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We consider the problem of detecting a burst signal of unknown shape in the data from gravitational wave
interferometric detectors. We introduce a statistic which generalizesxttesss powestatistic proposed first by
Flanagan and Hughes, and then extended by Andessah also to a multiple detector case. The statistic that
we propose is shown to be optimal for arbitrary noise spectral characteristic, under the two hypotheses that the
noise is Gaussian, albeit colored, and that the prior for the signal is uniform.

The statistic derivation is based on the assumption that a signal affects|ogséynples in the data stream, but
that no other information is a priori available, and that the value of the signal at each sample can be arbitrary. This
is the main difference from previous works, where different assumptions were made, like a signal distribution
uniform with respect to the metric induced by the (inverse) noise correlation matrix. The two choices are
equivalent if the noise ishite, and in that limit the two statistics do indeed coincide. In the general case, we
believe that the statistic we propose may be more appropriate, because it does not reflect the characteristics of
the noise affecting the detector on the supposed distribution of the gravitational wave signal.

Moreover we show that the proposed statistic can be easily implemented in its exact form, combining standard
time-series analysis tools which can be efficiently implemented.

We generalize this version of an excess power statistic to the multiple detector case, considering first the noise
uncorrelated among the different instruments, and then including the effect of correlated noise.

We discuss exact and approximate forms of the statistic; the choice depends on the characteristics of the noise
and on the assumed length of the burst event.

As a example, we show what would be the sensitivity of the network of interferometedsftmation burst.

PACS numbers: 04.80.Nn, 05.45.Tp, 07.05.Kf

I. INTRODUCTION AND SUMMARY statistic has been recently analyzed by Andersbal. [13]
and extended to the “blind” search of burst events from a net-

Several large scale interferometric detectors [L] 2] 3, 4] ar%Ork of interferometers. However, as pointed outin/[13, note

currently under commissioning and are expected to start da
acquisition and reach their design sensitivity in a few years
Some of the candidate sources, like the coalescing binaries
their inspiral phase, can be modeled with reasonable accuracy® ) o
and the gravitational waveforms can be predicted, thus allowditimate when the noise spectrum does not vary rapidly in the

ing a matched-filter detection strategy; see [5] and referencel%anOl of interest: however we will argue in Sectfon}I A that

therein for a review. On the other hand, as arguedin [6] it is may be not true for real detector noise, and we will show

is conceivable that the uncertainty on the waveform will re-that in view of the current models for burst signals from the
main high for sources like the Type Il supernova explosionscore collapse of supernovae [9, 14] the correlation length of

or the merger phase in the coalescence of black holes or neffle detecto_r hoise cannot be_ assumed _short V.Vith respect o the
igvent duration, even assuming the design noise.

tron stars: in this context, the issue of detecting events poor? ) ; 9 e TS
modeled or not modeled at all remains crucial. The chou;e of the S|g_nal distribution 0 .[.13] has t_he advan-
The broblem has already been faced from different Oin{age of making easy to incorporate a priori informations, when
P y P available, about the magnitude of the signals: we shall see that

of views: some authorg]6l [l 8] aim at devising several SMihisis in general more complicated with our statistic, if detec-

p!aerzflllne (Ij ai?er?ﬁ:ﬁgonbﬂégetégteen dsg/r? daclg?inn:ihzgs’atoai?nestr;jnnoélrgpn thresholds were to be set using a Bayesian criterion.
P g P 9 The method that we propose consists mainly of two steps:
waveforms|([9]. Others start from general hypotheses on the

dist.ribution of the signals anq the noise and derive statisticy, fjjter the input data with a matched filter f8functions.
optimal under those assumptiohsl[10,[11,12, 13].

We consider of particular interest strategies, likegkeess B Compute a statistic similar to trenergyof the data within
powerstatistic proposed by Flanagan and Hughes [11], orthe ~ €ach time window we are willing to test for the pres-
norm filter studied by Arnaudkt al. [10], which try to make ence of a burst, using a particular scalar product which
minimal assumptions on the nature of the signal, like time can be conveniently computed either using the discrete

duration and bandwidth only: in particular the excess power Karhunen Loeve transform (DKLT), or (approximately)
using a discrete Fourier transform (DFT).

, the authors have actually made the assumption that the sig-
nal distribution is flat with respect to the inner product defined
the inverse of the noise correlation matrix. They recognize
at this is an approximation, and correctly claim that it is le-

The algorithm can be generalized to the multiple detector
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turns out that possible correlations among the detector noises Il. SINGLE DETECTOR ANALYSIS
can be taken into account by modifying thdiltering step, as
a direct consequence of the likelihood maximization. A. Noise and signal statistics

The paper is organized in two main sections: in Sedtipn Il
we derive the statistic for the case of a single detector: thenin \yie will keep consistently a discrete time, discrete fre-

Sectior[ 1] we extend it to the multiple detector case. quency notation, assuming a sampling rigend a finite ob-

tion[ITA]we motivate our study, introducing our hypotheses zero mean and Gaussian, characterized by a correlation matrix
on the signal and the noise and discussing them in view of

the current models for supernovae signals. In Se_ IIB we (Rn) [i, j] = E[ninj] @)
briefly recall the Bayesian framework we follow in deriving _ ) _
the optimal statistic. In Sectidn T]C we derive the exact ex-wheren; = n[i] = n(i/fs), andi € [1,N]. We further assume
pression for the likelihood ratio, for a burst affectiNg sam- that the noise is stationary, henBeis symmetric Toeplitz
ples in the data stream. In Sect[on || D we make a digressioi.ﬂ]- The probab|l|ty of observing _a'certgm_set. of noise data
on the Karhunen-Loéve transform, a tool well known in statis-" (of total lengthN) is given by the joint distribution
tics [16,[17] and already applied in the analysis of data from 1 1
bar detectors [18], and proposed for the study of narrow res- P(n) = ————=exp {ni(Rgl)ij nj] ; 2
onances [19]: in Sectidn TE we exploit the DKLT expansion v/ (2mN detR 2
and we show that itis a convenient way to |mplement_ Sep a certain signasis also present, the conditioned probability
When the supposed burst lendth is large, an approximate ; -
; | : of observing a set of datais
formula using the DFT can be used, as shown in Seftion|Il E 1.
The very meaning of the word “optimal” used for defining P(x|s) = 1 e[—%(X—S)-Rﬁl-(X—S)]
the proposed statistic is discussed in Sedffion Il F, where we ~/(2nNdeR '
clarify the limits of the method, in particular with respect to
the inclusion of prior information on the signal strength. We should stress that formulas in Eqs[[2,3) make use of the
The distribution of our statistic in absence and presence offormation available in the finite data sequence: we observe
a signal is considered in Sectipn | G: it corresponds exactlyonly N data and with the expression Bfn) andP(x|s) we
to ax? variable, respectively central or not central. cannot take into account the effect of the past data points,
The mu|t|p|e detector case is treated first in the approximaWhiCh fa” Outside our Observation WindOW. We Sha” see |atel’

