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Optimal detection of burst events in gravitational wave interferometric observatories
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We consider the problem of detecting a burst signal of unknown shape in the data from gravitational wave
interferometric detectors. We introduce a statistic which generalizes theexcess powerstatistic proposed first by
Flanagan and Hughes, and then extended by Andersonet al. to the multiple detector case. The statistic that we
propose is shown to be optimal for an arbitrary noise spectral characteristic, under the two hypotheses that the
noise is Gaussian, albeit colored, and that the prior for the signal is uniform. The statistic derivation is based
on the assumption that a signal affects onlyNi samples in the data stream, but that no other information isa
priori available, and that the value of the signal at each sample can be arbitrary. This is the main difference
from previous works, where different assumptions were made, such as a signal distribution uniform with
respect to the metric induced by the~inverse! noise correlation matrix. The two choices are equivalent if the
noise iswhite, and in that limit the two statistics do indeed coincide. In the general case, we believe that the
statistic we propose may be more appropriate, because it does not reflect the characteristics of the noise
affecting the detector on the supposed distribution of the gravitational wave signal. Moreover, we show that the
proposed statistic can be easily implemented in its exact form, combining standard time-series analysis tools
which can be efficiently implemented. We generalize this version of an excess power statistic to the multiple
detector case, considering first a noise uncorrelated among the different instruments, and then including the
effect of correlated noise. We discuss exact and approximate forms of the statistic; the choice depends on the
characteristics of the noise and on the assumed length of the burst event. As an example, we show the
sensitivity of the network of interferometers to ad-function burst.
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I. INTRODUCTION AND SUMMARY

Several large scale interferometric detectors@1–4# are
currently under commissioning and are expected to start
acquisition and reach their design sensitivity in a few yea
Some of the candidate sources, such as the coalescing
ries in their inspiral phase, can be modeled with reasona
accuracy and the gravitational waveforms can be predic
thus allowing a matched-filter detection strategy; see@5# and
references therein for a review. On the other hand, as arg
in @6#, it is conceivable that the uncertainty on the wavefo
will remain high for sources such as type II supernova
plosions or the merger phase in the coalescence of b
holes or neutron stars: in this context, the issue of detec
events poorly modeled or not modeled at all remains cruc

The problem has already been approached from diffe
points of view: some authors@6–8# aim at devising severa
simple and computationally inexpensive algorithms, to
run in parallel after having been tested and optimized aga
model waveforms@9#. Others start from general hypothes
on the distribution of the signals and the noise and de
statistics optimal under those assumptions@10–13#.

We consider particular interesting strategies such as
excess powerstatistic proposed by Flanagan and Hugh
@11#, or thenorm filter studied by Arnaudet al. @10#, which
try to make minimal assumptions on the nature of the sig
such as time duration and bandwidth only; in particular,
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excess power statistic was recently analyzed by Ander
et al. @13# and extended to the ‘‘blind’’ search for burs
events from a network of interferometers. However,
pointed out in@13#, note 8, the authors actually made th
assumption that the signal distribution is flat with respect
the inner product defined by the inverse of the noise co
lation matrix. They recognize that this is an approximatio
and correctly claim that it is legitimate when the noise sp
trum does not vary rapidly in the band of interest; howev
we will argue in Sec. II A that this may not be true for re
detector noise, and we will show that in view of the curre
models for burst signals from the core collapse of super
vae@9,14# the correlation length of the detector noise cann
be assumed short with respect to the event duration, e
assuming the design noise.

The choice of the signal distribution in@13# has the ad-
vantage of making it easy to incorporatea priori informa-
tion, when available, about the magnitude of the signals;
shall see that this is in general more complicated with
statistic, if detection thresholds are set using a Bayesian
terion.

The method that we propose consists mainly of two ste
~A! filter the input data with a matched filter ford functions;
~B! compute a statistic similar to theenergy of the data
within each time window we are willing to test for the pre
ence of a burst, using a particular scalar product which
be conveniently computed either by using the discr
Karhunen-Loe`ve transform~DKLT !, or ~approximately! by
using a discrete Fourier transform~DFT!. The algorithm can
be generalized to the multiple detector case, resulting in
optimal statistic that depends on the direction in the sky fr
which the signal is supposed to come. It also turns out t

:
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ANDREA VICERÉ PHYSICAL REVIEW D 66, 062002 ~2002!
possible correlations among the detector noises can be t
into account by modifying thed-filtering step, as a direc
consequence of the likelihood maximization.

The paper is organized in two main sections: in Sec. II
derive the statistic for the case of a single detector; then
Sec. III we extend it to the multiple detector case.

In greater detail, the plan of the work is as follows.
Sec. II A we give the motivation for our study, introducin
our hypotheses on the signal and the noise and discus
them in view of the current models for supernovae signals
Sec. II B we briefly recall the Bayesian framework we follo
in deriving the optimal statistic. In Sec. II C we derive th
exact expression for the likelihood ratio, for a burst affecti
Ni samples in the data stream. In Sec. II D we make a
gression on the Karhunen-Loe`ve transform, a tool well
known in statistics@15–17# and already applied in the analy
sis of data from bar detectors@18#, and proposed for the
study of narrow resonances@19#. In Sec. II E we exploit the
DKLT expansion and show that it is a convenient way
implement step B. When the supposed burst lengthNi is
large, an approximate formula using the DFT can be used
shown in Sec. II E 1.

The very meaning of the word ‘‘optimal’’ used for defin
ing the proposed statistic is discussed in Sec. II F, where
clarify the limits of the method, in particular with respect
the inclusion of prior information on the signal strength.

The distribution of our statistic in the absence and pr
ence of a signal is considered in Sec. II G: it correspo
exactly to ax2 variable, respectively central or not centra

The multiple detector case is treated first in the appro
mation of uncorrelated Gaussian noise across the dete
network in Sec. III B, where we show that the techniqu
used in the single detector case can easily be extended,
way not much different from what has been done in@13#, but
including the above mentioned step A implementing the
tering ford functions. We show in Sec. III B 1 that step B o
the algorithm can be written in exact form using a vec
DKLT, while a simpler form, similar to the one derived i
@13#, is valid in the long burst limit, as discussed in Se
III B 2.

The case in which the noise of different detectors displ
some degree of correlation is considered in Sec. III C;
start from the same hypotheses as Finn@20# and show how
the effect of the cross-detector terms in the noise correla
matrix can be taken into account in our algorithm, eith
perturbatively, if the cross terms are small, or exactly if th
are not: the needed modifications turn out to affect only
d-filtering step, and in a simple way.

We finally give an example of application of the algorith
to the detection of bursts of unit duration, for a network
detectors comprising either the three Laser Interferome
Gravitational Wave Observatories~LIGOs! @1# or including
also GEO600@3#, TAMA @4#, and Virgo@2#. We compute the
resulting signal-to-noise ratio~SNR!, which is a function of
the direction in the sky; this allows us to show pictorially
what extent the network analysis strategy is advantageou
least in the ideal situation in which the detector noise
Gaussian.

Throughout the paper we adopt a discrete-time, discr
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frequency notation: the conventions for the DFT are deta
in Appendix A, while the characteristics of the detectors
the network are detailed in Appendix B.

