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Abstract

LISA (Laser Interferometer Space Antenna) is a mission to detect and study
Iow-ﬁequency' cosmic ‘gra.vitational radiation through its inﬁUence on the
phases or ﬁequencms of laser beams exchanged between three remote space-
craft. We previously showed how, with lasers of identical frequencies on sta-
tionary spacecra,ft the measurement of twelve tlme series of Doppler shifts
- could ‘be combined to ca.ncel exactly the phase n01se of the lasers and the-
o Doppler ﬂuctuatlons due to non-inertial motions of the six optical benches,
- while preserving gravitational wave signals.
. Here we generalize those results on gravitational wave detection with time-
delay interferometry to the expectedA LISA instrument. The six lasers have
- different center .ﬁequencies (in the “nominal LISA configuration these center
frequencies may-well differ by several hundred megahertz) and the distances
between spacecraft pairs will change with time (these slowly-varying orbital
Doppler shifts are expected to be up to tens of megahertz). We-develop time-

delay data combinations which, .as previously, preserve gravitational waves
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and exactly cancel the leading noise source (phase fluctuations of the six
, lasers); these data combma.tlons then 1mp1y tra.nsfer functions for the remain-
ing system noises.  Using these, we plot frequency ‘and phase power spectra
.. for modeled system noises in the unequal.Michelson combination X, and t.h_e‘
symmetric Sagnac combination . Although oﬁtical b,eneh noise can no longer
be cancelled exactly, with the ;currenit LISA speciﬁeations it is suppressed to
negligible levels. - |

It is known that the presently-anticipated laser center fr:equeney differ-
ences and the orbital Doppler drifts introduce anot]ner source of phase noise,
arising from the onboafd; oscillators required‘ ﬁo» track the photo detectes“ :
- fringes. rFor the presently pla.nned rhission, our analysis indeed demonstrates
that noise from curreﬁt-generation. ultra-stable ‘oscillators would,. if uncor-
- rected, dominate the LISA noise budget. To meet the LISA sensitivity goals
either_‘ achievable improvements in oscillator stability must be combined With
much stﬁcter requirements on the allowed laser center frequency differences
and on the e,llowedDoppler' shifts from orbital drifts, or, as has been previ-
ously suggested, additional calibrating interspacecraft data must be ‘taken, by
' modulatmg the laser beams and cons1dera.b1y increasing system complexity.
. 'We generalize prior schemes for obtaining the required oscillator instability
Calibfaiioﬁ data to the case of six preof masses, six lasers, and three opboe,rd
. oscillators. For this realistic configuration we derive appropriate time-delayed
‘combinations of fhe calibrating data to correct each of the laser-noise-free

data combinations.
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I. INTRODUCTION

LISA (La'ser‘Interferonleter Space Antenna) is a three-spacecraft deep space nliSSion,
jointly propcsed‘ to the National Aeronautics and Space Administration (NASA) and the
European SpaceAgency (ESA). It will detect and study low-frequency cosmic gravitational
radiation by observing frequency shifts of la.ser beams interchanged between drag—frée space-
craft [1]. - |

Modeling each spacecraft with two optical benches, carrying independenf lasers, beam
splitters and photo detectors, we previously analyzed the measured twelve time series of
~ frequency shifts (six one-way la;ser_'b'earne between spacecréi't pa.irs,> and six more between
the two optical benches on each of the three spacecraft). We showed' that there exist several
- combinations of these twelve observa.bles that exactly cancel both the othermse overwhelm-
ing phdae noise of the lasers, and the phase ﬂuctuatlons due to the non-inertial motlons of
the six opt1ca1 benches while leavmg effects due to passing grav1tat1onal waves [2—4] |

The analyses in our prev10us work, however, relied on the assumptions that (i) the |
spacecraft were stationary relatlve to each other (but also in free fall, drag free), and (ii) the
intrinsic (or center) frequenc1es of the six la.sers were all equal. Here we amend and extend
those_results to the real1st10 LISA opera.tlonal configuration, in which the center frequenc1es
| o-f,jthe lasers may well aﬂ differ by se\reral hundred megahertz, and the epacecraft are drifting
in their ﬁight formation, resulting in élowly varying Doppler shifts of tens of megahertn [5]. ..