tion of uncorrelated Gaussian noise across the detector néfiat when considering a shorter analysis window (of &igke
work in Sectiof TITB, where we show that the techniques usedontained in a longer data train we should actually exploit also
in the single detector case can be easily extended, in a way nté information contained outside thi window. This infor-
much different from what has been donelinl[13], but includingMmation is of little relevance if the analysis window is much
the above mentioned stepimplementing the filtering fod longer than the largest correlation times in the noise: but this
functions. We show in Sectidn T 1 that the stBpof the IS not generally the case when considering burst events.
algorithm can be written in exact form using a vector DKLT, ~What matters to estimate the relevance of this boundary ef-
while a simpler form, similar to the one derived [n [13], is fectis the noise spectrum: one knows (see Seffion A) that
valid in the long burst limit, as discussed in Secfion T|B 2. a b 5 N-2 gmk(ab)
The case in which the noise of different detectors displays R1 ( ) = (Rgl) b= Tt Z DE—
some degree of correlation is considered in Segtion|Ill C: we fs NG SK

start from the same hypotheses as Finn [20] and we show how L . . . .
the effect of the cross-detector terms in the noise <:orre|atiof’ianI considering a noise model as given in . (B16), which

matrix can be taken into account in our algorithm, either per_:summarizes the best sensitivity reachable in the first genera-

turbatively, if the cross terms are small, or exactly if they arelion interferometers, one deduces that
not: the needed modifications turn out to affect only &e RL(1) ~ Age /%0 cos atft + ... (5)
filtering step, and in a simple way.
We finally give an example of application of the algorithm neglecting faster decaying terms. The decay timefs) .
to the detection of bursts of unit duration, for a network of characterize how much the mat®x* (and therefor® itself)
detectors comprising either the three LIGOS [1] or includingdiffers from a diagonal matrix. In Sectidn B 2 and in Tgblé 11
also GEO600[3], TAMA[[4] and Virgol[2]. We compute the we show that for the current models of the baseline interfer-
resultingSNR, which is a function of the direction in the sky; ometer noise in the first generation detectors the valueg of
this allows us to pictorially show to which extent the network range from 1.4 ms in TAMA to 6ms in Virgo (corresponding
analysis strategy is advantageous, at least in the ideal situatien O(100) samples).
in which the detector noise is Gaussian. These time scales should be compared with the expected
Throughout the paper we adopt a discrete-time, discreteduration of the bursts: for instance Zwerger and Muiller [9,
frequency notation: the conventions for the DFT are detailedrigs. 5,6] have shown several examples of gravitational wave-
in App.[A, while the characteristics of the detectors in the netforms emitted in axisymmetric core collapse events, display-
work are detailed in Apg.]B. ing large variations on scales of a few ms, and narrow large

®3)

(4)
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amplitude peaks even shorter than 1 ms. The same featur®x|0) is the probability defined in Eq[}(2) of observing the
are found in more recent simulations, which include relativis-same datasetin absence of signals. In turn

tic effects, by Dimmelmeieet al[14, Fig. 2 (Model A)]: we

conclude that it is generally not justified from the physical P(x|1) = /p(x|s)p(s) ds )
point of view to surmise that the correlation decay times of

the noise are short compared to the burst duration. where P(s) is the a-priori probability of having a signas

Moreover, the values for the decay times quoted in Table 111 . . .
refer to a ideal detector noise, free of narrow resonances: re rgsent, whileP(x|s) has aIrea_dy_peen def'lned n E@ (3)- In
is paper we assume no a priori informationRys).

detectors may well exhibit richer spectral features [22]. Fo Given our complete ignorance 1), P(0), we resort to
instance a thermal resonance with proper frequefacgnd he | d lik [I)'h dg . ’ '

quality factorQ would contribute to the noise correlation a the integrated likelinood ratio
term with a characteristic decay timg = n%: with violin P(x|1)

modes easily havin@ > 10°, and frequenciesy = O(1000

Hz, the decay time can easily reach tens of seconds. Although
it is foreseen to subtract the effect of these resonances fromsing the Bayes rulB(1|x)P(x) = P(x|1)P(1) we can write
the data, using for instance Kalman filters1[23] it is fair to
say that any residual effect, due for instance to a imperfect
cancellation of a very higl®Q resonance, will contribute to
increase the noise correlation length above the values deduced
from the baseline noise. for the probability of having observed a signal, conditioned

There are at least two important consequences of the preby the particular instance of datethat we have received. Al-
ence of a non-zero correlation length: (1) statistics built usinghough we have no idea of the pridP$0),P(1), this proba-
maximum likelihood criteria must be modified to take into ac-bility is a monotonic function of the likelihood (x), which
count noise outside the window affected by the burst eventis therefore the quantity to be estimated, in dependence on the
(2) instances of these statistics, derived from these data, wiissumptions (or lack of assumptions)®(s): to implement
exhibit a correlation in time which should be kept into accountour ignorance on the waveform we assume ) is uni-
when computing false alarm and false dismissal probabilitie$orm in the spac&Ni of possible signals of length; .

[24]. In this paper we will concentrate on the first issue. For the sake of comparison, Andersenal. [13, Eq. 3.1,

One general way, other than subtracting the narrow spe@nd the following discussion and note] assumed instead that
tral components, to attack this problem would be to assumthe signals are uniformly distributed with respect to the met-
that data have been pre-whitenéd [[6/7[_8, 10], for instancec induced by the scalar produpty) = x-Ry*-y.
using a time-domain filter estimated from the data themselves
[25, [26]: however this strategy requires to take into account
the effect of the whitening filter throughout the detection C. The burst statistic
chain, in particular the alteration of the signal waveform and

consequently of the signal distribution. In other words, when A vector space notation is useful: lé4 be the space of
integrating over the space of possible signals, we should ngf|| possible data vectors, having lendth we want to test
forget that the measure is changed by the transformation.  for the presence of a burst signal in a certain subspidce
To render our statements precise, we need to discuss thfined by taking\; < N consecutive samples, from a certain
detection framework adopted. starting position (say) in the original vector. The orthogonal
subspace, of dimensid¥— N ~ N, will be called?; .
We have again the likelihood ratio

_ /e—%S-REl'&FS-Rﬁl-XP(S)dS; (8)

A(X) .
A(X) +P(0)/P(1)

P(1]x) = ©)

B. Detection framework
, N
_1 —1\ o —1.,.

We suppose that if present the burst affects a intefyat N(X) = /e 28 (Raijsi S (Ra )i []ds (10)
N,/ fs starting at absolute timirs; that is a numbeN; of ' :
samples. We are unable to prescribe priors for the signal al
plitudes, so we treat then asiisanceparameters, to be inte-
grated out. Andersoet al. [11,[13] made similar assump-
tions, with different hypotheses on the integration measure.