II. SINGLE DETECTOR ANALYSIS

A. Noise and signal statistics

We will keep consistently a discrete-time, discret
frequency notation, assuming a sampling ratef s and a finite
observation timeT5N/ f s . We assume that the detecto
noise is zero mean and Gaussian, characterized by a cor
tion matrix

~Rn!@ i , j #5E@ninj # ~1!

whereni[n@ i #[n( i / f s), and i P@1,N#. We further assume
that the noise is stationary; henceR is symmetric Toeplitz
@17#. The probability of observing a certain set of noise da
n ~of total lengthN) is given by the joint distribution

P~n!5
1

A~2p!NdetR
expF2

1

2
ni~Rn

21! i j nj G ; ~2!

if a certain signals is also present, the conditioned probab
ity of observing a set of datax is

P~xus!5
1

A~2p!NdetR
e[ 2(1/2)(x2s)•Rn

21
•(x2s)] . ~3!

We should stress that the formulas in Eqs.~2!, ~3! make use
of the information available in the finite data sequence:
observe onlyN data points and with the expressions forP(n)
and P(xus) we cannot take into account the effect of pa
data points, which fall outside our observation window. W
shall see later that when considering a shorter analysis w
dow ~of sizeNi) contained in a longer data train we shou
actually exploit also the information contained outside theNi
window. This information is of little relevance if the analys
window is much longer than the largest correlation times
the noise; but this is not generally the case when conside
burst events.

What matters to estimate the relevance of this bound
effect is the noise spectrum. One knows~see Appendix A!
that

R21S a2b

f s
D[~Rn

21!ab5
2

f sN
(
k51

N22
ei2pk(a2b)

Sn@k#
, ~4!

and considering a noise model such as given in Eq.~B16!,
which summarizes the best sensitivity reachable in the
generation interferometers, one deduces that

R21~t!.A0e2utu/t0cos 2p f 0t1•••, ~5!

neglecting faster decaying terms. The decay time~s! t0,1, . . .
characterize how much the matrixR21 ~and thereforeR it-
self! differs from a diagonal matrix. In Appendix B 2 and i
Table III we show that for the current models of the basel
interferometer noise in the first generation detectors the
2-2
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OPTIMAL DETECTION OF BURST EVENTS IN . . . PHYSICAL REVIEW D66, 062002 ~2002!
ues of t0 range from 1.4 ms in TAMA to 6 ms in Virgo
@corresponding toO(100) samples#.

These time scales should be compared with the expe
duration of the bursts: for instance, Zwerger and Mu¨ller ~@9#,
Figs. 5 and 6! have shown several examples of gravitation
waveforms emitted in axisymmetric core collapse even
displaying large variations on scales of a few millisecon
and narrow large amplitude peaks even shorter than 1
The same features are found in more recent simulatio
which include relativistic effects, by Dimmelmeieret al.
@@14#, Fig. 2 ~Model A!#; we conclude that it is generally no
justified from the physical point of view to surmise that t
correlation decay times of the noise are short compare
the burst duration.

Moreover, the values for the decay times quoted in Ta
III refer to an ideal detector noise, free of narrow resonanc
real detectors may well exhibit richer spectral features@22#.
For instance, a thermal resonance with proper frequencf 0

and quality factorQ would contribute to the noise correlatio
a term with a characteristic decay timetD5Q/p f 0; with
violin modes easily havingQ.105, and frequenciesf 0

5O(1000) Hz, the decay time can easily reach tens of s
onds. Although it is expected to subtract the effect of th
resonances from the data, using, for instance, Kalman fil
@23#, it is fair to say that any residual effect, due for instan
to imperfect cancellation of a very highQ resonance, will
contribute to increasing the noise correlation length ab
the values deduced from the baseline noise.

There are at least two important consequences of the p
ence of a nonzero correlation length:~1! statistics built using
maximum likelihood criteria must be modified to take in
account noise outside the window affected by the bu
event; ~2! instances of these statistics, derived from the
data, will exhibit a correlation in time which should be tak
into account when computing false alarm and false dismi
probabilities@24#. In this paper we will concentrate on th
first issue.

One general way, other than subtracting the narrow sp
tral components, to attack this problem would be to assu
that data have been prewhitened@6–8,10#, for instance using
a time-domain filter estimated from the data themsel
@25,26#; however this strategy requires one to take into
count the effect of the whitening filter throughout the dete
tion chain, in particular the alteration of the signal wavefo
and consequently of the signal distribution. In other wor

TABLE III. The characteristic ringing frequencies~measured in
Hz! and correlation times~in s!, for each interferometer, deduce
from the simplified noise models we have adopted.

Detector t0 f 0 t1 f 1

GEO600 5.631023 32 2.731024 44
LIGO 2K 2.431023 70 6.131024 107
LIGO 4K 2.531023 83 1.131023 51
TAMA 1.431023 141 3.131024 82
Virgo 6.031023 27 2.231024 293
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when integrating over the space of possible signals,
should not forget that the measure is changed by the tr
formation.

To render our statements precise, we need to discuss
detection framework adopted.

B. Detection framework

We suppose that if present the burst affects an inte
Ti5Ni / f s starting at absolute timetburst, that is, a number
Ni of samples. We are unable to prescribe priors for
signal amplitudes, so we treat them asnuisanceparameters,
to be integrated out. Andersonet al. @11,13# made similar
assumptions, with different hypotheses on the integrat
measure.

Given a data vectorx, thea posterioriprobability of hav-
ing observed those values is@27#

P~x!5P~xu1!P~1!1P~xu0!P~0! ~6!

whereP(1),P(0) are thea priori probabilities for a signal
of unspecified form being present in the data, andP(xu1) is
the probability of observingx given thatsomesignal s is
present;P(xu0) is the probability defined in Eq.~2! of ob-
serving the same data setx in the absence of signals. In turn

P~xu1![E P~xus!P~s!ds ~7!

whereP(s) is the a priori probability of having a signals
present, whileP(xus) has already been defined in Eq.~3!. In
this paper we assume noa priori information onP(s).

Given our complete ignorance ofP(1),P(0), weresort to
the integrated likelihood ratio

L~x![
P~xu1!

P~xu0!
5E e2(1/2)s•Rn

21
•s1s•Rn

21
•xP~s!ds; ~8!

using the Bayes ruleP(1ux)P(x)5P(xu1)P(1) we can
write

P~1ux!5
L~x!

L~x!1P~0!/P~1!
~9!

for the probability of having observed a signal, condition
by the particular instance of datax that we have received
Although we have no idea of the priorsP(0),P(1), this
probability is a monotonic function of the likelihoodL(x),
which is therefore the quantity to be estimated, in dep
dence on the assumptions~or lack of assumptions! on P(s).
To implement our ignorance of the waveform we assume
P(s) is uniform in the spaceRNi of possible signals of length
Ni .

For the sake of comparison, Andersonet al. @13#, Eq.
~3.1!, and the following discussion and note assumed inst
that the signals s are uniformly distributed with
respect to the metric induced by the scalar product^x,y&
[x•Rn

21
•y.
2-3
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C. The burst statistic

A vector space notation is useful: letVN be the space o
all possible data vectors, having lengthN; we want to test for
the presence of a burst signal in a certain subspaceVi , de-
fined by takingNi!N consecutive samples, from a certa
starting position~say, l ) in the original vector. The orthogo
nal subspace, of dimensionN2Ni;N, will be calledV' .