- As a consequence of having lasers.AWith different Afreqnencies the phase noise due to the
vibrations of the optical benches will no longer cancel out exactly in the laser-noise-free
data combmatlons and optlcal bench motion spectral dens1ty must now be modeled and
kept below the design threshold. Perhaps more serious is that both frequency offsets between
lasers and Doppler drifts now bring in another source of phase noise, arising in the onboard
clocks or oscillators (Ultra-Stable Oscillators, USOs) used in the frequency down conversion
and tracking of photo detector fringe rates. In this pé,per we address the general problem of

‘removing these noises from all the laser-noise-free combinations previously derived.



In Section Ii we model the raw data: twelve one-way measurements of phase differences

at the photo detectors. These require base-banding (or down conversion) with locally genér—

- ated frequencies to compensate for laser—freéuency offsets and Doi:pier shifts from spaceéraﬁi
motions. Asa consequeﬁce', now the‘b twelve phaseI‘neasurement 'mbdels include terms involv- |

- ‘ e heterodyﬁe measurements. To facilitate

'compar‘isoﬁ with previous results in [1,6,7), here we give the equations for data in terms of

ing the noises of the‘o’scillators (USOs) driving t

measured phases. To facilitate comparison with the notation of our previous papers [2-4],
we éléo include a summary in Appendix A where the data is equivalently expressed in terms
of measured frequencies. | B |

| In Section III we derive the lasér-noise—free unequal-arm-interferometric combination we B
call _X;,,‘ the combination g, and the totally symmétric Sagnac combiﬁatio_n, Cq. Equiv-
- alent combinations of frequency data, denoted with the same symbols, are describéd, in
| Appendix A. These combinations éorrespond‘ to those derived in [4], but now they include
: the effects of lasers with different ftequeﬁqies; spacecraft moving relative to each other, a’nd :
USO noises. For each. combination, transfer functions are implied for the remaining sysﬁem
' noises arising from optical bench ﬁlotion, optical path fluctuations (shot noise), proof mass -
buffeting (acceleratibn noise), and now USO phase noise. We give plots of both frequency
~and phase system noise spectra that will appear in the combinations X, and (. We discuss
requirements on USO noise so that the desired sé_nsitivity to gravitational radiation can be
achieved. If intrinsic oséillator phase noise cannot be reduced to this level, with improved
" USOs, and by placing system reQﬁiréniénts o’n"la‘éé_r frequenéy offsets and orbital drifts, it
will be necessary to take avdditionavl data for calib;'ation; which we conéider in Section IV..
Bendér, Danzmann et al. [1] iiave prdpoééd modulatilcy)n‘of the laser beams with USO gener-
ated frequencies. Hellings et al. [6], and Hellings [7] have analyzed a two-frequency version,
for the case when bench noises were not included, and onl:;r one laser in each spacecraft was
assumed. We derivé generalized expressions for combinations of six streams of calibrating
data, which can be used for removing the USO noises from all the previously identified laser-

noise-free combinations. These calibration data are different from those previously published
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[7] in that they also take account of the USO noise introduced in the down conversion of the
phase measurements between each pair of optical benches. Withm each spacecraft
" In section V we discuss the sen51t1v1t1es of the newly derived interferometric combinations

- and present our concludmg- remarks.