Given a data vectox, thea posterioriprobability of having R-1), = (R=1),. _ 11
observed those values s [27] (Rn ™)) = (Ra ™) 14 Nourst 11+ Noursy (11)

Mihere the indices j run only over elements o, while the
noise correlation matriR, is defined for an arbitrary index
difference. Let us introduce the matrix

obtained projectindR;* onto ’VH. Performing the integrals

P(x) = P(x|1)P(1) + P(x|0)P(0) (6) over the amplitudes

whereP(1),P(0) are thea priori probabilities for a signal of

unspecified form being present in the data, &@d1) is the A(x) Oexp })(G(Rgl)ai <((Rnl) >1>
probability of observing given thatsomesignalsis present; 2 I

(RyY) jBXs] (12)
i



where indicesx, 3 run in 7 + 7/, and indices, j run in ¥}; E. Exact expression for the burst statistic
the overall normalization does not depend>oand can be

ignored. We are forced to split the indexes because the opera- |y Sectiof TG we have shown that the exact statistic, de-

tions of projecting over the “burst” subspatg and of invert-  fined in Eq.[(IB), can be expressed as
ing a matrix do not commute[43].

. Ao -1

The log-likelyhood statistic is therefore[44] L=y {(Ry)” | (21)

1
L= Y (Ry'); (((Rnl)) > (Ra™)j.  (13)  withy; = (R,*-x), the vector of-filtered data
el ., g
It may seem awkward to compute: notice however that =5 &—Me"znk'/Ni[k]; (22)
=
-1 -1 _ -1
E [(Rn ”)i (R ”)J = (Ry )ij ) (14) S, is the one-sided spectrum corresponding to the correlation

matrix R,: the expression is valid for large and stationary

in other words the time seri€&; - n restricted to thel/, sub- X )
& | Gaussian noise. Thanks to the KL transform we have

space has autocorrelation mat(iR,?) |+ Which is what we
need. The last step is to invert the matrix and apply it to the [(R ) }
dfiltered dataR;;* - x: a efficient tool to accomplish this task Y

is the Karhunen-Loéve expansion[17].

1 N 1 K K
:kglgk¢\\®¢\\a (23)

hence we finally obtain

Ny
D. Karhunen-Loéve expansion L= kzlolk (lpll(l 'VH)2~ 24)
An expansion ofR in terms of its eigenvalues and eigen- The reader might wonder why the DKLT is at all necessary:
vectors is possible[16, 17, 21]: our statistic in Eq.[(Z1) could be computed just inverting the
K matrix (Ry)”, and then applying it to each successive data
Rop= 3 okWlwg (15)  chunk; what is the advantage of the expression in Eg. (24)?
k=1 The answer is that the computational cost is the same, but
whereK is the dimension of the matrix and the DKLT decomposition gives us more flexibility. We are
K K not forced to sum over all the elements: we can decide for
RapWs = OkWp (16) instance that some of the basis elements correspond to large
with eigenvaluessy > 0. The{lpk, ke[, K]} eigen-vectors noise components, and can be left out without significantly
are chosen orthonormal affecting the detector performance. The fact that the coeffi-

cients{ tpﬁ Yy, ke [1, NH] } are statistically uncorrelated ren-

ders this procedure sound and simplifies the statistical analy-
: i : Sis.
and define a basis in the spaicé: Note that theb-filtering in Eq. [22) copes with long correla-
Kt K withc, = K. tions in the data, assuming deterministidine to be present:
X = k; G, VX € R™, withc = X- @7 (18)  in fact, the Wold theorer[17, sec. 7.6.2] states that a random

. o ) R process can be decomposed in the sum
this decomposition is called discrete Karhunen-Loéve trans-

Kyl — 5K 17
Z%% 17)

form (DKLT). The Parseval's theorem X(t) =% (t) +Xp(t) (25)
K of a regular process[45k (t) and apredictableprocess[46]
X-X= Z c (19)  xp(t). The latter could correspond to a harmonic of the power
k=1 line: it would contribute to the spectrum a term
holds and it is immediate to show that 0%5(\, —vp) (26)
Elcca] = oida (208)  \wherev,, is the frequency of the line ang, its contribution
K K to the RMS noise. In the sample spectr@xik| this feature
Elx-x] = aZl Raa = kzlck' (20b)  \yould translate approximately into a term
The similarity with the Fourier transform goes further[17, sec. N Bk kp = T Bkkps 27)
4.7.2]: for largeK the g converge to sines and cosines, and s

the eigenvalues converge to the bins of the spectral density. a trend inT which is the symptom of a infinite correlation
For finiteK the DKLT is a better representation for the noise length. Such spectral features cannot be properly handled by

because it takes into account the finite-size effécts [18]: recapectral factorization methods, but can be subtracted from the

that we are interested IN; not necessarily large. In particu- data [29/ 30]. Noticen passinthat violin mode lines excited

lar, the coefficientsy are uncorrelated random variables, thusby thermal noise belong to the class of regular processes, al-

making the statistical analysis easier. though they can also be modeled and partially subtracted [23].
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1. Approximate expression; Narge andy| = (Rgl-x)H belongs to the parallel spadd. Apply-
ing a DKL transforms — ¢, we obtain
In general we search for a burst of lendth in a data

N sufficiently long to resolve the narrow spectral features A(x|p) = / 3(p—/<Q e*%szKCEH-qu

which give rise to long correlation times. The sampling rate ,

O(20kHz) needed to exploit the spectral range available in — [ e % skofE+P3kkgO @) 34
. . = N” c) ( )
interferometer data may lead to considér of the order of

several hundreds, even for signals of a few tens of ms. it we hadow ind dent ok. in oth ds if all the di
For large N; an approximate expression based on the! W€ haday Independent oK, In othér words 1t all the direc-
: . tions in theg space were equivalent, we could as/in/[13, Sec.
Fourier transform exists: : . oo
[1I] compute the integral in closed form, by aligning one of
L Nj-2 the axes with the direction of the vector This was possi-
~ ;1 Z 2k Wi oWl (28) ble tg Andersoret all. because they had chosen a signal prior
& SK function ofs- (Rn) ~-s.
. _ _ . In our case the expression in Eg.|(34) is not a function solely
wherewy are the Fourier basis vectors (see Seqtipn A}in  of the statistid. = 3, 0} *c2 and ofp, because the noise intro-
approximating the DKL transform fdiRy), with eigenvalues  duces preferential directions in the signal space.

