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We consider the problem of detecting a burst signal of unknown shape in the data from gravitational wave
interferometric detectors. We introduce a statistic which generalizesxttess powestatistic proposed first by
Flanagan and Hughes, and then extended by Andetahto the multiple detector case. The statistic that we
propose is shown to be optimal for an arbitrary noise spectral characteristic, under the two hypotheses that the
noise is Gaussian, albeit colored, and that the prior for the signal is uniform. The statistic derivation is based
on the assumption that a signal affects oNlysamples in the data stream, but that no other informatian is
priori available, and that the value of the signal at each sample can be arbitrary. This is the main difference
from previous works, where different assumptions were made, such as a signal distribution uniform with
respect to the metric induced by tkiaverse noise correlation matrix. The two choices are equivalent if the
noise iswhite and in that limit the two statistics do indeed coincide. In the general case, we believe that the
statistic we propose may be more appropriate, because it does not reflect the characteristics of the noise
affecting the detector on the supposed distribution of the gravitational wave signal. Moreover, we show that the
proposed statistic can be easily implemented in its exact form, combining standard time-series analysis tools
which can be efficiently implemented. We generalize this version of an excess power statistic to the multiple
detector case, considering first a noise uncorrelated among the different instruments, and then including the
effect of correlated noise. We discuss exact and approximate forms of the statistic; the choice depends on the
characteristics of the noise and on the assumed length of the burst event. As an example, we show the
sensitivity of the network of interferometers tosefunction burst.
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I. INTRODUCTION AND SUMMARY excess power statistic was recently analyzed by Anderson
et al. [13] and extended to the “blind” search for burst

Several large scale interferometric detectpts-4] are  events from a network of interferometers. However, as
currently under commissioning and are expected to start dagaointed out in[13], note 8, the authors actually made the
acquisition and reach their design sensitivity in a few yearsassumption that the signal distribution is flat with respect to
Some of the candidate sources, such as the coalescing birtae inner product defined by the inverse of the noise corre-
ries in their inspiral phase, can be modeled with reasonablition matrix. They recognize that this is an approximation,
accuracy and the gravitational waveforms can be predictedind correctly claim that it is legitimate when the noise spec-
thus allowing a matched-filter detection strategy; [ggeand  trum does not vary rapidly in the band of interest; however,
references therein for a review. On the other hand, as arguede will argue in Sec. Il A that this may not be true for real
in [6], it is conceivable that the uncertainty on the waveformdetector noise, and we will show that in view of the current
will remain high for sources such as type Il supernova ex-models for burst signals from the core collapse of superno-
plosions or the merger phase in the coalescence of blackae[9,14] the correlation length of the detector noise cannot
holes or neutron stars: in this context, the issue of detectinge assumed short with respect to the event duration, even
events poorly modeled or not modeled at all remains crucialassuming the design noise.

The problem has already been approached from different The choice of the signal distribution {r13] has the ad-
points of view: some authoff$—8] aim at devising several vantage of making it easy to incorporagepriori informa-
simple and computationally inexpensive algorithms, to beion, when available, about the magnitude of the signals; we
run in parallel after having been tested and optimized againgthall see that this is in general more complicated with our
model waveformg9]. Others start from general hypothesesstatistic, if detection thresholds are set using a Bayesian cri-
on the distribution of the signals and the noise and deriveerion.
statistics optimal under those assumptipb@-13. The method that we propose consists mainly of two steps:

We consider particular interesting strategies such as théd) filter the input data with a matched filter férfunctions;
excess powestatistic proposed by Flanagan and HughesB) compute a statistic similar to thenergy of the data
[11], or thenorm filter studied by Arnaucet al. [10], which  within each time window we are willing to test for the pres-
try to make minimal assumptions on the nature of the signalence of a burst, using a particular scalar product which can
such as time duration and bandwidth only; in particular, thebe conveniently computed either by using the discrete

Karhunen-Loge transform(DKLT), or (approximately by
using a discrete Fourier transfor@FT). The algorithm can
*Permanent address: Istituto di Fisica dell’Universitalrbino,  be generalized to the multiple detector case, resulting in an
Via S. Chiara27, 1-61029 Urbino, ltaly. Electronic address: optimal statistic that depends on the direction in the sky from
vicere@fis.uniurb.it which the signal is supposed to come. It also turns out that
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possible correlations among the detector noises can be takémquency notation: the conventions for the DFT are detailed
into account by modifying thes-filtering step, as a direct in Appendix A, while the characteristics of the detectors in

consequence of the likelihood maximization. the network are detailed in Appendix B.
The paper is organized in two main sections: in Sec. Il we
derive the statistic for the case of a single detector; then in II. SINGLE DETECTOR ANALYSIS

Sec. Il we extend it to the multiple detector case.

In greater detail, the plan of the work is as follows. In
Sec. Il A we give the motivation for our study, introducing ~We will keep consistently a discrete-time, discrete-
our hypotheses on the signal and the noise and discussifggguency notation, assuming a sampling ratend a finite
them in view of the current models for supernovae signals. IPbservation timeT=N/fs. We assume that the detector
Sec. Il B we briefly recall the Bayesian framework we follow noise is zero mean and Gaussian, characterized by a correla-
in deriving the optimal statistic. In Sec. Il C we derive the tion matrix
exact expression for the likelihood ratio, for a burst affecting .

Ny samples in the data stream. In Sec. Il D we make a di- (Ro)[i.j1=E[nin;] @
gression on the Karhunen-bee transform, a tool well
known in statistic§15—17 and already applied in the analy-
sis of data from bar detectofd 8], and proposed for the
study of narrow resonancgs9]. In Sec. Il E we exploit the
DKLT expansion and show that it is a convenient way to

A. Noise and signal statistics

wheren;=n[i]=n(i/fg), andi e[ 1,N]. We further assume
that the noise is stationary; henBeis symmetric Toeplitz
[17]. The probability of observing a certain set of noise data
n (of total lengthN) is given by the joint distribution

implement step B. When the supposed burst lergthis

large, an approximate formula using the DFT can be used, as P(n) 1 F{ 1 (R1) ©
' , n)= exg — =N, Nl

shown in Sec. Il E 1. J(27)NdetR 2 o A

The very meaning of the word “optimal” used for defin- o ] . .
ing the proposed statistic is discussed in Sec. Il F, where wl @ certain signak is also present, the conditioned probabil-
clarify the limits of the method, in particular with respect to ity of observing a set of data is
the inclusion of prior information on the signal strength.

The distribution of our statistic in the absence and pres- P(x|s)= 1 e[—(1/2)(x—s)~R;1.(x—s)] 3)
ence of a signal is considered in Sec. Il G: it corresponds J(27)NdetR '

exactly to ay? variable, respectively central or not central.