II. TIME-DELAY INTERFEROMETRY

ln what follows we present tlle principle of time-delay interferometry discussed in ref-
erence [4] (which we Wlll refer t0.as paper I), now in terms of relative phase rather than
frequency measurements Thisis because the analysrs becomes somewhat 51mpler by Workmg ‘
with phase rather than frequency When the six lasers have offset frequencies, and when the
spacecraft have relative velocities; a direct comparison with references [6], [7] is also easier.
- For completeness we provide in Appendix A equations for data entering the correspond-
ing tune-delay 1nterferometnc combmations of frequency measurements and. a glossary of ,‘
notations from our prev10us papers. . '
Figure 1 shows the overall geometry of the LISA detector. The spacecraft are labeled 1,2,
"~ 3and distances between pairs ofspacecraft are Ly, Ly, L3, with L; being opposite spacecraft
- 7. Unit vectors between spacecrai't are n“ oriented as indicated in ﬁgure 1. We similarly index
‘the phase difference data to be analyzed S31 1s the phase diﬁ'erence time series measured.
~ at reception at spacecraft 1 with’ transmission from spacecraft 2 (along L3). This slightly
odd convention should be carefully noted. It is perhaps unfortunate, as denoting it as “sy”
might seem more immediate.. Our convention was adopted in [3], and we have adhered to it
so that all papers in the series can be inter-compared more easily. Similarly, ‘S91 'isthe ‘p'hase
difference series derived from reception at spacecraft 1 with transmission from spacecraft
3. The other four one-way phase difference time series from signals exchanged between the
spacecraft are obtained by cyclic"permutation of the indices: 1 — 2 =+ 3 — 1. We also use a
useful notation for delayed data streams: s312 = $31(t—La), S31,28 = 831(t—Lo— Lg) = 531,32,

etc. (we take the speed of light ¢ = 1 for the analysis). Six more phase difference series



result from laser beams exchanged between adjacent optical benches Wlthm each spacecraft;
these are similarly_ indexed, as 7; (4,5 =1, 2,,3 s iEg ).

| The proof—mass-plus-optical—bench assemblies for LISA spacecraft number l are shown
- schematically in figure 2. We take the left hand optical bench to be bench number 1, while
the rlght hand bench is 1*. The photo detectors that generate the data so, s31, Tat, and
T31 at spacecraft 1 are shown. The phase ﬂuctuatlon of the laser-on optlcal bench 1 is
T (t); on optical bench 1* it is pj (L‘) and these are mdependent (the lasers are not ”locked”) |
We extend the cyclic term1nolog,3r that at vertex i (i = 1, 2, 3) the random displacement
_vectors of the two proof masses are respectively denoted & (t) and 6* (%), and the random
: dlsplacements (perhaps several orders of magmtude greater) of therr optical benches are .

correspondmgly denoted A :(t) and A*(t) As we pomted out in paper I our analysrs does -

‘not assume that pairs: of optical benches are- r1g1d1y connected ie. A; ;é A ,in general. The

present LISA design shows optlcal fibers transmlttmg signals both ‘ways between adjacent
benches.: We ignore tlme-dela}f effects for:these signals and will simply denote by u;(t) the-
phase fluctuations upon transrnissiOn through the fibers of the laser beams with frequencies
Vi, and vf. The p;(t) phase shifts Wrthln a given spacecraft might not be the same for
large f"reque‘ncy differences v; —v}. For the ‘envisioned' frednency differences .(a, few hundred -
’megaherjcz), however, the remaining 'ﬂuctuationsz due to the o‘ptical, fiber can be neglected - -
8]- o | |
Figure 2 endeavors to make the detailed ﬁght paths for these obserirations clearr An

" outgoing light~bean1'"ﬁransmitted to a distant spacecraft is routed from the laser on the local
optical bench using rnirrors and beam splitters; this beam does not interact with the local -
proof rnass. Conversely, an incoming light beam from a distanh spacecraft is bounced off the
local proof mass before being reflected onto the photo detector where it is mixed with light
from the laser on that‘ same optical bench. Since the relative velocities, L;(t), between pair |
of spacecraft will induce several megaherfz Doppler on the received frequency of the laser
light [5], and furthermore the frequencies of the lasers themselves can be different by several

hundred rnegahertz [1], the outputs of the photo detectors have a large fringe rate, or “beat-
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