(Ry),]

A= %Sy[k] fs. It follows the approximate statistic This discussion shows that the statisticwe have pro-
posed is strictly speakingptimalonly for a signal priol (s)
e N /21 1 constanti[4l7]: we can make tla@satzthat for a more general
L(X)~ — z =9 [K |2 (29)  prior, depending on a scalar functionthe optimal statistic
N & SIK L might still be of the form
as the sum of the squares of the Fourier Coeﬁicigmtk] = L=TY Ly kG (35)
weighted ; VOKOI

fo 1y /Njwi -y of the time seriey, = (Rgl~x)H,

with the corresponding spectral noise density. This expres\;vhere the matrixL should be determined maximizing the

sion is similar to the excess energy statistic defined in[11, 13] e . ; .
. , probability of detection while keeping the false alarm rate
applied to data filtered for the occurrencedof ; .
fixed. We were however unable to prove that this is actually
the case, at least under certain restrictions on the fofP{g)t
_ o _ Another implication of this discussion is that with our
F. Inwhich sense the statistic is “optimal” statistic it is difficult to set Bayesian thresholds, as derived by
choosing a particular form fgo(p), and making assumptions
It is important to fully understand the consequences of thé&n its parameters. This is however a SomeV_vhat less cruci'al
assumption we have made abouta@iori distribution ofthe  issue because _thres_ho!o_ls may be set following a frequentist
signals: to this end, let us have a second look at the likelyhood@pproach, that is by limiting the false alarm rate.
ratio

A(X) :/e*%SRﬁl'%S-Rﬁl-Xp(s)ds. (30) G. Statistical analysis

Given the statistid. we need the distributiondy (L) and
gl (L|s) under the hypothesé4, (no signal) andH; (a signal
S of unspecified form), in order to set up a detection strategy,
for instance based on the Neyman-Pearson criterion [31].
Thanks to the fact that the coefficients of the DKL expan-
sion are Gaussian, uncorrelated random variables, the distri-
butiondy (L) is ax? (N)[16, Sec. 4-3]:

Our choice has beeR(s) = 1, which is a way to avoid in-
troducing any scale which might bias the analysis. There is
drawback: larger values sf s are favored, in fact

ds=pNi~*dpdQy, (3) (31)

wherep = /s-s and dQy, is the solid angle element i,

dimensions. If we have (sag)priori information only on the LNi/2-1g-L/2
energy of the signal, or on the distributigr{p), we would = N 2e i o
like to follow the same approach as Iin[13, Sec. Ill] and write 20T(Ny /2)

(36)

: When a signal is present, the distribution is a non-central
AX) = [ p(P)A(Xlp)dp (32 x2(N,):

SNRL ZNH

where 1 N
—3(L+SNRy /2N7 ) oF1 | 1k
LNH/Z_le 2( + H)o 1< 2 !

A(x|p) = /6(p— V/s-s) e 25 (Rat) sty 4o (33) di (L) = MN2r(Ny2)

(37)



6

wheregFy is a hyper-geometric functidn[32, sec. 9.14]. Thehave been laid out in several papers|[34, (35, 36], and have

SNR explicit form is been recently reviewed and applied to the problem of network
. detection of coalescing binary signéls|[37]. We collect useful
(Rat:s),- ((RV)H> ‘(Rat's), definitions and formulas in Sectipn B 1, and we refer td [37],
SNR = (38)  whose notation we follow closely, for a complete treatment.

2N The signal at the&-th detector is

consistently with the general definitidn [21, chap. 6]:
[E[L|H1] — E[L[Ho]|

st)=h (t—1)F +h (t—1)F* (42)
SNR =

’ (39) wheret, is the delay of the signal with respect to a detector

\/E [('—* E[L[Ho))?| Ho} at the center of the Earth: it depends on the source direction.
The antenna patteris™, F* are given in Sectio@ 1 as func-

whereE [L|H] is the expectation value of the statisticun-  tions of the source direction and the position and orientation

der the hypothesi$i, and Hy, Hg correspond respectively of the detectot; as we deal with burst signals we omit their

to the hypotheses of presence of absence of a signal. Thitependence on time.

SNR in Eq. [(39) is not thentrinsic signal-to-noise ratio

which would result from matched filteringSNR;ntrinsic 0

\/f \§(f)|2/51 (f) df; in particular, it is quadratic in the sig- B. Network likelihood with uncorrelated noise
nal amplitude. , ) ) i
Given the distributionglo (L) and dy (L) it is immediate We consider first a simpler case, assuming that the Gaus-

to compute false alarm and detection probabilifies[48]. Howsian noise of the individual detectors is uncorrelated: then the
should howevedo anddl be modified, had we chosen instead likelihood ratio is just the pI’OdUCt of the ratios for thkindi-
to compute an approximate statistic? vidual detectors

M

AXh)=[1AL(x|s 43
1. Approximate statistic distribution (xh) LI:ll LOuls) (43)

We discussed in Secti¢n T E the possibility of defining theWhere we borrow from[20] a bold-italic notation for the di-

statisticL using just a subseltik. < Nj of the DKL basis ~'€Ct SUMX=X1 & Xz & --- & Xy of the data vector from the
vectors: individual detectorsA is conditioned by the presence of the

signalh, described in each detector by Hqg.|(42) in terms of the

N . .
&1 same two polarizations; ,: we have

Lapprox: z

(W (Ryt-n) )% (40)