The multiple detector case is treated first in the approxi\We should stress that the formulas in E@, (3) make use
mation of uncorrelated Gaussian noise across the detectof the information available in the finite data sequence: we
network in Sec. Ill B, where we show that the techniquesobserve onl\N data points and with the expressions R{mn)
used in the single detector case can easily be extended, inaad P(x|s) we cannot take into account the effect of past
way not much different from what has been don¢li8], but  data points, which fall outside our observation window. We
including the above mentioned step A implementing the fil-shall see later that when considering a shorter analysis win-
tering for & functions. We show in Sec. Ill B 1 that step B of dow (of sizeN) contained in a longer data train we should
the algorithm can be written in exact form using a vectoractually exploit also the information contained outsideNhje
DKLT, while a simpler form, similar to the one derived in window. This information is of little relevance if the analysis
[13], is valid in the long burst limit, as discussed in Sec.window is much longer than the largest correlation times in
B 2. the noise; but this is not generally the case when considering

The case in which the noise of different detectors display$urst events.
some degree of correlation is considered in Sec. Il C; we What matters to estimate the relevance of this boundary
start from the same hypotheses as Hi#6] and show how effect is the noise spectrum. One knoygee Appendix A
the effect of the cross-detector terms in the noise correlatiothat
matrix can be taken into account in our algorithm, either

perturbatively, if the cross terms are small, or exactly if they _,(a- . 2 N72 gizaka-b)
are not: the needed modifications turn out to affect only the f =(R, )ab:fs_N kzl TSIk 4

S-filtering step, and in a simple way.
We f|na”y giVe an eXampIe of application of the algorithm and Considering a noise model such as given in (Bq_ﬁ)’

to the detection of bursts of unit duration, for a network of\yhich summarizes the best sensitivity reachable in the first
detectors comprising either the three Laser Interferometrigeneration interferometers, one deduces that

Gravitational Wave Observatori€slGOs) [1] or including

also GEO6003], TAMA [4], and Virgo[2]. We compute the R™Y(r)=Aqe""70cos 2nfyrt - - -, (5)

resulting signal-to-noise rati®GNR), which is a function of

the direction in the sky; this allows us to show pictorially to neglecting faster decaying terms. The decay (8neg; . .

what extent the network analysis strategy is advantageous, eharacterize how much the matiX * (and thereforeR it-

least in the ideal situation in which the detector noise isself) differs from a diagonal matrix. In Appendix B2 and in

Gaussian. Table Il we show that for the current models of the baseline
Throughout the paper we adopt a discrete-time, discretanterferometer noise in the first generation detectors the val-
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TABLE lll. The characteristic ringing frequencigémeasured in - when integrating over the space of possible signals, we
Hz) and correlation timesin s), for each interferometer, deduced should not forget that the measure is changed by the trans-

from the simplified noise models we have adopted. formation.
To render our statements precise, we need to discuss the

Detector 70 fo 7y fy detection framework adopted.
GEO600 56103 32 2.7x10°4 44
LIGO 2K 2.4x10°3 70 6.1x 10 * 107 B. Detection framework

—3 —3 . .
LIGO 4K 2.5¢10° 83 11107 51 We suppose that if present the burst affects an interval
TAMA 1-4X1O_3 141 3-J><10_4 82 Ty=N;/f starting at absolute timg,,, that is, a number
Virgo 6.0x10 27 2.2<10 293 N, of samples. We are unable to prescribe priors for the

signal amplitudes, so we treat themrassanceparameters,
to be integrated out. Anderscet al. [11,13 made similar
ues of ry range from 1.4 ms in TAMA to 6 ms in Virgo assumptions, with different hypotheses on the integration

[corresponding t@®(100) samplek measure. . -
These time scales should be compared with the expected Given a data vectax, thea posterioriprobability of hav-
duration of the bursts: for instance, Zwerger andliktu[9],  ing observed those values|[i87]

Figs. 5 and B have shown several examples of gravitational
waveforms emitted in axisymmetric core collapse events,

displaying large variations on scales of a few mlmsecondSWhereP(1),P(O) are thea priori probabilities for a signal

and narrow large amplitude pee}ks even shorter Fhan 1 m%‘f unspecified form being present in the data, &fd|1) is
The same features are found in more recent simulation

which include relativistic effects, by Dimmelmeiest al. the probability of observing given thatsomesignals is

. ) o present;P(x|0) is the probability defined in Eq2) of ob-
.[[14.]1 Fig. 2(Model A)]’. we co_nclude_that itis geperally not serving the same data sein the absence of signals. In turn,
justified from the physical point of view to surmise that the
correlation decay times of the noise are short compared to
the burst duration. p(x|1)EJ P(x|s)P(s)ds 7)

Moreover, the values for the decay times quoted in Table
[l refer to an ideal detector noise, free of narrow resonances: . . . . .
real detectors may well exhibit richer spectral featyd. Where P(s) IS the a priori probability of hgvmg_ a signas
For instance, a thermal resonance with proper frequégcy prgsent, whileP(x|s) has alrgaQy been dgfmed in E@. In
and quality factoQ would contribute to the noise correlation this paper we assume ropriori information onP(s).

; . . o Given our complete ignorance Bf{1),P(0), weresort to
a term with a characteristic decay timg=Q/xfy; with the integrated likelihood ratio
violin modes easily havingQ>10°, and frequencies
=0(1000) Hz, the decay time can easily reach tens of sec- P(x|1)
onds. Although it is expected to subtract the effect of these  A(x)= =
resonances from the data, using, for instance, Kalman filters P(x|0)
[23], it is fair to say that any residual effect, due for instance .
to imperfect cancellation of a very high resonance, will USing the Bayes ruleP(1[x)P(x)=P(x|1)P(1) we can
contribute to increasing the noise correlation length above/Nte
the values deduced from the baseline noise.

There are at least two important consequences of the pres- P(1|x)= A
ence of a nonzero correlation length) statistics built using A(x)+P(0)/P(1)
maximum likelihood criteria must be modified to take into
account noise outside the window affected by the bursfor the probability of having observed a signal, conditioned
event; (2) instances of these statistics, derived from thesdy the particular instance of datathat we have received.
data, will exhibit a correlation in time which should be takenAlthough we have no idea of the priof3(0),P(1), this
into account when computing false alarm and false dismissdrobability is a monotonic function of the likelihoadi(x),
probabilities[24]. In this paper we will concentrate on the Which is therefore the quantity to be estimated, in depen-
first issue. dence on the assumptiofwr lack of assumptionson P(s).

One general way, other than subtracting the narrow specfo implement our ignorance of the waveform we assume that
tral components, to attack this problem would be to assum®(s) is uniform in the spac&™I of possible signals of length
that data have been prewhiter{éd-8,10, for instance using N .

a time-domain filter estimated from the data themselves For the sake of comparison, Andersenal. [13], Eq.
[25,26]; however this strategy requires one to take into ac{3.1), and the following discussion and note assumed instead
count the effect of the whitening filter throughout the detec-that the signals s are uniformly distributed with
tion chain, in particular the alteration of the signal waveformrespect to the metric induced by the scalar producy)

and consequently of the signal distribution. In other words=x- R;1~y.

