, and fi,,,,(r) is the shiR in the 
length of the optic that is due to thermal expansion. 

Figure 1 shows the optical path-length change of a 
Gaussian beam after it has been thermally distorted 
by transmission through an absorbing optic such that 
there are five waves of aberration between the center 
of the beam and the l/e2 radius of the Gaussian 
intensity profile. The curve in Fig. 1 labeled optimal 
focus compensation is the parabolic curve that needs 
to be removed from the thermal lens to maximize the 
coupling of the thermally aberrated Gaussian beam 
with a planar wave-front Gaussian beam. The over- 
lap integral calculation is introduced in Subsection 
2.D, but we plotted the optimal parabolic wave-front 
distortion to illustrate the difference in shape be- 
tween a parabola and the Gaussian beam thermal 
lens. Because parabolic wave-front compensation is 
effectively equivalent to changing the wave-front ra- 
dius of curvature, we refer to it here as optimal focus 
correction. This type of correction can be achieved 
experimentally with a lens. 

The component of an optical path-length change 

that is due to a refractive-index change can be written 
as 

where dn/dT is the temperature-induced change in 
the refractive index, also called the thermo-optic co- 
efficient. 

The optical path-length change that is due t o  the 
photoelastic effect for isotropic materials such as 
glass or Faraday glass can be approximated by 

where p, is the photoelastic coefficient and CY is the 
thermal emansion coefficient. The ~hotoelastic effect 
in crystals&volves multiplication oi the strain tensor 
by the photoelastic tensor to determine the refractive- 
index ellimoid.1° In Subsection 2.C we show that 
AA,,,,(~ f can be neglected for the optical materials 
considered here because the photoelastic effect is sub- 
stantially smaller than the thermo-optic effect. 

For thermal expansion of a long optic, the colder 
portion of the sample surrounding the heated portion 
exposed to the beam clamps the thermal expansion 
along the direction of propagation. Thus the ther- 
mal expansion can be neglected except at the ends of 
the sample. The region of the material at the ends of 
the sample that is not clamped by the colder region 
extends approximately a distance equal to a Gauss- 
ian beam-spot radius into the sample.11 Therefore 
the optical path-length change that is due to a change 
in crystal length from thermal expansion can be ap- 
proximated by 

where CY is the thermal expansion coefficient and w is 
the l/e2 radius of the Gaussian intensity profile. 

To discuss further the thermal lens in a quantita- 
tive fashion, here we define the thermal lens magni- 
tude as the optical path-length change between the 
center of the beam and the l/e2 radius of the Gauss- 
ian intensity profile. The thermal lens magnitude is 
thus given by 

where w is again the l/e2 radius of the Gaussian 
intensity profile. 

Based on the analysis above, there are three major 
effects that can induce optical path-length changes by 
heating in absorptive optical materials that are used 
in transmitting laser beams. In the next section we 
show that, for materials of interest to the LIGO 
project, only the thermo-optic effect is important. 

C. Thermal Lensing in Selected Optical Materials 
Although many applications are affected by these 
thermal distortions, we evaluate thermal lensing ef- 
fects specifically for LIGO. We elected to examine 
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Table 1. Optical and Thermal Parameters of Selected Optical Materials 

dn/dT L kt, a Absorption 
Material ( lor6 1/K) (cm) (W/mK) (10-6/K) no Plz (%) 

L m O ,  (extraordinary) 44 0.1 5.6 14.8 2.2 0.13 (p,,) 35.7 
FR5 7.5 5.0 0.84 4.7 1.7 0.26 5.0 
Schott NG5 glass 5.1-6.3" 0.3 1.03 0.5 1.5 0.27 90 
TGG 20 5.0 7.4 9.4 1.95 0.1" 1.0 
Fused silica 10.1 10 1.38 0.5 1.5 0.270 0.0001" 

"Estimate. 