We have again the likelihood ratio

L~x!5E e21/2si (Rn
21) i j sj 1si (Rn

21
•x) i)

i

Ni

dsi ~10!

where the indicesi , j run only over elements ofVi , while the
noise correlation matrixRn is defined for an arbitrary index
difference. Let us introduce the matrix

~Rn
21! i[~Rn

21! [ l : l 1Nburst,l : l 1Nburst]
~11!

obtained by projectingRn
21 onto Vi . Performing the inte-

grals over the amplitudessi ,

L~x!} expF1

2
xa~Rn

21!a i$@~Rn
21! i#

21% i j

3~Rn
21! j bxbG ~12!

where the indicesa,b run inVi1V' , and the indicesi , j run
in Vi ; the overall normalization does not depend onx and
can be ignored. We are forced to split the indices because
operations of projecting over the ‘‘burst’’ subspaceVi and of
inverting a matrix do not commute.1

The log-likelihood statistic is therefore2

L~x![ (
i , j PVi

~Rn
21x! i$@~Rn

21! i#
21% i j ~Rn

21x! j . ~13!

It may seem awkward to compute; notice, however, that

E@~Rn
21n! i~Rn

21n! j #5~Rn
21! i j ; ~14!

1They do only whenN5Ni : in that case one would have

L~x!}e(1/2)x•Rn
21

•x5e(1/2)(Wn•x)2

where we used the spectral factorization ofRn
21 ; henceWn•x is

distributed as white Gaussian noise. The likelihood would be ju
monotonic function of the energy (Wn•x)2 of the whitened sample

2The burst statistic reduces to a standardd filtering when dealing
with bursts of unit duration: one has

L~x!5expF12 @~Rn
21

•x!a#2

~Rn
21!aa

G
and the interesting statistic for a certain arrival indexa is

La~x![2 ln L~x!5
f s

N

U(
k

ei2pak/Nx̃@k#/Sn@k#U2

(
k

~1/Sn@k# !

,

which is the Wiener filter for ad function @15#.
06200
he

in other words, the time seriesRn
21

•n restricted to theVi
subspace has the autocorrelation matrix (Rn

21) i , which is
what we need. The last step is to invert the matrix and ap
it to the d-filtered dataRn

21
•x; an efficient tool to accom-

plish this task is the Karhunen-Loe`ve expansion@17#.

D. Karhunen-Loève expansion

An expansion ofR in terms of its eigenvalues and eige
vectors is possible@16,17,21#:

Rab5 (
k51

K

skca
k cb

k ~15!

whereK is the dimension of the matrix and

Rabcb
k 5skcb

k ~16!

with eigenvaluessk.0. The $ck,kP@1,K#% eigenvectors
are chosen orthonormal

(
a

ca
k ca

l 5dkl ~17!

and define a basis in the spaceRK:

x5 (
k50

K21

ckck, ; xPRK with ck[x•ck; ~18!

this decomposition is called the discrete Karhunen-Loe`ve
transform. Parseval’s theorem

x•x5 (
k51

K

ck
2 ~19!

holds and we can immediately show that

E@ckcl #5skdkl , ~20a!

E@x•x#5 (
a51

K

Raa5 (
k51

K

sk .

~20b!

The similarity with the Fourier transform goes further~@17#,
Sec. 4.7.2!: for largeK the c converge to sines and cosine
and the eigenvalues converge to the bins of the spectral
sity.

For finite K the DKLT is a better representation for th
noise because it takes into account the finite-size effects@18#:
recall that we are interested inNi not necessarily large. In
particular, the coefficientsck are uncorrelated random var
ables, thus making the statistical analysis easier.

E. Exact expression for the burst statistic

In Sec. II C we have shown that the exact statistic, defin
in Eq. ~13!, can be expressed as

L5yi•@~Ry! i#
21

•yi ~21!

a

2-4
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OPTIMAL DETECTION OF BURST EVENTS IN . . . PHYSICAL REVIEW D66, 062002 ~2002!
with yi[(Rn
21

•x) i the vector ofd-filtered data

y@ l #5
1

N (
k50

N21
2

Sn@k#
e2 i2pkl/Nx̃@k#; ~22!

Sn is the one-sided spectrum corresponding to the correla
matrix Rn , and the expression is valid for largeN and sta-
tionary Gaussian noise. Thanks to the KL transform we h

@~Ry! i#
215 (

k51

Ni 1

sk
ci

k
^ ci

k ; ~23!

hence we finally obtain

L5 (
k51

Ni 1

sk
~ci

k
•yi!

2. ~24!

The reader might wonder why the DKLT is necessary at
our statistic in Eq.~21! could be computed by just invertin
the matrix (Ry) i and then applying it to each successive d
chunk; what is the advantage of the expression in Eq.~24!?
The answer is that the computational cost is the same, bu
DKLT decomposition gives us more flexibility. We are n
forced to sum over all the elements: we can decide, for
stance, that some of the basis elements correspond to
noise components, and can be left out without significan
affecting the detector performance. The fact that the coe
cients $ci

k
•yi ,kP@1,Ni#% are statistically uncorrelated ren

ders this procedure sound and simplifies the statistical an
sis.

Note that thed filtering in Eq. ~22! copes with long cor-
relations in the data, assuming nodeterministicline to be
present; in fact, the Wold theorem~@17#, Sec. 7.6.2! states
that a random process can be decomposed into the sum

x~ t !5xr~ t !1xp~ t ! ~25!

of a regular process3 xr(t) and apredictableprocess4 xp(t).
The latter could correspond to a harmonic of the power li
it would contribute to the spectrum a term

sp
2d~n2np! ~26!

wherenp is the frequency of the line andsp its contribution
to the rms noise. In the sample spectrumSn@k# this feature
would translate approximately into a term

N

f s
dk,kp

5Tdk,kp
, ~27!

3A regular processx@ l # satisfies the Paley-Wiener condition~@17#,
Sec. 5.5.2! *2p

p u ln Sx@v#udv,` and can be written as white nois
filtered by a causal process; this is usually the case for phys
noises.

4A process is predictable if the output at timet1dt can be written
in terms of past values without error; such a process clearly ca
be written as white noise filtered through a causal filter~@17#, Sec.
7.6.1!.
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a trend inT which is the symptom of an infinite correlatio
length. Such spectral features cannot be properly handle
spectral factorization methods, but can be subtracted f
the data@28–30#. Notice in passing that violin mode line
excited by thermal noise belong to the class of regular p
cesses, although they can also be modeled and partially
tracted@23#.

1. Approximate expression: Ni large

In general we search for a burst of lengthNi in a data set
N sufficiently long to resolve the narrow spectral featur
which give rise to long correlation times. The sampling ra
O(20 kHz) needed to exploit the spectral range available
interferometer data may lead us to considerNi of the order
of several hundreds, even for signals of a few tens of m
seconds.

For largeNi an approximate expression based on the F
rier transform exists:

@~Ry! i#
21. f s

21 (
k51

Ni22
2

Sy@k#
wk^ wk

H ~28!

wherewk are the Fourier basis vectors~see Appendix A! in
Vi , approximating the DKL transform for (Ry) i with eigen-
valueslk5 1

2 Sy@k# f s . It follows the approximate statistic

L~x!'
f s

Ni
(
k51

Ni/221
1

Sy@k#
u ỹi@k#u2, ~29!

as the sum of the squares of the Fourier coefficientsỹi@k#
[ f s

21ANiwk•yi of the time seriesyi[(Rn
21

•x) i , weighted
with the corresponding spectral noise density. This expr
sion is similar to the excess energy statistic defined in@11,13#
applied to data filtered for the occurrence ofd.

F. In what sense the statistic is ‘‘optimal’’

It is important to fully understand the consequences of
assumption we have made about thea priori distribution of
the signals: to this end, let us have a second look at
likelihood ratio

L~x!5E e2(1/2)s•Rn
21

•s1s•Rn
21

•xP~s!ds. ~30!