P(x)=P(x|1)P(1)+P(x|0)P(0) (6)

f e W2sRy st s R xp (s (8)

(€)
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C. The burst statistic in other words, the time serie’, *-n restricted to they)

A vector space notation is useful: Ie}, be the space of Subspace has the autocorrelation mati, t);, which is
all possible data vectors, having lengthwe want to test for What we need. The last step is to invert the matrix and apply
the presence of a burst signal in a certain subspacele- it to the S-filtered dataR;1~x; an efficient tool to accom-
fined by takingN;<N consecutive samples, from a certain plish this task is the Karhunen-Loe expansion17].
starting position(say,|) in the original vector. The orthogo-
nal subspace, of dimensidti—N;~N, will be calledV, . D. Karhunen-Loeve expansion

We have again the likelihood ratio An expansion oR in terms of its eigenvalues and eigen-

N| vectors is possibl§16,17,217:
A(x)zf e VAR Disi+s Ry 0] ds (10) K
i
Rap= 2, ol (15

where the indices, | run only over elements af, while the
noise correlation matriR,, is defined for an arbitrary index

difference. Let us introduce the matrix whereK is the dimension of the matrix and

11 R sly= ol (16)

with eigenvalueso,>0. The {¢ke[1K]} eigenvectors
are chosen orthonormal

(R D= (R D11 N+ Nprd

obtained by projecting?;l onto Vj. Performing the inte-
grals over the amplitudes ,

1 > Y= (17)
A(x)ocexr{ixamn Daill(Ry D1~y w VY

and define a basis in the spaké:

X(REI)JBX,B (12) K-1
x= >, . V xeRK with c,=x- ; (18)
where the indices, 8 runin))+V, , and the indices,j run k=0

in V; the overall normalization does not dependjoand
can be ignored. We are forced to split the indices because t
operations of projecting over the “burst” subspaggand of

HBis decomposition is called the discrete Karhunenveoe
transform. Parseval’'s theorem

inverting a matrix do not commute. K
The log-likelihood statistic is therefdre xox=3 2 (19
k=1
— -1 -1 - -1
L(X)zi,jzeVH (R 0i{[(Ry 1™ ij(Ry ™) (13) holds and we can immediately show that
It may seem awkward to compute; notice, however, that Elckei]= ok, (209
E[(R, "n)i(Ry *n)j1=(Ry D)y ; (14

K K
E[x-x]= 21 R““:gl k.-

(20b)
They do only wherN=N; : in that case one would have

A(X) o 126 Ry x— g(12)(Wy-)? The similarity with the Fourier transform goes furthgt7],
Sec. 4.7.2 for largeK the ¢ converge to sines and cosines,
and the eigenvalues converge to the bins of the spectral den-

where we used the spectral factorizationRﬂ‘l; henceW,,-x is
distributed as white Gaussian noise. The likelihood would be just
monotonic function of the energy\(,- )2 of the whitened sample. SItY- _ _
2The burst statistic reduces to a standdrfiltering when dealing For finite K the DKLT is a better representation for the
with bursts of unit duration: one has noise because it takes into account the finite-size effé8is

1R %),]2 recall that we are interested M, not necessarily large. In
A(X)—eX[{én—la particular, the coefficients, are uncorrelated random vari-
(RyMaa

ables, thus making the statistical analysis easier.
and the interesting statistic for a certain arrival indeis

2
Ek ei Zwak/N;[ k]/Sn[ k]

E. Exact expression for the burst statistic

f

L()=2InA(X)= — , In Sec. Il C we have shown that the exact statistic, defined
> (1s,[K]) in Eq. (13), can be expressed as
k
which is the Wiener filter for & function[15]. L=y-[(Ry1 "ty (21
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with yHE(R,;1~x)H the vector ofs-filtered data a trend inT which is the symptom of an infinite correlation
length. Such spectral features cannot be properly handled by
1Nt o2 KNS spectral factorization methods, but can be subtracted from

yill=g go sk XK (22 the data[28-30. Notice in passing that violin mode lines

excited by thermal noise belong to the class of regular pro-

S, is the one-sided spectrum corresponding to the correlatioR€SSes, although they can also be modeled and partially sub-
matrix R,, and the expression is valid for larg¢and sta- tracted[23].

tionary Gaussian noise. Thanks to the KL transform we have ) )
1. Approximate expression: Nlarge
Nq i
_ ) In general we search for a burst of lendihin a data set
(R =3, ~-dfouf; ]

(23 N sufficiently long to resolve the narrow spectral features
which give rise to long correlation times. The sampling rate
hence we finally obtain 0(20 kHz) needed to exploit the spectral range available in
interferometer data may lead us to consibigrof the order
Mo 5 of several hundreds, even for signals of a few tens of milli-
L:;lg_k(‘pﬁ'yll) - (24 seconds.
For largeN| an approximate expression based on the Fou-
The reader might wonder why the DKLT is necessary at allfier transform exists:
our statistic in Eq(21) could be computed by just inverting Ny—2
the matrix R,); and then applying it to each successive data R 1-1~f-1 ”2 2 H 28
chunk; what is the advantage of the expression in(E4)? LRy 1™ =T k=1 Sy[k] Wi Wi (28)
The answer is that the computational cost is the same, but the
DKLT decomposition gives us more flexibility. We are not wherew, are the Fourier basis vectofsee Appendix Ain
forced to sum over all the elements: we can decide, for iny), approximating the DKL transform forR); with eigen-
stance, that some of the basis elements correspond to largalues\ = %Sy[k]fs. It follows the approximate statistic
noise components, and can be left out without significantly

affecting the detector performance. The fact that the coeffi- fq Np2-1 ~ 5

cients{¢f-y| ,ke[1N;]} are statistically uncorrelated ren- LOO~F; Z _k|yH[k]| : (29
: o o | k=1 S[K]

ders this procedure sound and simplifies the statistical analy-

sis.

Note that thes filtering in Eq. (22) copes with long cor- isf tﬁle\/%Jm of thfetr? ql:g res of_the jo;rj?r coefficigmﬁtf] d
relations in the data, assuming meterministicline to be  —'s VV[Wk-Y| O the ime serieg/=(R, "), weighte
present; in fact, the Wold theorehl7], Sec. 7.6.2 states V‘{'th _the_ c_orrespondlng spectral nmse_dgnsny: This expres-
that a random process can be decomposed into the sum sion is similar to the excess energy statistic defindd.in13

applied to data filtered for the occurrence &f
X(t):Xr(t)+Xp(t) (25
F. In what sense the statistic is “optimal”

of aregular process x,(t) and apredictableproceséxp(t). .
The latter could correspond to a harmonic of the power line; Itis important to fully understand the consequences of the

it would contribute to the spectrum a term assur_nptlon. we he_lve made about theriori distribution of
the signals: to this end, let us have a second look at the

056( v—,) (26) likelihood ratio
wherev, is the frequency of the line andl, its contribution A(x)zf e—(lfz)s'REl'SJfS'REl'XP(s)ds_ (30)
to the rms noise. In the sample spectr@k] this feature

would translate approximately into a term Our choice has beeR(s)=1, which is a way to avoid in-

N troducing any scale that might bias the analysis. There is a
f—5k,kp=T5k,kp, (270  drawback: larger values & s are favored, in fact,
S
ds= prrlddeNH(é) (31)