only materials that are used in transmission in de- 
livering the LIGO laser to the interferometer. The 
mirrors and beam splitter that are used to form the 
interferometer are made of fused silica. Electro- 
optic modulators that are used to put sidebands on 
the laser beam for locking the length of the subse- 
quent optical cavities are made of lithium niobate. 
The Faraday isolator made of Faraday glass (Tb,O,) 
or thallium gallium garnet (TGG) is used to isolate 
the laser from the optical system so that backreflec- 
tions do not affect the laser performance. We mea- 
sured the thermal distortions in lithium niobate, 
Hoya FR5 Faraday glass, and a sample of glass with 
high absorption, specifically an NG5 neutral-density 
(ND) flter. Table 1 shows the pertinent material 
properties of these samples, standard fused silica, 
and TGG, including dn/dT, length L, thermal con- 
ductivity kth, thermal expansion a, the largest pho- 
toelastic coefficient p, and an independent measure of 
absorption for the measured samples.12-15 High- 
absorption samples of lithium niobate and glass were 
chosen for our experiments to increase the thermal 
lensing induced by the relatively low-power 700-mW 
Nd:YAG laser that was available for our experiments. 

Using Table 1, we calculated the thermally induced 
optical path-length change for the samples. Table 2 
shows the thermo-optic, photoelastic, and thermal 
expansion calculated for a collimated 1-mrn waist 
beam and a 5-cm-long sample. 

For all the materials examined here, the optical 
path change that is due to thermal expansion yields 
a smaller contribution than the other two effects. In 
most of the materials, the refractive-index change 
with temperature is significantly larger than the 
stress-induced refractive-index change. 

D. Modal Power Coupling 

The effect of a nonspherical thermal lens on a Gauss- 
ian beam is to convert light from the TEM,, Gaussian 

mode into higher-order Hermite-Gaussian modes. 
The fraction of light coupled to the higher-order 
Hermite-Gaussian modes provides one way to eval- 
uate laser beam quality. Kogelnik presented the 
theory of modal coupling coefficients in 1964.16 He 
began by writing the electric field distribution of a 
two-dimensional Hermite-Gaussian laser mode, 
TEM,,,, as the product of the electric fields of two 
one-dimensional Hermite-Gaussian modes, *,(x) 
and ?,(y). Kogelnik showed that amplitude cou- 
pling in the x dimension, cX(qaberrated, q,), of an 
aberrated beam with an electric field qabemated(x) to a 
one-dimensional Hermite-Gaussian mode, *,(x), is 
determined by the overlap integral 

The same relationship holds for the y dimension. 
The two-dimensional amplitude coupling coefficient 
between electric field is then the product of the two 
orthogonal one-dimensional coupling coefficients, or 
~x(*aberrated, *m) ~~(*aberrated, - Furthermore, 
Kogelnik showed that the power coupled from an 
incoming beam to an outgoing TEM,, mode beam K is 
the product of the two-dimensional electric field cou- 
pling coefficient to the TEM,, Hermite-Gaussian 
mode and its complex conjugate, or 

This problem has been addressed in the literature 
under the assumption that the thermal aberration is 
small.8 As the laser beam power increases, this ap- 
proximation no longer holds. 

By evaluating the overlap integral numerically, we 

Table 2. Calculated Optical Path-Length Changes 

A&-d/AT(r) A~shss/AT(d AAq-i,,/AT(r) 
Material ( P ~ / K )  ( P / K )  (km/K) 

LiNbO, 2.2 -0.51 0.065 
Hoya FR5 0.38 -0.15 0.016 
Schott NG5 0.29 -0.011 0.0015 
TGG 1.0 -0.17 0.0367 
Fused silica 0.5 -0.011 0.0015 
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Fig. 2. Two-dimensional power coupling K between a Gaussian 
beam with a thermal lens and a n  ideal TEM,, beam with and 
without optimal focus compensation. The power coupling of the 
aberrated beam with optimal focus compensation to the TEM,, 
HermiteGaussian mode is also shown. 

calculated the magnitude of the coupling between a 
planar wave-front Gaussian beam aberrated with a 
thermal lens and an ideal planar wave-front Gauss- 
ian beam. Both the thermally aberrated beam and 
the Hermite-Gaussian beams were normalized so 
that the maximum magnitude of the coupling coeffi- 
cient is unity. Figure 2 shows the power coupling 
between a Gaussian beam with a planar wave fi-ont 
and a Gaussian beam with a thermal lens versus 
thermal lens magnitude. Assuming that the 
thermo-optic effect dominates, the thermal lens mag- 
nitude is given by 

where Pabs is the amount of absorbed power. One 
wave of thermal lens magnitude reduces the power 
coupling to a planar wave-front TEM,, laser beam to 
only 4.5%. Applying optimal focus correction in- 
creases the power-coupling coefficient to 79%. One 
wave of distortion at a wavelength of 1064 nm in a 
piece of 10-cm-thick 20-parts per million/cm absorp- 
tion fused silica similar to that used in the LIGO I 
design is reached at 160 kW of laser power, indepen- 
dent of the beam diameter. 