Our choice has beenP(s)51, which is a way to avoid in-
troducing any scale that might bias the analysis. There
drawback: larger values ofs•s are favored, in fact,

ds5rNi21drdVNi
~ ŝ! ~31!

wherer[As•s and dVNi
is the solid angle element inNi

dimensions. If we have~say! a priori information only on the
energy of the signal, or on the distributionp(r), we would
like to follow the same approach as in@13#, Sec. III and write

L~x!5E p~r!L~xur!dr ~32!

al

ot
2-5
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where

L~xur![E d~r2As•s!e2(1/2)s•(Rn
21) i•s1s•yids ~33!

andyi5(Rn
21

•x) i belongs to the parallel spaceVi . Applying
a DKL transforms→z, we obtain

L~xur!5E d~r2Az•z!e2(1/2)(
k

zkzk
2
1z•cdz

5E e2(r2/2)(
k

zk
2ẑk

2
1r(

k
ẑkckdVNi

~ ẑ !; ~34!

if we had sk independent ofk, in other words if all the
directions in thez space were equivalent, we could as
@13#, Sec. III compute the integral in closed form, by alig
ing one of the axes with the direction of the vectorc. This
was possible for Andersonet al. because they chose a sign
prior function ofs•(Rn) i

21
•s.

In our case the expression in Eq.~34! is not a function
solely of the statisticL5(ksk

21ck
2 and of r, because the

noise introduces preferential directions in the signal spac
This discussion shows that the statisticL we have pro-

posed is strictly speakingoptimalonly for a signal priorP(s)
constant:5 we can make the ansatz that for a more gene
prior, depending on a scalar function ofs, the optimal statis-
tic L might still be of the form

L5(
k,l

Lkl

ckcl

Asks l

~35!

where the matrixL should be determined by maximizing th
probability of detection while keeping the false alarm ra
fixed. We were, however, unable to prove that this is actu
the case, at least under certain restrictions on the form
P(s).

Another implication of this discussion is that with ou
statistic it is difficult to set Bayesian thresholds, as deriv
by choosing a particular form forp(r), and making assump
tions on its parameters. This is, however, a somewhat
crucial issue because thresholds may be set following a
quentist approach, that is, by limiting the false alarm rate

G. Statistical analysis

Given the statisticL we need the distributionsd0(L) and
d1(L us) under the hypothesesH0 ~no signal! andH1 ~a sig-
nal s of unspecified form!, in order to set up a detectio
strategy, for instance based on the Neyman-Pearson crite
@31#.

Thanks to the fact that the coefficients of the DKL expa
sion are Gaussian, uncorrelated random variables, the d

5The statisticL would of course be optimal also for any prior th
is a function of the statisticL.
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bution d0(L) is a x2(Ni) ~@16#, Sec. 4-3!:

d0~L !5
LNi/221e2L/2

2Ni/2G~Ni/2!
. ~36!

When a signal is present, the distribution is a noncen
x2(Ni):

d1~L !5
LNi/221e2(1/2)(L1RA2Ni)0F1(;Ni/2;RLA2Ni/4)

2Ni/2G~Ni/2!
~37!

where0F1 is a hypergeometric function~@32#, Sec. 9.14! and
R is the SNR. The SNR explicit form is

R5
~Rn

21
•s! i•@~Ry! i#

21
•~Rn

21
•s! i

A2Ni
~38!

consistently with the general definition~@21#, Chap. 6!

R[
zE@LuH1#2E@LuH0# z

AE†~L2E@LuH0# !2uH0‡
, ~39!

whereE@LuH# is the expectation value of the statisticL un-
der the hypothesisH, andH1 ,H0 correspond, respectively, t
the hypotheses of presence of absence of a signal. The
in Eq. ~39! is not the intrinsic signal-to-noise ratio which
would result from matched filtering, Rintrinsic

}A* us̃( f )u2/Sn( f )d f ; in particular, it is quadratic in the sig
nal amplitude.

Given the distributionsd0(L) andd1(L) we can immedi-
ately compute false alarm and detection probabilities.6 How
shouldd0 andd1 be modified, however, had we chosen i
stead to compute an approximate statistic?

1. Approximate statistic distribution

We discussed in Sec. II E the possibility of defining t
statistic L using just a subsetNKL,Ni of the DKL basis
vectors:

Lapprox5 (
k51

NKL 1

sk
@ck

•~Rn
21

•n! i#
2; ~40!

we know that in the absence of signals the expansion c
ficientsjk5(1/Ask)ck

•(R21
•n) i are by construction uncor

related, with zero mean and unit variance@see Eq.~20a!#;
they are also Gaussian variables, because they are li

6The false alarm probability is Qf(L0)[*L0

` d0(L)dL

5G(Ni/2,L0/2)/G(Ni/2), while the detection probabilityQd(L0uR)
cannot be written in closed form. One can approximated1(LuR)
with a Gaussian distribution, obtaining

Qd'
1

2F11erfS Ni1RA2Ni2L0

2ANi12RA2Ni
D G

which is valid for a large SNR.
2-6
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combinations of Gaussian variables. HenceLapprox is distrib-
uted as ax2(NKL), and analogously the formula in Eq.~37!
for d1(LuR) holds, withNi→NKL and

R[
1

A2NKL
(
k51

NKL 1

sk
@ck

•~Rn•s! i#
2; ~41!

these results are exact, despite the fact that we are using
a subset of the DKL vectors. This might be useful in order
implementx2 tests for non-Gaussianity, similar to what h
been done in the analysis of Caltech 40 m data while sea
ing for coalescing binary signals@33#.

III. MULTIPLE DETECTOR CASE

A. The signal at each detector

The mathematical tools needed to compactly describe
response of interferometric detectors to a coherent grav
tional wave~GW! signal have been laid out in several pape
@34–36#, and have been recently reviewed and applied to
problem of network detection of coalescing binary sign
@37#. We collect useful definitions and formulas in Append
B 1, and we refer to@37#, whose notation we follow closely
for a complete treatment.

The signal at theLth detector is

sL~ t !5h1~ t2tL!FL
11h3~ t2tL!FL

3 ~42!

wheretL is the delay of the signal with respect to a detec
at the center of the Earth: it depends on the source direc
The antenna patternsFL

1 ,FL
3 are given in Appendix B 1 as

functions of the source direction and the position and ori
tation of the detectorL; as we deal with burst signals w
omit their dependence on time.

B. Network likelihood with uncorrelated noise

We consider first a simpler case, assuming that the Ga
ian noise of the individual detectors is uncorrelated: then
likelihood ratio is just the product of the ratios for theM
individual detectors
e
uc

de
of
etr
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L~xuh![)
L51

M

LL~xLus! ~43!

where we borrow from@20# a bold italic notation for the
direct sumx[x1% x2% •••% xM of the data vector from the
individual detectors.L is conditioned by the presence of th
signalh, described in each detector by Eq.~42! in terms of
the same two polarizationsh1,3 : we have

LL~xLus![e2(1/2)(sL) i (RLL
21) i j (sL) j 1(sL) i (RLL

21
•xL) i 1dL. ~44!

We have exploited the time invariance of the correlation m
trices, and introduced a shiftdL in the index of the dataxL ,
changing the reference time at detectorL in order to com-
pensate for the delaytL . The matrixRLL represents the nois
autocorrelation for detectorL and the double index will be
useful when dealing with cross-detector correlated noise.
can expresssL in terms of the two polarizations, treated a
independent vector variables: it is convenient to write

sL@ i #5ht@ i #•FL5~h1@ i #,h3@ i # !•S FL
1

FL
3D ; ~45!

h is a two-column matrix, andsL is a vector resulting by
contracting one of its indices with those in the vectorFL .