A regular procesg[|] satisfies the Paley-Wiener conditi¢ri 7], _ : . :
. : _wherep=ys-sandd(}y, is the solid angle element iN
Sec. 5.5.2 7 _|In S{w]|do<w and can be written as white noise P N 9 I

filtered by a causal process; this is usually the case for physicdlimensions. If we havesay a priori information only on the
noises. energy of the signal, or on the distributi@{p), we would

4 process is predictable if the output at timedt can be written ke to follow the same approach as|it3], Sec. Ill and write
in terms of past values without error; such a process clearly cannot

be written as white noise filtered through a causal filf&7], Sec.
76 ’ et A= [ (o dpdp @
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where butiondy(L) is a x*(N)) ([16], Sec. 4-3

LN”/Z*le*L/Z
. do(L)= ————. (36)
A(X|p)= f 8(p— /s s5)e” W2 (R, Histsyids (33 of 2N (N/2)

4 ) When a signal is present, the distribution is a noncentral
andy|= (R, ~-x)| belongs to the parallel spat®. Applying XZ(NH):

a DKL transforms— £, we obtain

L NJ/2- 1o~ (112)(L+R 2N oFy (;N/2 RL 2N /4)

_ [ e 12> gl _
A= [ alp=\T e 023 act e dy(L) W 37

| oS 22 b o whereyF; is a hypergeometric functiofp32], Sec. 9.14and

f e zk . pzk ‘ deNH(o’ (34) R is the SNR. The SNR explicit form is

if we had o independent ok, in other words if all the Ry 59 [(RYI (R 9 39

directions in thel space were equivalent, we could as in = 38
£ sp q 2N,

[13], Sec. lll compute the integral in closed form, by align-
ing one of the axes with the direction of the vectorThis

consistently with the general definitidgf21], Chap.
was possible for Andersoet al. because they chose a signal y g aell P- 6

prior function ofs- (Ry)j *-s. IE[L|H,]— E[L|H,]|
In our case the expression in E@4) is not a function = > , (39
solely of the statistid. =30 *cZ and of p, because the VEL(L—E[L[HoD)*[Ho]

noise introduces preferential directions in the signal Space‘whereE[L|H] is the expectation value of the statistiaun-

This discussion shows that the statistiove have pro- der the hypothesisl, andH,,H, correspond, respectively, to

posed s strictly speakingptimalonly for a signal prio(s) he hypotheses of presence of absence of a signal. The SNR
constanf we can make the ansatz that for a more generaﬁ '

prior, depending on a scalar function ®fthe optimal statis- n Eq. (39) is not theintrinsic 5|gnal-to-p0|§e ratio which
tic L might still be of the form would result from matched filtering, Rinyinsic

«[[s(£)|2/S,(f)df; in particular, it is quadratic in the sig-

i, nal amplitude.
L=E Lyy— (35 Given the distributionsly(L) andd;(L) we can immedi-
kI Voo ately compute false alarm and detection probabilftietow

shouldd, andd; be modified, however, had we chosen in-

where the matrixk should be determined by maximizing the stead to compute an approximate statistic?

probability of detection while keeping the false alarm rate
fixed. We were, however, unable to prove that this is actually

the case, at least under certain restrictions on the form of _ _ . o
P(s). We discussed in Sec. Il E the possibility of defining the

Another implication of this discussion is that with our statistic.L using just a subsely <Nj of the DKL basis
statistic it is difficult to set Bayesian thresholds, as derived/€Ctors:
by choosing a particular form fgy(p), and making assump-

1. Approximate statistic distribution

NkL
tions on its parameters. This is, however, a somewhat less L _ R-1 2.
> : y ] ' = e . N ; 40
crucial issue because thresholds may be set following a fre- approx Igl ak[¢k (Ry-n)y] (40

quentist approach, that is, by limiting the false alarm rate.
we know that in the absence of signals the expansion coef-
G. Statistical analysis ficients&,= (1o ) - (R™L- n) are by construction uncor-
related, with zero mean and unit variansee Eq.(209];

Given the statistid. we need the distributionsy(L) and ey are also Gaussian variables, because they are linear

d,(L|s) under the hypothesés, (no signal andH; (a sig-
nal s of unspecified formy in order to set up a detection
strategy, for instance based on the Neyman-Pearson criteriorsy,
[31].

Thanks to the fact that the coefficients of the DKL expan-
sion are Gaussian, uncorrelated random variables, the dist

false alarm probability is Qf(Lo)Eff_"Odo(L)dL
=T'(Ny/2Lo/2)/T(Nj/2), while the detection probabilit@4(Lo| R)
cannot be written in closed form. One can approxinadgé.|R)
With a Gaussian distribution, obtaining

1 Nj+RV2N— Lo

Qui~5|1t+erf| —F———

>The statistid would of course be optimal also for any prior that 2 2VNj+2RV2N;
is a function of the statistit. which is valid for a large SNR.
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combinations of Gaussian variables. Helgg,, oy is distrib- M
uted as ay%(N, ), and analogously the formula in E(g7) AXIM=TT Aux9) (43)
for dy(L|R) holds, withN;— Ny, and Lt
1 Nk where we borrow from{20] a bold italic notation for the
R= Ne kZl U—k['”('(Rn'S)H]Z; (41)  direct sumx=x,@x,® - - - ®xy of the data vector from the
KL ®™

individual detectorsA is conditioned by the presence of the

these results are exact, despite the fact that we are using orifig"@! . described in each detector by Hg2) in terms of
a subset of the DKL vectors. This might be useful in order toll'® Same two polarizatiorts, . : we have

implementy? tests for non-Gaussianity, similar to what has

been done in the analysis of Caltech 40 m data while search- AL(XL|3)Ee*(1/2)(SL)i(R[Ll)ij(SL)1+(SL)i(R[Ll‘XL)i+dL_ (44)
ing for coalescing binary signal83].

We have exploited the time invariance of the correlation ma-
Iil. MULTIPLE DETECTOR CASE trices, and introduced a shiff_in the index of the data, ,
A. The signal at each detector changing the reference time at detectom order to com-

h h ical tool ded v d i hpensate for the delay . The matrixR,; represents the noise
The mathematical tools needed to compactly describe thg, ;1. relation for detectdr and the double index will be

response of interfgrometric detectorg to a coherent graVitaﬂseful when dealing with cross-detector correlated noise. We
tional wave(GW) signal have been laid out in several papers.., express, in terms of the two polarizations, treated as

[34-36, and have been rec_ently rewewed_ and _applled_ to th‘I'Endependent vector variables: it is convenient to write
problem of network detection of coalescing binary signals

[37]. We collect useful definitions and formulas in Appendix e+
B 1, and we refer t¢37], whose notation we follow closely, e B . . L.
for a complete treatment. slil=hTil-Fo=(h.[iL.h.[i])- ) (49

The signal at thé-th detector is

si()=h, (t—m)F] +hy(t—7)F (420 hisa t\_/vo-column_mz.;ltri?(, an(!;‘._ is a vector resulting by
contracting one of its indices with those in the vedtor.
wherer_ is the delay of the signal with respect to a detector The likelihood can be rewritten as
at the center of the Earth: it depends on the source direction.
The antenna patterris, ,F are given in Appendix B 1 as A(x|h):e*(1/2)h‘-(ELFL®R[L1®FD-h+h‘<[ELFL®yLJ (46)
functions of the source direction and the position and orien-

tation of the detectot; as we deal with burst signals we ) .
omit their dependence on time. where we have introduced th#filtered data