Ok
1 -1 -1
— a2 (SOIRLDi (0)j+(SL)i (RLCXU)ig
we kncl)w that in absence of signals the expansion coefficients Aulxils)=e L (44)
_ k. (p-1 ; i

bk = \/TTIIJ (R -n.) [ are_ by construction uncorrelated, with yye paye exploited the time invariance of the correlation ma-
zero mean and unit variance (see Hq. [20a)); they are alsfices, and introduced a shifk in the index of the data, ,
Gaussian variables, because they are linear combinations phanging the reference time at detedtan order to compen-
Gaussian variables. Henkgpproxis distributed as &°(NkL),  sate for the delay,. The matrixR,, represents the noise
and analogously the formula in Ef. {37) fl(L|SNR) holds,  autocorrelation for detectdr and the double index will be

with N — Nk and useful when dealing with cross-detector correlated noise. We
N can express_ in terms of the two polarizations, treated as
O 2 independent vector variables: it is convenient to write
SNR = y - [Lp -(Rn~s)”} ; (41) :
2NkL (& Ok

. . . . Ft
these results are exact, despite the fact that we are using only s [i] = h'[i] - FL = (hy [i], hy [i]) - ( = ) ;o (49)
a subset of the DKL vectors. This might be useful in order to L

implement)(_2 tests for nc_)n—Gaussianity, similarly to what ha§ h is a two column matrix, ane is a vector resulting by con-
been done in the analysis of Caltech 40m data while searchingscting one of its indices with those in the veckgr

for coalescing binaries signals [33]. The likelihood can be rewritten as
A(x|h) = e—%ht'(XL FLOR @F] )-h-+ht[5| FLoy] (46)
IIl. MULTIPLE DETECTOR CASE

where we have introduced tRefiltered data

yLli] = (R[|_1~X|_)i+dl_ (47)

A. The signal at each detector

The mathematical tools needed to compactly describe the
response of interferometric detectors to a coherent GW signavhich include thed, time shift.



The Gaussian integration ovier , h,, can be performed, resulting in the log-likelihood

2 In/\ [Z FL®yL

e

-1
LL | ® FL ; (48)

: [ZFLQ@)’L
L

the presence of a signal coherent across detectors makes it impossible to factor out the integrated likelihood in a product of

terms[49].
The notation in EqJ(48) deserves some clarification:

y= ( §+ ) = Y FL®yL is a2x N matrix; each row con-
X

tainsy, F," )y, in turn a vector which combines data

from all the detectors, filtered by the appropriétkiter

and scaled with weights depending on the sky directionhere the diagonal ternis)

=3 F®(Ry )H®FL is a 2x N x N x 2 matrix; as in

the single detector cadé, is the dimension of thé/H
subspace we are testing for the presence of a burst.

The matrixy can be easily computed: f@ the following
identity holds, in absence of signal:

Elyoy] = > FroE [yk@yi] ©FL
= ZFK @RkLy® Fis (49)
if the detector noises are independent, it reduces to
Elyoy'] = ZFL®(R[L1)H®Ft -0 (50)

where we have use( ), = R, for the correlation matrix
of they, time series.

Wi
Now we would like to factor the correlation matrices

correlation depends just on the relative lag, and we can intro-
duce two DKL baseapX ke [1,N]. In terms of them

= oW @ (Wl } o W © (Wl } :© (53)
; oWk ® ‘l’ﬂ o Wk @ (Wl } ’
*and(a)** are simple:
(@) = dqa ),

with o} .o are the eigenvalues of the two DKL bases. The
off diagonal terms are

x (% % t _
0‘;' b = %F;FK {""'i(x)} : (RKI](-)H ‘ll-'lx(+)

or simply in terms of the estimated cross correlations

(54)

+x(x+) _ k t |
Oy = {‘Ih(x)} B[00 @Yuin)] Wi
— kA
= E [0 (55)
with ler(x) the coefficients of the DKLT in the two bases[50].

The matrix® can be inverted

ol_ P W ® [q’Jr]t
2| o v e 0]

herep = 6~ is such that

P WK @ [ ]
pkx.xtpg o] | ©¥

Ry, )” relative to each detector: however, each of them ad- N

mits a different KL expansion over thg subspace
R, = ;okwt o Py (51)

and the base$yk, k€ [1...N)] } are generally different for

each detector, hence the sum of tensor products in[Ef. (49)

does not factor into a product of terms.

1. Exact form for the network statistic
Recall (see Eq[(49)) that the matrix

(FH)? RAR

_Z[F+Fx LXZ

is the correlation matrix of the (vector) signalThe two time
seriesy,andyy arejointly stationary that is also their cross

@ (R), (52)

pa ar _
> D O Pim = kmd™.
I=10=+,%

(67)

The solution fop is (theat+(**) are diagonal matrices)
p** = (o.xx _gXt

pt = —(G**)_l (58b)

with similar expression exchanging +. We finally write the
statisticL = y- (@) .y as:

N
[
L = Z Y phchcy  where
kf=16a

. (O-JrJr)*l.o.er)_l (58&)

.gTX _p><><

(59a)

k k t M p K t 1
ok = [wh] (v, =3 W] (Rick -x«),: (590)

where we should keep in mind that tﬁg functions, the co-

efficientsaf’ and the DKL basis vectory depend on the
direction in the sky.
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2. Simplified case: large N noise. We face here a technical difficulty, such a transforma-
tion would also “rotate” the signal and render awkward the
If Ny is large enough to justify the approximation of bookkeeping in our derivation: we adopt a different approach,

the DKL with a Fourier transform. the matriéR ) _ motived by the hope that the cross-correlation terms will be
’ (KK)Y/ || significantly smaller than the diagonal terms, so that a pertur-

(Rk) | can be written as follows: bation expansion is possible.
If the noise is correlated the likelihood for havirgn pres-
fo Nj-1 y ence of a signai is [20, Sec. Il B]
(R(KK)y)H =5 Z Skk)y [K] Wk @ wi (60) L
K=o
A(X|h) =exp —§<S,S>R+<S, X)r (64)

whereSiy K] is the one-sided noise spectrum of #&);  \yhere we have already defined the symkdbr the M x N
data; its frequency resolution f§/N;, and it does not depend matrix representing th# time series, each of lengt, pro-

on the direction in the sky. Now the matr@ (see Eq.[(49)) duced by the detectors, while
can be factored out and we obtain in analogy with the results

of Andersoret al.[13, Sec. V C] S=5PSD---PSwm (65)

. ¢ fs Nt H is the direct sum of the signals at each detector. We borrow
;FK ® (Ru) | ®Fk = > Z) Wk ®Sy[kl@wg  (61)  from[20] the notation
k=