The likelihood can be rewritten as

L~xuh!5e2(1/2)ht
•((LFL^ RLL

21
^ FL

t )•h1ht
•[ (LFL^ yL] ~46!

where we have introduced thed-filtered data

yL@ i #5~RLL
21

•xL! i 1dL
~47!

which include thedL time shift.
The Gaussian integration overh1 ,h3 can be performed,

resulting in the log-likelihood
2 lnL~x!5F(
L

FL^ yLG
i

t

•F(
L

FL^ ~RLL
21! i ^ FL

t G21

•F(
L

FL^ yLG
i

; ~48!
ll
the presence of a signal coherent across detectors mak
impossible to factor out the integrated likelihood in a prod
of terms.7

7The expression obtained is similar to the one proposed by An
sonet al. @@13#, Eq. ~5.29!# apart from the fact that, as in the case
a single detector, they have chosen the signal prior flat in the m
induced by the matrix@(LFK^ (RLL

21) i ^ FLL
t #21.
s it
t

The notation in Eq.~48! deserves some clarification.y
[(y3

y1)5(LFL^ yL is a 23N matrix; each row contains

(LFL
1(3)yL , in turn a vector which combines data from a

the detectors, filtered by the appropriated filter, and scaled
with weights depending on the sky direction.

Q[(LFL^ (RLL
21) i ^ FL

t is a 23Ni3Ni32 matrix; as in
the single detector caseNi is the dimension of theVi sub-
space we are testing for the presence of a burst.

The matrixy can be easily computed: forQ the following

r-

ic
2-7
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identity holds, in the absence of signal:

E@y^ yt#5(
K,L

FK^ E@yK^ yL
t # ^ FL

t

5(
K,L

FK^ R(KL)y^ FL
t ; ~49!

if the detector noises are independent, it reduces to

E@y^ yt#5(
L

FL^ ~RLL
21! i ^ FL

t 5Q ~50!

where we have usedR(LL)y5RLL
21 for the correlation matrix

of the yL time series.
Now we would like to factor the correlation matrice

(RLL
21) i relative to each detector; however, each of them

mits a different KL expansion over theVi subspace

@RLL
21# i5(

k
sk

LcL
k

^ cL
k ~51!

and the bases$cL
k ,kP@1, . . . ,Ni#% are generally different

for each detector; hence the sum of tensor products in
~49! does not factor into a product of terms.

1. Exact form for the network statistic

Recall @see Eq.~49!# that the matrix

Q5(
L

F ~FL
1!2 FL

1FL
3

FL
1FL

3 ~FL
3!2G ^ ~RLL

21! i ~52!

is the correlation matrix of the~vector! signal y. The two
time seriesy1 and y3 are jointly stationary, that is, their
cross correlation also depends just on the relative lag, and
can introduce two DKL basesc1,3

k ,kP@1,Ni#. In terms of
them,

Q5(
k,l

Fskl
11c1

k
^ @c1

l # t skl
13c1

k
^ @c3

l # t

skl
31c3

k
^ @c1

l # t skl
33c3

k
^ @c3

l # tG , ~53!

where the diagonal terms (s)11 and (s)33 are simple:

~s!kl
11(33)5dkls l

1(3) ,

with sk
1 ,sk

3 the eigenvalues of the two DKL bases. Th
off-diagonal terms are

skl
13(31)[(

K
FK

1FK
3@c1(3)

k # t
•~RKK

21! i•c3(1)
l ~54!

or simply, in terms of the estimated cross correlations,

skl
13(31)[@c1(3)

k # t
•E@y1(3) ^ y3(1)#•c3(1)

l

[E@c1(3)
k c3(1)

l # ~55!
06200
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with c1(3)
k the coefficients of the DKLT in the two bases8

The matrixQ can be inverted:

Q215(
k,l

Frkl
11c 1

k
^ @c 1

l # t rkl
13c 1

k
^ @c 3

l # t

rkl
31c 3

k
^ @c 1

l # t rkl
33c 3

k
^ @c 3

l # tG
~56!

wherer[s21 is such that

(
l 51

Ni

(
q51,3

skl
pqrlm

qr 5dkmdpq. ~57!

The solution forr is ~the s11(33) are diagonal matrices!

r335@s332s31
•~s11!21

•s13#21, ~58a!

r1352~s11!21
•s13

•r33, ~58b!

with a similar expression exchanging3,1. We finally write
the statisticL5y•(Q)21

•y as

L5 (
k,l 51

Ni

(
p,q

rkl
pqcp

kcq
l , where ~59a!

cp
k[@cp

k# t
•~yp! i5 (

K51

M

FK
p@cp

k# t
•~RKK

21
•xK! i , ~59b!

where we should keep in mind that theFp
I functions, the

coefficientsskl
pq , and the DKL basis vectorscp

k depend on
the direction in the sky.

2. Simplified case: Large Ni

If Ni is large enough to justify the approximation of th
DKL with a Fourier transform, the matrix (R(KK)y) i
5(RKK

21) i can be written as follows:

~R(KK)y! i5
f s

2 (
k50

Ni21

S(KK)y@k#wk^ wk
H ~60!

whereS(KK)y@k# is the one-sided noise spectrum of the (yK) i
data; its frequency resolution isf s /Ni , and it does not de-
pend on the direction in the sky. Now the matrixQ @see Eq.
~49!# can be factored out and we obtain in analogy with t
results of Andersonet al. ~@13#, Sec. V C!

(
K

FK^ ~RKK
21! i ^ FK

t 5
f s

2 (
k50

Ni21

wk^ Sy@k# ^ wk
H ~61!

where we have introduced the network spectral densitySy
for thed-filtered datay: each element ofSy is a 232 matrix,
depending on the source direction through theFK terms

8Notice that the estimation of the matrixs is simple: once the
c1(3) eigenvectors are defined, the eigenvalues give immedia
the diagonal termss11(33), while the cross terms are most easi
estimated from the data by performing the DKL decomposition a
cross-correlating the coefficients.
2-8
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Sy@k#[(
K

S(KK)y@k#FK^ FK
t . ~62!

We can therefore rewrite the statistic in Eq.~48! as

L~x!5
2 f s

Ni
(
k51

Ni22

†ỹ@k#‡i
H
•†Sy@k#‡21

•†ỹ@k#‡i , ~63a!

ỹ@k#[ (
L51

M

FLỹL@k#, ~63b!

in complete analogy with the single detector case, Eq.~29!;
now ỹ@k# is a two-element vector, whose components
just the Fourier transform of they1,3 time series. This sta
tistic converges to the excess power statistic defined in@@13#,
Eq. ~5.29!# in the limit Ni→N, or equivalently when the
cross correlations between the subspacesVi ,V' can be ne-
glected.

C. The case of correlated noise among the detectors

The problem of writing down the likelihood in the case
correlated noise amongM detectors has already been studi
in depth by Finn@20#, who proposed to apply a transform
tion to the M data channels, which would decorrelate t
noise. We face here a technical difficulty: such a transform
tion would also ‘‘rotate’’ the signal and render awkward t
bookkeeping in our derivation. We adopt a different a
proach, motived by the hope that the cross-correlation te
will be significantly smaller than the diagonal terms, so th
a perturbation expansion is possible.

If the noise is correlated the likelihood for havingx in the
presence of a signalh is ~@20#, Sec. III B!