B. Network likelihood with uncorrelated noise yulil= (RELl' X|_)i+dL (47)

We consider first a simpler case, assuming that the Gauss-
ian noise of the individual detectors is uncorrelated: then thavhich include thed, time shift.

likelihood ratio is just the product of the ratios for tié The Gaussian integration ovhr, ,h, can be performed,
individual detectors resulting in the log-likelihood
|
t -1
2InA(x)= g FLoy. [ZL FLe(RyY®FL [ZL FLoy| ; (48)

the presence of a signal coherent across detectors makes it The notation in Eq.48) deserves some clarification.
impossible to factor out the integrated likelihood inaproductz(§+):zL|:L@g>yL is a 2xN matrix; each row contains
X

7
of terms. ELFI(X)YL, in turn a vector which combines data from all

the detectors, filtered by the appropriatdilter, and scaled
with weights depending on the sky direction.

"The expression obtained is similar to the one proposed by Ander- @=Z F ® (R |©FL is a 2XNjxNjX 2 matrix; as in
sonet al. [[13], Eq.(5.29] apart from the fact that, as in the case of the single detector cade, is the dimension of the/), sub-
a single detector, they have chosen the signal prior flat in the metrispace we are testing for the presence of a burst.
induced by the matrixS Fy® (R ®FL 1% The matrixy can be easily computed: f@ the following
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identity holds, in the absence of signal: with c'i(x) the coefficients of the DKLT in the two bas®s.
The matrix® can be inverted:
17 t t
Elyoy]=2 FroEly@y]or Lo [P ele 1 pd eyl
T e Tbkely ] i ykelyl] 5
56
= Fe®Ry®FL; (49)
Kok wherep= o1 is such that
if the detector noises are independent, it reduces to N
2 2 oR'pim= Smd®". (57
-1 t “la=+
Ely®y']=2> FL@(RM)®F.=0 (50)
L The solution forp is (the o ***) are diagonal matricés
where we have gseE(LL)yzR[Ll for the correlation matrix p =l —a* T (") Lo (583
of they, time series.
Now we would like to factor the correlation matrices pi=—(o" ") Lot p (58b)
(R )| relative to each detector; however, each of them ad-
mits a different KL expansion over the subspace with a similar expression exchanging, +. We finally write
the statisticL,=y-(®) .y as
[RM=2 olfe o (51) il
< 2 E R p q, where (593

k(=1
and the base$yf ke[1,... N1} are generally different
for each detector; hence the sum of tensor products in Eg.

H k= t. = p t. 71.
(49) does not factor into a product of terms. Cp—['”;] (Yp)) K§=:l Fil ‘”r;] (R - X)) » (59b
1. Exact form for the network statistic where we should keep in mind that tffé functions, the
Recall[see Eq.(49)] that the matrix coefficientsaf!, and the DKL basis vectort#; depend on

the direction in the sky.
(FO)? FF{
FOFS (FO)?

®(R[|_1)H (52 2. Simplified case: Large N

If Ny is large enough to justify the approximation of the
is the correlation matrix of thévectoy signaly. The two DKL with a Fourier transform, the matrix Rikk)y)|
time seriesy, andy, are jointly stationary that is, their = (Rgg); can be written as follows:
cross correlation also depends just on the relative lag, and we

. NH*l
can introduce two DKL bas Jke[1N;]. In terms of
them. e&i‘x (LN (R(KK)y)H:ES I(ZO Stigyl KIWe@ Wy (60)

o e[y, Ullem®[lﬂx]t:| - whereS ), k] is the one-sided noise spectrum of thg)(

X + t XX t] data; its frequency resolution f§/Nj, and it does not de-
o' vhelw.]' e vhely] pend on the direction in the sky. Now the matéx[see Eq.
(49)] can be factored out and we obtain in analogy with the

results of Andersoret al. ([13], Sec. VQ
( )+ +(>< ><) _ 5 +(><)

kIO ' Nj-1
2 B RQIBF=7 2, w@S[klow (61

where the diagonal termsx* * and () ** are simple:

with o ,o, the eigenvalues of the two DKL bases. The

off-diagonal terms are ] ]
where we have introduced the network spectral derSjty

Fx(x+) . G for the o-filtered datay: each element o, is a 2xX 2 matrix,
oy EEK: FRFRld ool (R vy (59  depending on the source direction through Eaeterms

or simply, in terms of the estimated cross correlations, - o o
Notice that the estimation of the matrix is simple: once the

X (X+) = E ® ¥ (x) eigenvectors are deflned the eigenvalues give immediately
Tl [%(X)] LY+ 00 ®Yxn]- ll)x(” the diagonal terms" ) while the cross terms are most easily
_ K | estimated from the data by performing the DKL decomposition and
= E[C+(><)C><(+)] (55 cross-correlating the coefficients.
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S=5,9S® - - PSy (65
SyK1=2 Syl KIFk® Fic- (62
is the direct sum of the signals at each detector. We borrow

We can therefore rewrite the statistic in E48) as from [20] the notation

NH*Z
—= gl VLK1 [S,[kIT*- [y[K1l;. (638

L(x)= N,

(ab)r=a(R)"*b= 2, ax[KI(R™ xuabL[I];  (66)

KLKI

Ris anM NXM N matrix which we regard as a tensor,

M
9[k]z§l FLyuK], (63b)

R=E[n®n], (67)
in complete analogy with the single detector case, (£6);
now f/[k] is a two-element vector, whose components arehat is,
just the Fourier transform of the, . time series. This sta-
tistic converges to the excess power statistic defing LBy,
Eqg. (5.29] in the limit Ny—N, or equivalently when the
cross correlations between the subspadgd’, can be ne-
glected.

(R)ki=(Ri)=E[n[k+dgIn [I+d.]]. (68

Each NXN matrix Ry, is a Toeplitz matrix depending
only onk—1+(dx—d,) and not necessarily symmetric, un-
lessK=L; only the symmetry R) k.= (R) .xix holds, which
C. The case of correlated noise among the detectors ensures thata,by=(b,a). Notice also that, as in the previ-

The problem of writing down the likelihood in the case of 0US Sections, we have shifted the labeling of data on each
correlated noise amorlg detectors has already been studiegdetector so that the burst is S|mul_taneou_s in the time series;
in depth by Finr(20], who proposed to apply a transforma- We must be careful, because the time shifts do not cancel out
tion to the M data channels, which would decorrelate thein the cross terms of trj‘i correlation matrix.
noise. We face here a technical difficulty: such a transforma- The inverse matrbR™" is defined, as if20], such that
tion would also “rotate” the signal and render awkward the
bookkeeping in our derivation. We adopt a different ap-
proach, motived by the hope that the cross-correlation terms
will be significantly smaller than the diagonal terms, so that
a perturbation expansion is possible.