_ “1p_ -1 .
where we have introduced a network spectral derfsjtjor (a bjr=a(R) "b= KZkIaK [K] (R )KLkI b [1]; (66)
the o filtered datay: each element 0§, is a 2x 2 matrix,
depending on the source direction throughFheerms Ris aMN x M N matrix which we regard as a tensor
Sy[K = SkrylK Fk ®Fk. (62) R=E[non], (67)
K
: o that is
We can therefore rewrite the statistic in Hq.](48) as
o N2 (R = (Rku) = E[nk[k+dk]n I +di]] . (68)
_ “41s ~ r77H 1 s
L(x) = N, Zl ¥ K] -5y (K] (K] (63a) EachN x N matrix Ry, is a Toeplitz matrix depending only
v on k—1+ (ds —d_) and not necessarily symmetric, unless
STl — o K =L; only the symmetry(R) = (R) holds, which
Kl = E % 63b KLKkI LKk
qu Lzl L5 (K (63b) ensures thata, b) = (b, a). Notice also that, similarly to the

previous sections, we have shifted the labeling of data on each
in complete analogy with the single detector case, EQ. (29)detector so that the burst is simultaneous in the time series: we
now y (k] is a 2 elements vector, whose components are jushust be careful, because the time shifts do not cancel out in
the Fourier transform of the, . time series. This statistic the cross terms of the correlation matrix.
converges to the excess power statistic defined'in [13, Eq. The inverse matriR lis defined, as if [20], such that
(5.29)] in the limitN; — N, or equivalently when the cross

correlations between the subspa@és?’, can be neglected. _ M N
PasGST. J &udij = (RR),y; :KZlkzl(R Dikic Rk (69)

C. The case of correlated noise among the detectors and the network likelihood can be written explicitly as

The problem of writing down the likelihood in the case of A (x|h) = e kMR sl sk (R7Y), X[+
correlated noise amonil detectors has already been stud-
ied in depth by Finn[[20], who proposed to apply a transfor-where the indiceg, | label the samples, and the indidésL
mation to theM data channels, which would de-correlate thelabel the detectors.

;. (70)

t

Given the form ofs_ [I] (Eq. )) we can integrate over the nuisance parambieys obtaining
-1
=y 0]y (71)

F : |SF
Z - [ I Z o H

©is a 2x Ny x N x 2 matrix, constructed contracting the detector indiceR and in the 2< M matrixF, while y is a 2x N;
matrix obtained contracting the detector indeiand iny.

2InA(x|6,09) =

g Fk® (R, ®FL




Notice thaty, combines data from the different interferom- 1. Simplified case: large N
eters: one has by definition
nil=y (R—l)mj [j+dy] (72) As in Sectioff ITB2, a simplification is possible if the DK.L
Y [ bases of th@/| space converge to the Fourier bases: by

a sort ofd function filtering for multiple interferometers. the very definitior® = E [y ©y], and in analogy with qu)

We can suppose that the cross correlations among detectors 1 ¢ 1 H
are much smaller than the internal correlations[51]: we split IZF'®(R )IJ®FJ = EZWk@SY [Kew,  (80a)
Rinto a block diagonaD, and a off-diagonaD: ;
S [k] — S#+ [k] S—#x [k} (80b)
R=D+0 (73a) Y= s K S K
D = oL (R 73b
(Dliwa <t (Reg (730) where in turnSyq (K] are the 4 cross-spectra, at frequency reso-
and expan® ! in powers ofO lution fs/Ny, defined from the datg, ,y.. The log-likelihood
R1~D!_plo [D‘l _plo (D‘l _ >] - (74) has the same expression as in the uncorrelated noise case
. . I N —2
the inverse of the block diagonal matiixis simple 2fs L7 | 1 e
Lo = ' 2B KISy K]t FIK],  (81a)
K=1
(D) ke = Okt (R (75) . M
. . . . Yk = > FLiiL[K (81b)
in terms of the inverse correlation matrices on each detector. =1

We can use this expansion to write down an approximate ) ) .
likelihood: the3 filtered datayx are with the difference that thgx combine data from different

detectors (Eq[(77), or Eq. (78)).

YKk ~ Ryi - Xk — ; Ryi - Ri - R Xt (76)
L#K D. Example: network sensitivity to 6 events

where we understand the shift of the datand we keep the

first order inRy . In Fourier space The “network spectral density” defined in Edfs.][62)80b) is
_ a 2x 2 matrix of spectra and (complex) cross-spectra, which
yelll ~ 2 Niz g i2mkl/N % [k — Sci (K Kl @ depends on the sky direction: it is interesting to derive a scalar
N & Sk % Sk ’ guantity to be plotted in a spherical projection to give a visual
idea of the sensitivity of the network.
the extension to all orders is immediate As a simple example, motivated by the short duration of the
2 N-2 iorki/N i impulsive features in some of the model waveforms [14, Fig.
Y=y >e [SK]] - x[K] (78) 2 (Model A)], we may consider the response of the network
k=1 to a burst of durationlt,,s;= 1/ fs, wherefs is the sampling
wherex is theM x N data “vector” of the network, ang[k] is ~ rate in the detectors, and having amplitudesA, in the two
theM x M matrix with elements polarizations. We assume that the detector noises are uncorre-
2 lated, and that the data have been shifted to capture the event
Sk = —WE Ry - Wk . (79) in every data streams at the same time ingtewe have
S
To prevent misunderstandings we underline that this proce- % [k = (A+|:L+ +A, FLX> iefJZTtka/N (82)
dure is not a whitening, and it does not correspond to defin- fs

ing uncorrelated data channels: it is instead the multi-detecta,q thes-filtered signal is (see EJ7](4))
analogous of filtering for the occurrenced®function events.

Having obtained an approximation to some order of the 2 N-2 g2mk(l-a)/N
= Fr+AFR) — Y —r—; 83
Y+ . . Yo H (A+ L +Ax L ) f-N z Sk ' ( )
y=1\y. )= S Fy®y, data matrix (of size % N), we s k=1 L[K

can proceed along the same lines followed in the uncorrelategrojecting on thel, subspace means settihg a, hence
noise case. To test for the occurrence of a burst in the subspace