L~xuh!5expF2
1

2
^s,s&R1^s,x&RG ~64!

where we have already defined the symbolx for the M3N
matrix representing theM time series, each of lengthN, pro-
duced by the detectors, while
e

in

r-

06200
e
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t

s5s1% s2% •••% sM ~65!

is the direct sum of the signals at each detector. We bor
from @20# the notation

^a,b&R[a~R!21b5(
KLkl

aK@k#~R21!KLklbL@ l #; ~66!

R is anM N3M N matrix which we regard as a tensor,

R[E@n^ n#, ~67!

that is,

~R!KLkl5~RKL!kl5E†nK@k1dK#nL@ l 1dL#‡. ~68!

Each N3N matrix RKL is a Toeplitz matrix depending
only on k2 l 1(dK2dL) and not necessarily symmetric, un
lessK5L; only the symmetry (R)KLkl5(R)LKlk holds, which
ensures that̂a,b&5^b,a&. Notice also that, as in the prev
ous sections, we have shifted the labeling of data on e
detector so that the burst is simultaneous in the time se
we must be careful, because the time shifts do not cance
in the cross terms of the correlation matrix.

The inverse matrixR21 is defined, as in@20#, such that

d IJd i j 5~R21R! IJi j 5 (
K51

M

(
k51

N

~R21! IKik~R!KJk j ~69!

and the network likelihood can be written explicitly as

L~xuh![e2(1/2)sK[k](R21)KLklsL[ l ] 1sK[k](R21)KLklxL[ l 1dL] ,
~70!

where the indicesk,l label the samples, and the indicesK,L
label the detectors.

Given the form ofsL@ l # @Eq. ~45!# we can integrate ove
the nuisance parametersh1,3 , obtaining
2 lnL~xuu,f!5F(
I

FI^ yIG
i

t

•F(
KL

FK^ ~R21!KL^ FL
t G

i

21

•F(
J

FJ^ yJG
i

5yi•@Q# i
21

•yi ; ~71!
tec-

c-
Q is a 23Ni3Ni32 matrix, constructed by contracting th
detector indices inR and in the 23M matrix F, while yi is
a 23Ni matrix obtained by contracting the detector index
F and iny.

Notice thatyI combines data from the different interfe
ometers: one has by definition

yI@ i #[(
Jj

~R21! IJi j xJ@ j 1dJ#, ~72!
a sort ofd-function filtering for multiple interferometers.
We can suppose that the cross correlations among de

tors are much smaller than the internal correlations.9 We split
R into a block diagonalD, and an off-diagonalO:

9More precisely, thatuuRKLuu/AuuRKKuuuuRLLuu!1, where uuAuu
[maxuuxuu51uuA•xuu is the matrix norm induced by the standard ve
tor norm uuxuu[Ax•x.
2-9
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R5D1O, ~73a!

~D!KLkl5dKL~RKK!kl , ~73b!

and expandR21 in powers ofO:

R21'D212D21O@D212D21O~D212••• !#; ~74!

the inverse of the block diagonal matrixD is simple:

~D21!KLkl5dKL~RKK
21!kl ~75!

in terms of the inverse correlation matrices on each detec
We can use this expansion to write down an approxim

likelihood: thed-filtered datayK are

yK'RKK
21

•xK2 (
LÞK

RKK
21

•RKL•RLL
21

•xL , ~76!

where we understand the shift of the datax and we keep the
first order inRKL . In Fourier space

yK@ l #

'
2

N (
k51

N22
e2 i2pkl/N

SKK@k# F x̃K@k#2 (
LÞK

SKL@k#

SLL@k#
x̃L@k#G .

~77!

The extension to all orders is obvious:

y5
2

N (
k51

N22

e2 i2pkl/N
†S@k#‡21

•x@k# ~78!

wherex is theM3N data ‘‘vector’’ of the network, andS@k#
is theM3M matrix with elements

SKL@k#[
2

f s
wk

H
•RKL•wk . ~79!

To prevent misunderstandings we underline that this pro
dure is not a whitening, and it does not correspond to de
ing uncorrelated data channels; it is instead the multidete
analogue of filtering for the occurrence ofd-function events.

Having obtained an approximation to some order of
y5(y3

y1)5(JFJ^ yJ data matrix~of size 23N), we can pro-

ceed along the same lines followed in the uncorrelated n
case. To test for the occurrence of a burst in the subspaceVi ,
we restrict they data to the burst subspaceVi and define
there the DKL basesc13 , as in Sec. III B 1, or the Fourie
bases ifNi is large enough.

We canestimatethe matrixQ5E@y^ y# and compute the
elementss @see Eq.~53!# exactly as before: The diagona
elementss11(33) are diagonal matrices built from the e
genvaluessk

1(3) , and the off-diagonal matricess1(3) using
Eq. ~55!; all the remaining derivation goes unchanged.
06200
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1. Simplified case: Large Ni

As in Sec. III B 2, a simplification is possible if the DKL
c1(3) bases of theVi space converge to the Fourier base
by the very definitionQ5E@y^ y#, and in analogy with Eq.
~61!

(
IJ

FI^ ~R21! IJ^ FJ
t [

1

2 (
k

wk^ Sy@k# ^ wk
H , ~80a!

Sy@k#[S S11@k# S13@k#

S31@k# S33@k#
D ,

~80b!

where in turnSpq@k# are the four cross spectra, at frequen
resolution f s /Ni , defined from the datay1 ,y3 . The log-
likelihood has the same expression as in the uncorrela
noise case:

L~x!5
2 f s

Ni
(
k51

Ni22

†ỹ@k#‡i
H
•†Sy@k#‡21

•†ỹ@k#‡i , ~81a!

ỹ@k#[ (
L51

M

FLỹL@k# ~81b!

with the difference that theyK combine data from differen
detectors@Eq. ~77! or Eq. ~78!#.

D. Example: Network sensitivity to d events

The ‘‘network spectral density’’ defined in Eqs.~62!,
~80b! is a 232 matrix of spectra and~complex! cross spec-
tra, which depends on the sky direction: it is interesting
derive a scalar quantity to be plotted in a spherical project
to give a visual idea of the sensitivity of the network.

As a simple example, motivated by the short duration
the impulsive features in some of the model wavefor
@@14#, Fig. 2 ~Model A!#, we may consider the response
the network to a burst of durationdtburst51/f s , where f s is
the sampling rate in the detectors, and having amplitu
A1 ,A3 in the two polarizations. We assume that the detec
noises are uncorrelated, and that the data have been shift
capture the event in every data stream at the same time in
a; we have

x̃L@k#5~A1FL
11A3FL

3!
1

f s
e2 j 2pka/N ~82!

and thed-filtered signal is@see Eq.~4!#

yL@ l #5~A1FL
11A3FL

3!
2

f sN
(
k51

N22
ei2pk( l 2a)/N

SLL@k#
. ~83!

Projecting on theVi subspace means settingl 5a; hence

yL@a#5~A1FL
11A3FL

3!s~yL! ~84!

where we have defined
2-10
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FIG. 1. Polar plot of the SNR for bursts havingA dt510223 s, as a function of the source direction. The figure at left refers to the LI
network; at right GEO600, TAMA, and Virgo are also included. The network frame axes are shown:Z points toward the geographical north
andX crosses the Greenwich meridian.
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f sN
(
k51

N/221
1

SLL@k#

.
1

f s
2Ef seism

f Nyquist d f

SLL~ f !
; ~85!

this is the same quantity resulting from the analysis in@38#,
where burst signals with uniform spectrum in the detect
band were considered. Next, we have

yi5(
L

s~yL!~A1FL
11A3FL

3!S FL
1

FL
3D ~86!

and, noticing that (RLL
21)@a,a#5s(yL),

Q5(
L

s~yL!S ~FL
1!2 FL

1FL
3

FL
1FL

3 ~FL
3!2 D . ~87!