If the noise is correlated the likelihood for havirgn the
presence of a signd is ([20], Sec. 1l B

M N
6130ij :(RilR)IJij:KZl k§=:1 (R Y kik(Rikkj (69

and the network likelihood can be written explicitly as

A(x|h)=e~ @2sdKR Diuasi ]+ stk (R™ Dkl +d]

1 (70)
A(x|h)=exr{—§(s,s>R+(sx>R (64)

where the indiceg,| label the samples, and the indidéd-

where we have already defined the symbdbr the M XN
matrix representing thil time series, each of length, pro-
duced by the detectors, while

label the detectors.
Given the form ofs[1] [Eg. (45)] we can integrate over
the nuisance parametehs ., obtaining

t -1

=y [0ty (71

2|nA(X|9,¢):{EI Fi®oy {% Fe® (R™H @ FL [EJ: F;®y;

0 is a 2X N X N;X 2 matrix, constructed by contracting the & sort of 5-function filtering for multiple interferometers.
detector indices iR and in the <M matrix F, while y| is We can suppose that the cross correlations among detec-
a 2x N| matrix obtained by contracting the detector index intors are much smaller than the internal correlationée split
F and iny. R into a block diagonaD, and an off-diagona0:
Notice thaty, combines data from the different interfer-
ometers: one has by definition
More precisely, that||Re ||/ VI|Rxl[[|RL][<1, where ||A]]
y[i]= 2 (R 1)|JinJ[j +d,], (72) EmamxH:lHA: x|| is the matrix norm induced by the standard vec-
N tor norm||x||= VX x.
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R=D+0, (733 1. Simplified case: Large N
As in Sec. lll B 2, a simplification is possible if the DKL
(D) k= Sk (Rkk)ki » (73b ¥, (x) bases of the) space converge to the Fourier bases:
by the very definition®=E[y®Yy], and in analogy with Eq.
and expancR™ ! in powers ofO: (61

Rflefl_Dflo[Dil_Dflo(Dil—..-)]; (74) % FI®(R71)IJ®FtE%Ek Wk®Sy[k]®WEa (806)

the inverse of the block diagonal matiixis simple:
Sii[k]  Syx[k]
(D™ Y= k(R (79 Sy[k]E<Sx+[k] Sxx[k]),
(80b)
in terms of the inverse correlation matrices on each detector.
We can use this expansion to write down an approximatevhere in turnS, [ k] are the four cross spectra, at frequency

likelihood: the 5-filtered datayy are resolutionfs/N, defined from the daty, ,y. . The log-
likelihood has the same expression as in the uncorrelated
4 _ 1 noise case:
Y~ Ry - X~ > Rik - R Ruc X, (76)
L#K Nj—2
ak HE VLK [Sy[K11~ - [y[K]),. (818
L(x)= , 1
where we understand the shift of the datand we keep the (0= N &1 y[ ! I [k] vkl
first order inRg, . In Fourier space
yill] yIkl= 2, Fiyulk] (81b
N-2 e—|277k|/N KL[k]~

2

k=1

with the difference that thgx combine data from different

k k
Sk [k] *dk- 2 K S [k] Xl detectordEq. (77) or Eq.(79)].

(77)
D. Example: Network sensitivity to é events

The extension to all orders is obvious: The “network spectral density” defined in Eq$62),

(80b) is a 2x 2 matrix of spectra an@complex cross spec-

S e i2mkIN[g K] X[K] (79 tra, which depends on the sky direction: it is interesting to

& derive a scalar quantity to be plotted in a spherical projection
to give a visual idea of the sensitivity of the network.

As a simple example, motivated by the short duration of
the impulsive features in some of the model waveforms
[[14], Fig. 2 (Model A)], we may consider the response of
the network to a burst of duratiot,, = 1/fs, wheref is

Sulk]= Wk Ry - Wy . (79  the sampling rate in the detectors, and having amplitudes
A, ,A. in the two polarizations. We assume that the detector
noises are uncorrelated, and that the data have been shifted to
To prevent misunderstandings we underline that this procecapture the event in every data stream at the same time index
dure is not a whitening, and it does not correspond to defing; we have
ing uncorrelated data channels; it is instead the multidetector
analogue of filtering for the occurrence &ffunction events. ~
Having obtained an approximation to some order of the xi[K]

y=( +) > ,F;®y; data matrix(of size 2xN), we can pro-

ceed along the same lines followed in the uncorrelated nois@nd thed-filtered signal ig/see Eq.(4)]
case. To test for the occurrence of a burst in the subspace N—2
we restrict they data to the burst subspagé and define V= (AL Ff +AF ) e 2 Z €
there the DKL baseg#s, ., as in Sec. Ill B 1, or the Fourier L fsN &1 SLL[k]
bases ifN is large enough.

We canestimatethe matrix®=E[y®y] and compute the Projecting on the)| subspace means settihg a; hence
elementso [see EQq.(53)] exactly as before: The diagonal

N-2
y=

ZI N

wherex is theM X N data “vector” of the network, an@ k]
is theM X M matrix with elements

1
=(A+Ff+AXFLX)f—e’12’Tka’N (82)
S

i2ak(1—a)/N
(83

elementse” ***) are diagonal matrices built from the ei- yial=(A F+AF)ay) (84)
genvaluesr, ), and the off-diagonal matricas™ ) using
Eq. (55); all the remaining derivation goes unchanged. where we have defined
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20

20

FIG. 1. Polar plot of the SNR for bursts havidgdt=10 2% s, as a function of the source direction. The figure at left refers to the LIGO
network; at right GEO600, TAMA, and Virgo are also included. The network frame axes are shgwints toward the geographical north,
and X crosses the Greenwich meridian.

1 N2 locations and orientations are reported in Table | and the
Ay )=+ nominal noise spectrum is modeled in EB16) and in Table
fsN k=1 SLL[k] 1.
The global interferometric network appears significantly

fayquist df more sensitive, and much of the effect is due to the contri-
ff 5 (85  pution of Virgo; however, the result should be considered

seism merely illustrative, because the chosen shape of the karst
_ . . . é function corresponds to a flat spectrum in the frequency
this is the same quant_|ty res_ultlng from the gnalys@ﬁ&], . domain; this choice favors the Virgo detector substantially, as
where burst S|gr_1als with uniform spectrum in the de’[ectlonallready noticed if38], because of the wide bandwidth of the
band were considered. Next, we have model sensitivity of Virgo.