If the laser is impedance matched properly to a 
high-.finesse cavity with a large high-order-mode ax- 
ial mode separation, and therefore little intermode 
coupling, the power-coupling coefficient is the frac- 
tion of laser power that is coupled into the cavity. 
The overlap integral calculation shown in Fig. 2 al- 
lows an optical designer to formulate a thermal lens 
budget and determine an upper limit on the laser 
power allowed to transmit through the conditioning 
optics before the interferometer for a given acceptable 
amount of coupling loss. If the thermally induced 
distortions were compensated by an adaptive optical 
system before the interferometer, the power trans- 
mitted through the conditioning optics could 
increase. In Section 3, we evaluate the Shack- 
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Fig. 3. Schematic of the operation of the Shack-Hartmann wave- 
front sensor. (a) Light incident on the sensor propagates along 
the z axis. The CCD array and the lens array are shown tilted 
relative to each other only to illustrate the operation of the device. 
In reality, the lens array and the CCD array are parallel. (b) 
Schematic of the measured position change of the focal spots where 
Ax and Ay give the average wave-front tilt over a lens aperture 
when divided by the separation between the lens array and the 
CCD. 

Hartmann wave-fi-ont sensor as a possible feedback 
sensor in such an adaptive optical system that allows 
active compensation of thermally induced beam dis- 
tortion. 

3. Shack-Hartmann Wave-Front Sensor 

We used the Shack-Hartmann wave-front sensor to 
measure the changes in the optical path length in our 
experimental evaluation of thermal lensing. The 
changes in the optical path-length directly affected 
the measured wave front, which is defked as a sur- 
face of uniform phase that is normal to the propaga- 
tion direction. Therefore a uniform plane wave has 
a planar wave fi-ont. In the case of thermal lensing 
of transmissive optics, the wave-front shape is given 
by Eqs. (2) and (4) and is illustrated in Fig. 1. 

The modern Shack-Hartmann wave-front sensor 
consists of an array of lenses mounted in front of a 
charge-coupled device (CCD). Figure 3 shows a 
schematic of the operation of the wave-front sensor. 
Light travels to the sensor along the z axis. The 
CCD lies at the focal plane of the lens array. Each of 
the lenses acts like an optical lever, displacing the 
focal spot proportional to the average phase tilt over 
the lens. We used the wave-front sensor to measure 
the tilt over each lens by comparing the measured 
positions of the focal spots with the positions of the 
focal spots for a reference input beam. We then con- 
verted the tilt measurements into a replica of the 
wave front by performing a form of integration called 
wave-front reconstruction. For our measurements 
we chose a commercially available Shack-Hartmann 
wave-front sensor comprised of a lens array with 144- 
km-diameter square lenses and an 8-mm focal length 
and a CCD with 10- ym pixels.5 

The coordinate system shown in Fig. 3 illustrates 
the operation of the wave-front sensor. The z axis is 
the optical axis and is normal to the plane of the CCD 
and the lens array. The x and y axes are located in 
the plane of the CCD array. We calibrated the sen- 
sor by recording an image of a uniform plane wave. 
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We then determined the focal spot locations from this 
image by calculating their centroids or first moments 
along both the x axis and they axis. The centroid in 
the x direction, xpoSition, of a single intensity pattern is 
dehed by 