The log-likelihood statisticL5yi•Q21
•yi can now be easily

evaluated. We average overA1 ,A3 keeping their geometric
meanA[AA1

2 1A3
2 fixed, and evaluate the resulting SN

for networks of interferometric detectors built out of diffe
ent partitions of the instruments currently under commissi
ing. Because of thef s

22 factor ins(yL), the scale is set by the
effective amplitudeAdt5A fs

21 .
We report in Fig. 1 two polar plots of the SNR, obtain

by setting Adt510223 s; with f s
215O(1 ms) this would

correspond to a strainA5O(10220), possible for a core col-
lapse event at a distance of 10 kpc@9,14#. We have consid-
ered either the network of three LIGO interferometers, o
network including also GEO600, TAMA, and Virgo: the d
tails of the detectors are reported in Appendix B 2, wh
06200
n

-

a

e

locations and orientations are reported in Table I and
nominal noise spectrum is modeled in Eq.~B16! and in Table
II.

The global interferometric network appears significan
more sensitive, and much of the effect is due to the con
bution of Virgo; however, the result should be consider
merely illustrative, because the chosen shape of the bur~a
d function! corresponds to a flat spectrum in the frequen
domain; this choice favors the Virgo detector substantially
already noticed in@38#, because of the wide bandwidth of th
model sensitivity of Virgo.

IV. CONCLUSIONS AND OUTLOOK

In this paper we have defined a statistic for the detect
of burst signals that is well suited to be applied to data
fected by colored noise, thus properly generalizing theexcess
power statistic @11–13# to the case in which the spectra
noise density varies significantly over the frequency band
interest, and the signal prior is assumed to be flat inRN. It is
optimal in the Bayes sense, under the two hypotheses tha
signal is distributed uniformly in amplitude and is contam
nated by additive Gaussian noise. The extension to the
work case was straightforward and it was also possible
take into account in a natural way the possible presenc
Gaussian noise correlations among the detectors, either
turbatively or exactly.

The lack of assumptions about the GW signal distribut
is both an advantage and a disadvantage. We believe tha
proposed statistic is correct for a detection strategy free oa
priori assumptions, apart from the duration of the burst;
we are aware that it does not lend itself to easily includ
assumptions on the amplitude distribution of the signal,
was possible in@13#, thus making it difficult to set Bayesian
thresholds.
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TABLE I. Detector locations and orientations, and Euler angles~approximated! needed to express coordinates in the network frame
terms of coordinates in the detector frames.

Detector Latitude Longitude X azimuth Y azimuth a,b,g Euler angles

GEO600 0.911935 0.171217 0.377166 2.02353 -1.20035, -0.658862, -1.7420
LIGO Livingston 0.533373 21.58424 3.45575 5.02655 2.04204, -1.03742, 0.013439
LIGO Hanford 0.810705 22.0841 2.21308 3.78387 -2.99848, -0.760091, 0.513301
TAMA 0.622733 2.43543 3.14159 4.71239 2.35619, -0.948063, 2.27696
Virgo 0.761487 0.18326 1.24791 2.81871 -2.03331, -0.809309, -1.7540
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Our generalization is not much more expensive, from
computational point of view, than the statistic discussed
Andersonet al. @12,13#; in its simplest implementation i
amounts to performing a matched filtering ford functions
followed by the calculation of an ‘‘energy’’ over the tim
window to be tested for the occurrence of a burst.

An evaluation of the actual detection performance, wh
considering theoretical waveforms and simulated noise,
mains to be done; this will be the subject of future wo
much along the lines of@7,8,10#.

In addition to the detection of gravitational events, w
propose this statistic as a tool for excess noise characte
tion: real interferometric detectors are definitely affected
non-Gaussian noise@33#, and as long as the excess noise
dominated by burst signals, like Poisson distributed cr
events, we can think of using this statistic as a tool for
tecting and characterizing them. Once an event results in
instance of theL statistic above the threshold, and therefor
burst of excess noise or a gravitational wave is detected,
algorithm provides a way to encode this information in
manner optimal with respect to the distribution of the no
@18#. In fact, the discrete Karhunen-Loe`ve transform that we
have chosen as a tool to compute the ‘‘energy’’ over the b
time window is equivalent to a principal component analys
the coefficients of the DKLT are ordered by the amount
rms noise contributed by the corresponding basis vector
candidate event can therefore be encoded by selecting
the largest DKLT coefficients, while retaining most of i
relevant ‘‘energy,’’ that is, the energy that is distributed
less noisy components.

Moreover, we recall that in the absence of signals
DKLT coefficients are statistically uncorrelated; one may
stead anticipate peculiar, spurious correlations when a si
of any nature is present. These correlations will emerge
regularities if the events occur repeatedly in time, and
should be possible to catalog them, for instance by us

TABLE II. Parameters characterizing the baseline noise of
detectors in the network; cf. Eq.~B16!.

Detector f seism Spend Smirror Sshot f knee

GEO600 50 4.1310236 9310243 1310244 577
LIGO 2K 40 2.1310235 2.25310243 4.35310246 182
LIGO 4K 40 5.6310236 3.9310244 1.1310246 83
TAMA 50 6.6310231 3.2310240 1.78310242 500
Virgo 4 9310237 4.5310243 3.24310246 500
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clustering methods in the vector space of the DKLT coe
cients.
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APPENDIX A: DFT CONVENTIONS

We list here our conventions for the discrete-tim
discrete-frequency representation of stochastic processes
f s be the sampling frequency, andN the length of the data
sample for the time processx@ l #; then the Fourier transform
pair x↔ x̃ is

x̃@k#[
1

f s
(
l 50

N21

e2 i2pkl/Nx@ l #, ~A1a!

x@ l #5
f s

N (
k50

N21

ei2pkl/Nx̃@k#; ~A1b!

the one-sided sample spectrumSx@k# is definedby

1

2
Sx@k#5

f s

N
E@ ux̃H@k#u2# ~A2!

with x̃H↔(H* x) the Fourier transform of a suitably win
dowed realization ofx. For largeN the correlation function
Rx@(a2b)/ f s#5(Rx)@a,b# and the sample spectrum a
Fourier pairs

Rx~t!.
f s

N (
k50

N21
1

2
Sx@k#ei2pkt f s /N, ~A3!

or equivalently

Rx. f s(
k50

N21
1

2
Sx@k#wk^ wk

H , ~A4!

e
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wherewk are the Fourier orthonormal basis vectors

wk5
1

AN
@1,vk,v2k, . . . ,v (N21)k# ~A5!

with v[ei2p/N. For a zero-mean process one has

~Rx
21!@a,b#.

1

f sN
(
k51

N22
2

Sx@k#
ei2p(a2b)k/N ~A6!

and the useful relations

~Rx•y!@ l #.
f s

2

N (
k50

N21
1

2
Sx@k# ỹ@k#ei2pkl/N, ~A7a!

~Rx
21

•y!@ l #.
1

N (
k51

N22
2

Sx@k#
ỹ@k#ei2pkl/N,

~A7b!

approximate relations because of the finiteN.

APPENDIX B: NETWORK MODEL

We summarize the mathematics describing a network
detectors, the essential geometric characteristic of the in
ferometers under construction, and their anticipated mo
spectral densities.