1
_fg

Fl
Y= 2 AYD(AL Ff+Afo)( FLX) (86) IV. CONCLUSIONS AND OUTLOOK
In this paper we have defined a statistic for the detection
and, noticing thatR*)[a,a]=4(y,). of burst signals that is well suited to be applied to data af-
fected by colored noise, thus properly generalizingakeess
(FH? FF[ power statistic [11-13 to the case in which the spectral
0= ; (YL FIFS (RO (87) noise density varies significantly over the frequency band of

interest, and the signal prior is assumed to be flat"nlt is
optimal in the Bayes sense, under the two hypotheses that the

. . . . _ 71 .
Thel IO?'I('jke\x/hOOd Stat'St'(LA_ yHAG) K ~y||_cantr?o_w be easill_y signal is distributed uniformly in amplitude and is contami-
evaluated. VVe average Ovar, ,Ax Keeping their geometric ;0 by additive Gaussian noise. The extension to the net-

meanA= yA% +A5 fixed, and evaluate the resulting SNR 1 case was straightforward and it was also possible to
for networks of interferometric detectors built out of differ- (;xe into account in a natural way the possible presence of
ent partitions of the instruments currently under commissiongayssian noise correlations among the detectors, either per-
ing. Because of thé; ? factor in.(y,), the scale is set by the turbatively or exactly.
effective amplitudeAdt=AfS*. The lack of assumptions about the GW signal distribution
We report in Fig. 1 two polar plots of the SNR, obtained is both an advantage and a disadvantage. We believe that the
by setting Adt=10"%s; with f;*=0(1 ms) this would proposed statistic is correct for a detection strategy fre of
correspond to a straid=0(10"2%, possible for a core col- priori assumptions, apart from the duration of the burst; yet
lapse event at a distance of 10 K@;14]. We have consid- we are aware that it does not lend itself to easily including
ered either the network of three LIGO interferometers, or aassumptions on the amplitude distribution of the signal, as
network including also GEO600, TAMA, and Virgo: the de- was possible if13], thus making it difficult to set Bayesian
tails of the detectors are reported in Appendix B2, wherethresholds.
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TABLE |. Detector locations and orientations, and Euler angiggproximategl needed to express coordinates in the network frame in
terms of coordinates in the detector frames.

Detector Latitude Longitude X azimuth Y azimuth a,B,y Euler angles

GEO600 0.911935 0.171217 0.377166 2.02353 -1.20035, -0.658862, -1.74201
LIGO Livingston 0.533373 —1.58424 3.45575 5.02655 2.04204, -1.03742, 0.013439
LIGO Hanford 0.810705 —2.0841 2.21308 3.78387 -2.99848, -0.760091, 0.513301
TAMA 0.622733 2.43543 3.14159 4.71239 2.35619, -0.948063, 2.27696
Virgo 0.761487 0.18326 1.24791 2.81871 -2.03331, -0.8093009, -1.75406

Our generalization is hot much more expensive, from theclustering methods in the vector space of the DKLT coeffi-
computational point of view, than the statistic discussed bycients.
Andersonet al. [12,13; in its simplest implementation it

amounts to performing a matched filtering férfunctions ACKNOWLEDGMENTS
followed by the calculation of an “energy” over the time
window to be tested for the occurrence of a burst. The author gratefully thanks Alessandra Buonanno and

An evaluation of the actual detection performance, wherfAlbert Lazzarini for enlightening discussions, andriga E
considering theoretical waveforms and simulated noise, reElanagan and Jolien D. E. Creighton for reading an earlier
mains to be done; this will be the subject of future work, version of the manuscript and providing me with valuable
much along the lines df7,8,10. comments and suggestions. The LIGO Project and LIGO

In addition to the detection of gravitational events, welaboratory are supported by the National Science Founda-
propose this statistic as a tool for excess noise characterizon under cooperative agreement PHY-9210038. This docu-
tion: real interferometric detectors are definitely affected byment has been assigned LIGO Document Control Center
non-Gaussian nois3], and as long as the excess noise isnumber LIGO-P010019-02-E.
dominated by burst signals, like Poisson distributed creep
events, we can think of using this statistic as a tool for de- APPENDIX A: DFT CONVENTIONS
tecting and characterizing them. Once an event results in an ) , , i
instance of thé. statistic above the threshold, and therefore a e list here our conventions for the discrete-time,
burst of excess noise or a gravitational wave is detected, OLglscrete-frequenlcy representation of stochastic processes. Let
algorithm provides a way to encode this information in a's P€ the sampling frequency, amdthe length of the data
manner optimal with respect to the distribution of the noiseS@MPple for the time proces$| J; then the Fourier transform
[18]. In fact, the discrete Karhunen-Leetransform that we  pair x—Xx is
have chosen as a tool to compute the “energy” over the burst
time window is equivalent to a principal component analysis:
the coefficients of the DKLT are ordered by the amount of
rms noise contributed by the corresponding basis vectors. A
candidate event can therefore be encoded by selecting just g N2
the largest DKLT coefficients, while retaining most of its ><[|]:—S 2 eiZ’Tk'/N§<[k]; (Alb)
relevant “energy,” that is, the energy that is distributed in N =o
less noisy components. . . .

Moreover, we recall that in the absence of signals théN€ one-sided sample spectri8ik] is definedby
DKLT coefficients are statistically uncorrelated; one may in- 1 f
stead anticipate peculiar, spurious correlgtlons \{vhen a signal ES"[ k]= < E[[X;[K]|?] (A2)
of any nature is present. These correlations will emerge as N
regularities if the events occur repeatedly in time, and it _
should be possible to catalog them, for instance by usingvith x;,« (H*x) the Fourier transform of a suitably win-

dowed realization ok. For largeN the correlation function

TABLE II. Parameters characterizing the baseline noise of thd®x[(@—b)/fs]=(R,)[a,b] and the sample spectrum are

1 N—-1
i[kaf—s 2}0 e 127mKINy |, (Ala)

detectors in the network; cf. E¢B16). Fourier pairs
fola
Detector fseism Spend Smirror Sshot fknee Rx( T):NS 2 ESX[k]eiZWkaS/N, (A3)
GEO600 50 4.X107°%® 9x10%  1x10% 577 k=0
LIGO 2K 40 2.1x10°% 2.25x10°% 4.35x10°%6 182 or equivalentl
LIGO 4K 40 56<10°% 39x10% 1.1x10°% 83 q y
TAMA 50 6.6x1073 3.2x10°%° 1.78<10°* 500 N—1
Virgo 4 9x10°% 45x10% 3.24x10 *® 500 R,=fs>, zsx[k]Wk@?WE , (A4)
k=0
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wherew, are the Fourier orthonormal basis vectors

Wk=\/—ﬁ[1,wk,w2k, .. ,w(N_l)k] (A5)
with w=e'?"N. For a zero-mean process one has
157 2
R a b ~ eIZW(a*b)k/N A6
(R, H[a,b]= . Sk (A6)

and the useful relations

2 N-1 1
ReYI=1 2 5 SIKIYk]e?™ ™, (A7a)
(R ™ m~—§)%me¥mm
(A7b)

approximate relations because of the firite

APPENDIX B: NETWORK MODEL

PHYSICAL REVIEW 6, 062002 (2002

where the helicity statesz,g can be written as

1
&L R=5 (Ex*iey)®(etiey) (B4)

in terms of unit vectorgy ,e, specifying theX,Y axes of the
wave frame. In the network frame they can also be written as
second rank symmetric trace free tensd&TF-2 Y.

[35,36]:
8
€ r= 1_5(y2t2)wave

8
- \/1:5T1-2n(¢10a0)(y2n)network (BS)

whereT,,,, with m,n=0,=1,+2, are second rank Gel'fand
functions and depend on the Euler anglésé,y(=0)
needed to rotate the network frame to the wave frame.