V), we restrict they data to the burst subspa@é and define y[a] = (AR +AFR) rms(y.) (84)
there the DKL base§_ , , as if1lTB 7], or Fourier bases N, _
is large enough. where we have defined
We canestimatethe matrix® = E [y ® y] and compute the 1 N2y
elementw (see Eq.[(53)) exactly as before: the diagonal ele- rms(y.) = — z
mentsot*(**) are diagonal matrices built from the eigenval- SN & Sk
ueso, ), and the off diagonal matrices™*) using Eq.); o1 /fNyquist df (85)
all the remaining derivation goes unchanged. T2 )i SL(F)
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this is the same quantity resulting from the analysig_in [38],aware that it does not lend itself to easily include assumptions
where burst signals with uniform spectrum in the detectionon the amplitude distribution of the signal, as it was possible

band had been considered. Next, we have in [13], thus making difficult to set Bayesian thresholds.
E+ Our generalization is not much more expensive, from the
y| = Z rms(yy) (AjLFLJr + Ay FLX) ( FLX > (86) computational point of view, than the statistic discussed by
C L Andersonet al. [12,[13]; in its simplest implementation it
o 1 amounts to perform a matched filtering fdifunctions fol-
and, noticing thafR ;") [a,a] = rms(y,) lowed by the calculation of a “energy” over the time window
) to be tested for the occurrence of a burst.
0= zrmS(yL) (") FLJFFLXZ : (87) An evaluation of the actual detection performance, when
T FOR () considering theoretical waveforms and simulated noise, re-

mains to be done; this will be the subject of future work, much

the log-likelihood statistit. =y .0 L. y|| €an now be easily along the lines of([[7,18, 10].
evaluated: we average over ,A. keeping their geometric  Besjdes the detection of gravitational events, we propose
meanA = /A2 + A2 fixed, and evaluate the resulti@NR  this statistic as a tool for excess noise characterization: real
for networks of interferometric detectors built out of different interferometric detectors are definitely affected by non Gaus-
partitions of the instruments currently under commissioningSian noisel[33], and as long as the excess noise is dominated
Because of thd2 factor in rmgly, ), the scale is set by the by burst signals, like Poisson distributed creep events, we can
effective amplitudeAdt = A ;1. thmk.o.f using this statistic as a tool for detgctlng and char-

We report in Fig.[(lL) two polar plots of tf&NR, obtained acterizing them. Once a event resdults in a instance otthe
settingAdt = 1023 with f; 1 = O(1mg this would corre-  Statistic above the threshold, and therefore a burst of excess
spond to a straith = O (10-2%) , possible for a core collapse NOise or & gravitational wave is detected, our algorithm pro-
event at a distance of 10 kgic [9,114]. We have considered eiides a way to encode this information in a manner optimal
ther the network of three LIGOs interferometers, or a networkVith respect to the distribution of the noise [18]. In fact, the
including also GEO600, TAMA and Virgo: the details on the discrete Karhunen-Loeve transform that we have chosen as a
detectors are reported in Sectjon|B 2, where the nominal nois@©! to compute the “energy” over the burst time window is

spectrum is modeled in Eq_(BJL6) and in Tab. 11, while loca-€duivalent to a principal component analysis: the coefficients
tions and orientations are reported in Tab. I. of the DKLT are ordered by the amount of RMS noise con-

The global interferometric network appears significantlytribUted by the corresponding bas_is vectors. A candidate event
more sensitive, and much of the effect is due to the conSan therefore be encoded selecting just the largest DKLT co-
tribution of Virgo: however the result should be consideredéfficients, while retaining most of its relevant “energy”, that
merely illustrative, because the chosen shape of the burst (& the energy that is distributed in less noisy components.
d-function) corresponds to a flat spectrum in the frequency Moreover, we recall that in absence of signals the DKLT
domain; this choice favors the Virgo detector substantially, agoefficients are statistically uncorrelated: one may instead an-
already noticed in [38], because of the wide bandwidth of theticipate peculiar, spurious correlations when a signal of any
model sensitivity of Virgo. nature is present. These correlations will emerge as regulari-

ties if the events occur repeatedly in time, and it should be pos-
sible to catalog them, for instance by using clustering methods
IV. CONCLUSIONS AND OUTLOOK in the vector space of the DKLT coefficients.

In this paper we have defined a statistic for the detection
of burst signals, which is well suited to be applied to data af-
fected by colored noise, thus properly generalizingetkeess

power statistic [11/ 12 13] to the case in which the spectral Acknowledgments
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Figure 1: Polar plot of th&NR for bursts havingddt = 10-23s, as a function of the source direction. The figure at left refers to the LIGO
network; at right also GEO600, TAMA and Virgo are included. The network frame axes are sAquaints toward the geographical north,
andX crosses the Greenwich meridian.

Appendix A: DFT CONVENTIONS wherewy are the Fourier orthonormal basis vectors
We list here our conventions for the discrete time, discrete Wi = 1 {17 o, ... NIk (A5)
frequency representation of stochastic processestslbet the VN

sampling frequency, and the length of the data sample for _
the time process|l]; then the Fourier transform pair— Xis  with w= &2VN. For a zero-mean process one has

1 N-1

KK = = 5 eiZINy (Ala) e LS 2 gnabioN
2 ReAlabl= 5 5 < (#6)
fs "t 27k /N 1 -
M = Nk: ¢ XIK: (ALD) and the useful relations
the one-sided sample spectr&ik] is definedby f2N-14 o
) f R = 5 ¥ 55K YK TN (ATa)
55K = CE[1% M) (A2) =
? N Ry = LS <2 gigdZWN, (a7
with X, < (H xx) the Fourier transform of a suitably win- RV =~ N & S([k]y[ ] - (A7)

dowed realization ok. For largeN the correlation function
R« (af;:) = (Rx)[a,b] and the sample spectrum are Fourierapproximate relations because of the fite
pairs

N-1 _
R (T) ~ % ZO %SX [k] &2kt fs/N. (A3) Appendix B: NETWORK MODEL
k=i

or equivalently We summarize the mathematics describing a network of de-
1 tectors, the essential geometric characteristic of the interfer-
Ry fs S =Sclk] wi ®WEa (A4) ometers g_nder construction, and their anticipated model spec-
& tral densities.
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1. Geometry The angle is zero, according to the wave frame orientation.
One introduces the wave tensor

We adopt the following reference frameg[37]:

1 . :
network frame centered on Earth and chosen with thaxis w(t) = 2 [(he- (1) +ihx(t)) &+ (he- () —ihu (W) e] (B3)
aligned along the geographical north, tKexis cross-

ing the Greenwich meridian; where the helicity statesk, e_ can be written as

detector framescentered on the beam splitter of each detec-
tor, theZ axis pointing toward the local zenith and the

X axis bisecting the detector arms; erR=(e&xEier)@(ex+iev) (B4)

NI =

wave framehaving theZ axis aligned along the direction of . £ uni ifving thex Y fh
propagation of the wave, antlaxis lying in the(X,Y) M ternf1$ of unit \1ecthors,~x,ey SE?C'W'nght ’ a>|<estc: the
plane of the network frame. wave frame as. In the network frame they can also be written

as 2nd rank Symmetric Trace Free tenspirg[35,[36]:
Rotations of coordinates from one frame to another are ex-

pressed in terms of Euler angles [8m
R = E(%iz)wave
Xwave — O((P,G,UJ) * Xnetwork (Bla) 3
Xdetector] = O(GLaBLzyL) * Xnetwork » (B1b) = 4/ %;T:th ((p7 0, O) (%n)network (B5)

if Bs, @s are elevation and azimuth of the source in the network
frame, the relation witlp, 6 is where Tyn, With myn = 0,41, +2 are 2nd rank Gel'fand’s

n functions and depend on the Euler angpe8, ) (= 0) needed

0=@s— E; 0=1—06s. (B2) torotate the network frame to the wave frame.