where I(x, y) is the intensity as a function of x and y, 
x is the location at which the intensity is measured 
along the x axis, and y is the location at which the 
intensity is measured along the y axis. Equation 
(12) needs to be modified to apply it to the Shack- 
Hartmann wave-front sensor. The CCD behind the 
Shack-Hartmann wave-front sensor is comprised of a 
set of discrete pixels that we describe by the variable 
i along the x axis and j along they axis. This allows 
us to replace the integral with a summation. Fur- 
thermore, we have to change the limits of the inte- 
gration to apply this formula to measuring an array 
of focal spots. We assume that the intensity pattern 
at the focus of a given lens can be bounded effectively 
by the edges of the lens. We typically use square 
lenses in building Shack-Hartmann wave-front sen- 
sors with diameters equal to an integer number of 
pixels, which makes the mapping of the lens bound- 
aries onto the rectangular array of pixels of the CCD 
straightforward. Using index coordinates, we call 
the pixel corresponding to the lower lefi corner of the 
lens (i-, j-) and the pixel corresponding to the 
upper right corner of the lens (i,,, j,,). Therefore 
Eq. (12) can be rewritten as 

where I(i, j) is the intensity measured by the pixel in 
the ith row and the jth column and s, is the spacing 
of pixels along the x axis. Eq. (13) can be used to 
determine the position of the focal spot along the y 
axis. 

A wave-front measurement can be made after the 
reference focal spot locations have been determined. 
The Shack-Hartmann wave-front sensor is illumi- 
nated with a beam whose wave front @(x, y) is being 
measured, and the focal spot positions are deter- 
mined from the CCD image by use of Eq. (13). For 
this discussion we limit ourselves to considering the 
x axis, but the y axis can be treated in the same 
fashion. Also we assume that the CCD has been 
placed at the exact focal plane of the lens array. The 
change in focal spot position along the x axis, Ax, is 
obtained when we subtract the measured focal spot 
positions. The measured two-dimensional wave- 
front is designated by the variable +(x, y). The av- 

erage gradient of the wave front over the lens 
diameter along the x axis is calculated with 

where f is the lens focal length. 
Once the local wave-front slopes have been deter- 

mined, we can reconstruct the wave front by perform- 
ing a type of integration on the gradient 
measurements. The two types of wave-front recon- 
struction algorithm are zonal and modal.17 The 
zonal wave-front reconstruction is a type of numeri- 
cal integration. The modal wave-front reconstruc- 
tion fits the data to a set of orthogonal modes. In 
this paper a zonal reconstructor is used to generate 
the wave fronts from the measured wave-front gra- 
dients. The zonal reconstructor generates two wave 
fronts by integrating the measured slopes along the x 
and they directions. The resulting wave front is the 
sum of the integration in both directions. 

It is important to understand the sensitivity limi- 
tations of the wave-front sensor for measuring weak 
transmissive optic thermal lenses. The sensitivity 
of the wave-front sensor depends on the sensor's abil- 
ity to determine the position of the focal spots on the 
CCD array. The error in determining the focal spot 
location includes a set of factors such as CCD detector 
noise, coherent optical cross talk between lenses, and 
CCD digitization error. We measured the rms error 
in the focal spot location for the wave-iYont sensor by 
evaluating the spot position of a stable wave fiont 
repeatedly with the sensor and by calculating the 
average and rms error in this determination. The 
rms error in focal spot location, Ax,,, for our wave- 
front sensor was approximately 0.1 ym for a planar 
wave front. It is aossible to have errors in the mea- 
surement of the Gcal spot locations that are larger 
because of a variety of factors including coherent op- 
tical cross talk between adjacent array detector ele- 
ments. 

We measured the rms wave-front error by illumi- 
nating the sensor with a beam of uniform intensity 
with a planar wave front. The sensor evaluates the 
wave front many times and determines the rms dif- 
ference between the individual measured wave fronts 
and an average wave front evaluated at each of the 
lenses. The rms wave-front error +,, of a Shack- 
Hartmann wave-front sensor is related to the quality 
of the reconstruction algorithm, the focal length of 
the lenses, the diameter of the lenses, and the rms 
spot location error. The +,, can be written as 

where F,,con,,c,,, is a factor determined empirically 
by the type of reconstructor used, d is the diameter of 
a lens in the lens array, and f is the lens focal length. 
Usually the rms error in spot position is the same 
along the x axis and along the y axis, but if it is not 
then the rms wave-front error in the two orthogonal 
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