For completeness, the explicit form of &, = functions
for arbitrary rank is as follow$34]:

. , o T! =g i(ng+my)pl B
We summarize the mathematics describing a network of mn(b.6,9)=e mr( C0S6), (B6)

detectors, the essential geometric characteristic of the inter- e

ferometers under construction, and their anticipated model Pl ()= (=1 " [(I=m)! (1 +n)!
spectral densities. mnt M 2'(1—m)! (I+m)!(I=n)!
(1 M)(m n)/2 dl n
(1+N)(m+n)/2 d/.L

<1+u>m+'1
(=)™ ']

1. Geometry

We adopt the following reference framg37]: the, net-
work framecentered on Earth and chosen with theaxis
aligned along the geographical north, tkeaxis crossing the
Greenwich meridiangdetector framesentered on the beam
splitter of each detector, thé axis pointing toward the local
zenith and theX axis bisecting the detector arms; and theywherem,ne[—1,1].
wave framd’]aVing theZ axis align8d along the direction of The detector response is encoded by the ted§0r
propagation of the wave, antlaxis lying in the ¥,Y) plane
of the network frame.
Rotations of coordinates from one frame to another are

expressed in terms of Euler angles in terms of the unit vectors aligned along thi interferom-
eter arms, and the aperture angle 2of the arms. The factor

(B7)

d=sin(2Q) (NLy1® N1 = NL)2®N(L2) (BY)

Xwave™ O( &, 0, 1)  Xnetwork (B1a) sin(2},) is 1 for all the detectors apart from GEO600, where
—0 ) it is 0.997; consequently we will not state the factor explic-
Xgetectop = O, BLs Y1) Xnework: (B1b itly in the following, to simplify the notation.

The tensod has the simple expression

if 65,¢ are the elevation and azimuth of the source in the
network frame, the relation witkp, 6 is

/15
tr{d- (Vom) detectod = — 1 5( Om2— 6m—-2) (B9)

0=m—0s. (B2) in terms of STF-2 tensors in the detector frame. With two

successive rotations one obtains the coefficients of its expan-
The ¢ angle is zero, according to the wave frame orientationsion in terms of STF-2 tensors in the wave frame:

One introduces the wave tensor
/15
—I g[Tgm(aLuBL!ﬂyL)

(B3) =T m(aL,BL,v)]

1 . . trld- (Vam)netword =
w(t)= E{[h+(t)+ ihy(t)Jer+[h(t) —ihy(t)]e}
(B10a
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FIG. 2. The locations of the
detectors on Earth, labeled by
their initials (H, L for LIGO Han-
ford and Livingston; the axes
X,Y,Z of the network frame and
of the detector frames are shown.
Left: view from above Europe.
Right: view from above the
United States of America.

tr[d- (yZm)anFJ:; Tin( ¢, 0,00tr[d" (V2n) network] one can alternatively write
= s =R{[h.(t—m)+ih(t—=7)IFf}  (BL3
= \/;Dm(d’yeaoaabﬁbn) 1 _
(B10b) = 5L(he+ih)Dy(- )
where following[37] a shorthand notation is used. Finally, +(hy—ihy )D_5(---)],

the signal at thé_th detector will be
or equivalently, and more conveniently for our work,
si(t)=tfw(t—7.(40))-d B11
(D=t w(t—7(6))-d,] (B11) S(O=h,FF 4 FX 514
where 7 is the delay at thé.th detector with respect to the , ,
network frame; it can be positive or negative depending offVhere, reintroducing the aperture angle,
the direction of the source. In terms of ttmmplex beam

t
pattern function§"R=tr(e_g-d,) for the two left and right FL=sin2QURD 2(4,6.0aL. 8L, y0], (B159
wave polarizations ; ~
P Fy'=sin(200)J[D (¢, 0,0, B, 7). (B15b)
L_
FL=D-2(¢,60,0aL,BL,70), (B123 The given expression for the signal and the antenna patterns,
R L as stressed if37], is convenient because it keeps in factor
FL=(FD*=Da(¢,0,0,a,,B., 70, (B12b)  form the rotations among the various frames.
\\
S —_— GEO600
A Y
\\ —— —  H4K,L4K
. 10~19 N
1.- 10 \ \\ -—. H2K
‘\ N xrr TAMA300
VIRGO

l.-107%

L1072

1.-102

1.-1072

10 50 100 500 1000 5000 10000
FIG. 3. A comparison of the baseline spectral sensitivities, in units of‘izfor the different interferometers currently under commis-
sioning, according to the simplified model in E&16). The two LIGO 4 km interferometers “H4K” and “L4K," located in Hanford and

Livingston, respectively, are supposed to have the same sensitivity. We do not display the so called “seismic fygall, @ee values in
Table ).
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2. Interferometer network characteristics where S,¢nq quantifies the thermal noise of the mirror pen-

The geometrical characteristics of the detectors consigdular mode, above the pendulum resonagg,o, quantifies
ered in this study are listed in Table | where we quote thdhe 1f tail of the internal modes of the mirror, excited by

latitude north of the equator, the longitude east of Greenthermal noise, andso; and fynee parametrize the optical
wich, the azimuths of th& andY arms of the detectors, éad-out noise.
measured counterclockwise from the local east, and the !N addition to these parameters, we chllismthe cutoff
a,8,v Euler angles needed to rotate coordinates in the nef2€low which the seismic noise is supposed to dominate over
work frame to coordinates in the detector frame. The orienthe thermal noise. This simplified model does not include at
tation data are taken frofi39] and updated with information €ast two important effects, the thermal violin mode reso-
from the web sites of the collaboratiop40]; the naming of ~hances and the internal mirror resonance peaks, and should
the axes has been changed in one case so that all the det8& considered merely illustrative.
tors have azimuth{ arm) < azimuth(Y arm). The resulting We report in Table Il the n_ume_rlcal values of these param-
Euler angles should be taken with care because they are corfiters, deduced froff#1], and in Fig. 3 the comparison of the
puted in the spherical Earth approximation, neglecting théjlffer_ent noise spectral densities. The inverse correlation
elevation of the detector sites and the fact that the arms af&nction
chords and not tangents of the surface. For a more accurate . 1
model, please sd@?2]. R;l(r)oci)%f e'z”“—fdf (B17)

We show in Fig. 2 the locations of the detectors and the 0 Sn(f)
reference frames attached to them, from two viewpoints ; :

. ' X s well approximated by an expression of the form

above Europe and the United States of America. PP y P

The other important characteristic of the detectors is their R, (1) =Age |"'ocog 27 o7+ ¢bg)
planned sensitivity. We have chosen to include only the base- i
line thermal and shot-noise sources, omitting resonances in +Ae” " cog2mf T+ ). (B1Y)

the observation band; the noise spectrum model is '[herefor\t,=ve list in Table IIl the values of the decay times, and of

2 the “ringing” frequenciesf,, deduced from the values in

S Shi . , .

S, (f)= Spend | Pmirror Ssho[1+( B) } (B16)  Table II; their smallness reflects the absence of resonances in
5 f the model noises.
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