For completeness, the explicit form of i, functions for arbitrary rank is[34] as follows:

Ton(@.6,9) = e MR, (cosh), (B6)
M fa—mp () (-2 d [ (2™
o — U Jmt et @ = d o @)
2(=mt A+t =l )™" dy (1—p)
wherem,n € [, 1].
The detector response is encoded by the tedsor sion in terms of STF-2 tensors in the wave frame
tr[d = \/75 T
dL = Sin(ZQL) (n(L)1®n(|_)1— n(L>2®n(L)2) (B8) r[ : (%m)network] = -l 5[[ 2m (GL,BL,VL)
_T—*Zm (GL,|3|_,V|_) (BlOa)
in terms of the unit vectors aligned along th¢h interferom- tr(d- (9 = S Tn(9,6,0) tr[d- (9
eter arms, and the aperture ang®, 2f the arms. The factor (A (92m)ve] ; (@8, 0)r{d- (920)netword

sin(2Q, ) is 1 for all the detectors apa®EO600, where it is
0.997; consequently we will understand the factor in the fol-
lowing, to simplify the notation.

15
\/;Dm ((p7 67 07 ag, BL>VL) (BlOb)

The tensod has a simple expression where following [37] a short hand notation is used. Finally
the signal at thé.-th detector will be

15 s(t) =trjw(t—1.(6))-di] (B11)

tr [d : (%m)detector] =i STT (6m2 - 6m*2) (B9)

whereTt, is the delay at thé-th detector with respect to the

network frame; it can be positive or negative depending on
in terms of STF-2 tensors in the detector frame. With twothe direction of the source. In terms of the (complex) beam
successive rotations oneobtains the coefficients of its expamattern functionsFLL’R =tr(e_Rr-dp) for the two left and right
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We show in Fig.[(R) the locations of the detectors and the
reference frames attached to them, from two viewpoints above

F- = D_2(9.6,0,a.,B,y.) (B12a) Europe and the United States of America.
FLR = (FLL)* = D2(9,6,0,0.,BL,\1) (B12b) The other important characteristic of the detector is their
_ . planned sensitivity. We have chosen to include only the base-
one can alternatively write line thermal and shot-noise sources, omitting resonances in
) R the observation band: the noise spectrum model is therefore
s(t) = Of(he(t—t)+ihe(t—1)) ] (B13)
1 , , 2
= Z[(ht+ihy)D2(...)+ (hy —ihy )D_2(... i f
2[( + X) 2( ) ( + X) 2( )] Sq(f)zsicesnd_’_sm]lcrror_i_%hot 1+<fk ) ] (B16)
nee,

or equivalently and more conveniently for our work

s () =h,F* +h.F" (B14)  WhereSengquantifies the thermal noise of the mirror pendular
mode, above the pendulum resonan§giror quantifies the
where, reintroducing the aperture angle 1/f tail of the internal modes of the mirror, excited by thermal
noise;Sshotand fynee parameterize the optical read-out noise.
F" = sin(2Q.)0[D_2(9,6,0,0a.,B, )] (Bl5a) In addition to these parameters, we dalismthe cutoff be-
F* = sin(2Q.)O[D_2(9.6,0,a.,B.,y.)] . (B15b)  low which the seismic noise is supposed to dominate over the

thermal noise. This simplified model does not include at least
The given expression for the signal and for the antenna patwo important effects, the thermal violin mode resonances and
terns, as stressed(in|37], is convenient because it keeps in fage internal mirror resonance peaks, and should be considered
tor form the rotations among the various frames. merely illustrative.

We report in Tabl¢ ]I the numerical values of these param-
eters, deduced from [41], and in Fi§] (3) the comparison of
the different noise spectral densities. The inverse correlation

) o ~ function
The geometrical characteristics of the detectors considered

in this study are listed in Tablg | where we quote the lati-

2. Interferometer network characteristics

_ * 1

tude north of the equator, the longitude east of Greenwich, RY(1)O D/ e'znﬁmdf (B17)
the azimuths of th& andY arms of the detectors, measured 0
counter-clockwise from the local east, and¢th@,yEuleran- i )
gles needed to rotate coordinates in the network frame to cds Well approximated by an expression of the form
ordinates in the detector frame. The orientation data are taken
from[39] and up(_jated with informa_tions from the web sites Ry1(1) ~ Aoe [U/T0cos(2mfot + qp)
of the collaboration5[40]; the naming of the axes has been it/

+A€ Leos(2mfit+¢1);  (B18)

changed in one case so that all the detectors have aziuth(
arm) < azimuth{ arm). The resulting Euler angles should be
taken with care because are computed in the spherical Earthe list in Tablé 1] the values of the decay timesg and of the
approximation, neglecting the elevation of the detector site$ringing” frequenciesfo ; deduced from the values in Tablg II:
and the fact that the arms are cords and not tangents of tttheir smallness reflects the absence of resonances in the model
surface. For a more accurate model, please see [42]. noises.
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sec. 5.5.2] /™ |InSw]|dw < e and can be written as white [49] The expression obtained is similar to the one proposed by An-
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e . . [[Rkk[[ 1R

probabilityQq (Lo|SNR) cannot be written in closed form. One maX x| —1 ||A - X|| is the matrix norm induced by the standard
can approximated; (L|SNR) with a Gaussian distribution,
obtaining vector norm||x|| = /X - x.

ately the diagonal termet+(**)  while the cross terms are
most easily estimated from the data, performing the DKL de-
composition and cross correlating the coefficients.

More precisely, that—LRell 1 where [|Al] =

NH +SNR, /ZNH —Lo

2, /N +25NR, /2N

1
Qg ~ > 1+erf
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