1. Geometry

We adopt the following reference frames@37#: the, net-
work framecentered on Earth and chosen with theZ axis
aligned along the geographical north, theX axis crossing the
Greenwich meridian;detector framescentered on the beam
splitter of each detector, theZ axis pointing toward the loca
zenith and theX axis bisecting the detector arms; and t
wave framehaving theZ axis aligned along the direction o
propagation of the wave, andX axis lying in the (X,Y) plane
of the network frame.

Rotations of coordinates from one frame to another
expressed in terms of Euler angles

xwave5O~f,u,c!•xnetwork, ~B1a!

xdetectorL
5O~aL ,bL ,gL!•xnetwork,

~B1b!

if us ,fs are the elevation and azimuth of the source in
network frame, the relation withf,u is

f5fs2
p

2
, u5p2us . ~B2!

Thec angle is zero, according to the wave frame orientati
One introduces the wave tensor

w~ t !5
1

2
$@h1~ t !1 ih3~ t !#eR1@h1~ t !2 ih3~ t !#eL%

~B3!
06200
f
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where the helicity stateseR ,eL can be written as

eL,R5
1

2
~eX6 ieY! ^ ~eX6 ieY! ~B4!

in terms of unit vectorseX ,eY specifying theX,Y axes of the
wave frame. In the network frame they can also be written
second rank symmetric trace free tensors~STF-2! Ymn
@35,36#:

eL,R5A8p

15
~Y262!wave

5A8p

15
T62n~f,u,0!~Y2n!network ~B5!

whereTmn , with m,n50,61,62, are second rank Gel’fand
functions and depend on the Euler anglesf,u,c(50)
needed to rotate the network frame to the wave frame.

For completeness, the explicit form of theTmn
l functions

for arbitrary rank is as follows@34#:

Tmn
l ~f,u,c!5e2 i (nf1mc)Pmn

l ~cosu!, ~B6!

Pmn
l ~m!5

~21! l 2mi n2m

2l~ l 2m!!
A~ l 2m!! ~ l 1n!!

~ l 1m!! ~ l 2n!!

3
~12m!(m2n)/2

~11m!(m1n)/2

dl 2n

dm l 2n

3F ~11m!m1 l

~12m!m2 l G , ~B7!

wherem,nP@2 l ,l #.
The detector response is encoded by the tensordL :

dL5sin~2VL!~n(L)1^ n(L)12n(L)2^ n(L)2! ~B8!

in terms of the unit vectors aligned along theLth interferom-
eter arms, and the aperture angle 2VL of the arms. The factor
sin(2VL) is 1 for all the detectors apart from GEO600, whe
it is 0.997; consequently we will not state the factor expl
itly in the following, to simplify the notation.

The tensord has the simple expression

tr@d•~Y2m!detector#52 iA15

8p
~dm22dm22! ~B9!

in terms of STF-2 tensors in the detector frame. With tw
successive rotations one obtains the coefficients of its exp
sion in terms of STF-2 tensors in the wave frame:

tr@d•~Y2m!network#52 iA15

8p
@T2m* ~aL ,bL ,gL!

2T22m* ~aL ,bL ,gL!# ~B10a!
2-13
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FIG. 2. The locations of the
detectors on Earth, labeled b
their initials ~H, L for LIGO Han-
ford and Livingston!; the axes
X,Y,Z of the network frame and
of the detector frames are shown
Left: view from above Europe.
Right: view from above the
United States of America.
y,

e
o

rns,
or
tr@d•~Y2m!wave#5(
n

Tmn~f,u,0!tr@d•~Y2n!network#

[A15

8p
Dm~f,u,0,aL ,bL ,gL!

~B10b!

where following @37# a shorthand notation is used. Finall
the signal at theLth detector will be

sL~ t !5tr@w„t2tL~fu!…•dL# ~B11!

wheretL is the delay at theLth detector with respect to th
network frame; it can be positive or negative depending
the direction of the source. In terms of the~complex! beam
pattern functionsFL

L,R[tr(eL,R•dL) for the two left and right
wave polarizations

FL
L5D22~f,u,0,aL ,bL ,gL!, ~B12a!

FL
R5~FL

L!* 5D2~f,u,0,aL ,bL ,gL!, ~B12b!
06200
n

one can alternatively write

sL~ t !5R$@h1~ t2tL!1 ih3~ t2tL!#FL
R% ~B13!

5
1

2
@~h11 ih3!D2~••• !

1~h12 ih3!D22~••• !#,

or equivalently, and more conveniently for our work,

sL~ t !5h1FL
11h3FL

3 ~B14!

where, reintroducing the aperture angle,

FL
1[sin~2VL!R@D22~f,u,0,aL ,bL ,gL!#, ~B15a!

FL
3[sin~2VL!I@D22~f,u,0,aL ,bL ,gL!#. ~B15b!

The given expression for the signal and the antenna patte
as stressed in@37#, is convenient because it keeps in fact
form the rotations among the various frames.
is-
FIG. 3. A comparison of the baseline spectral sensitivities, in units of Hz21/2, for the different interferometers currently under comm
sioning, according to the simplified model in Eq.~B16!. The two LIGO 4 km interferometers ‘‘H4K’’ and ‘‘L4K,’’ located in Hanford and
Livingston, respectively, are supposed to have the same sensitivity. We do not display the so called ‘‘seismic wall’’ atf seism ~see values in
Table II!.
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2. Interferometer network characteristics

The geometrical characteristics of the detectors con
ered in this study are listed in Table I where we quote
latitude north of the equator, the longitude east of Gre
wich, the azimuths of theX and Y arms of the detectors
measured counterclockwise from the local east, and
a,b,g Euler angles needed to rotate coordinates in the
work frame to coordinates in the detector frame. The ori
tation data are taken from@39# and updated with information
from the web sites of the collaborations@40#; the naming of
the axes has been changed in one case so that all the d
tors have azimuth(X arm! , azimuth(Y arm!. The resulting
Euler angles should be taken with care because they are
puted in the spherical Earth approximation, neglecting
elevation of the detector sites and the fact that the arms
chords and not tangents of the surface. For a more accu
model, please see@42#.

We show in Fig. 2 the locations of the detectors and
reference frames attached to them, from two viewpoi
above Europe and the United States of America.

The other important characteristic of the detectors is th
planned sensitivity. We have chosen to include only the ba
line thermal and shot-noise sources, omitting resonance
the observation band; the noise spectrum model is there

Sn~ f !5
Spend

f 5
1

Smirror

f
1SshotF11S f

f knee
D 2G ~B16!
n

-

r,

r,

a-

D

le
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whereSpend quantifies the thermal noise of the mirror pe
dular mode, above the pendulum resonance,Smirror quantifies
the 1/f tail of the internal modes of the mirror, excited b
thermal noise, andSshot and f knee parametrize the optica
read-out noise.

In addition to these parameters, we callf seism the cutoff
below which the seismic noise is supposed to dominate o
the thermal noise. This simplified model does not include
least two important effects, the thermal violin mode res
nances and the internal mirror resonance peaks, and sh
be considered merely illustrative.

We report in Table II the numerical values of these para
eters, deduced from@41#, and in Fig. 3 the comparison of th
different noise spectral densities. The inverse correlat
function

Rn
21~t!}RE

0

`

ei2p f t
1

Sn~ f !
d f ~B17!

is well approximated by an expression of the form

Rn
21~t!.A0e2utu/t0cos~2p f 0t1f0!

1A1e2utu/t1cos~2p f 1t1f1!. ~B18!

We list in Table III the values of the decay timest0,1 and of
the ‘‘ringing’’ frequencies f 0,1 deduced from the values in
Table II; their smallness reflects the absence of resonanc
the model noises.
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