

http://www.elsevier.com/locate/pla

240 M. Rakhmanov et al. / Physics Letters A 305 (2002) 239244

e a e P b Then the fields in the cavity satisfy the equations:
| Ey i Ye| E o E'(t) = —rpE(1 — 2r1)e 2™, (5)

H—I ! .
! e N E0) =—rE'(t — 212)€ #92 + 1, Ein(t — 2¢/c),
! I L) (6)
| wherer, andr, are the mirror reflectivities, ang is
: the transmissivity of the front mirror.

Because the field amplitudeB and E’ do not

Fig. 1. Mirror positions and fields in a Fabry—Perot cavity. change significantly over times of ordey »/c, the

small variations in these amplitudes caused by the

the cavity length are due to the mirror displacements changes in propagation times due to mirror displace-
xq(t) and x,(¢) which are measured with respect to ments can be neglected. Furthermore, the offszin
reference planes and b. The nominal light transit  be set to zero, and Egs. (5) and (6) can be combined
time and the free spectral range (FSR) of the cavity yielding one equation for the cavity field
are defined by

E(t) = t,Ein(t) + rarpe 2KLHLOIEG 2Ty (7)

b/
T=— o= (1) HereSL(r) is the variation in the cavity length “seen”
The field incident upon the cavity and the field by the light circulating in the cavity,
circulating in the cavity are described by plane waves §7,(1) = x,(t — T) — x,(7). (8)

with nominal frequency» and wavenumbek (k =
w/c). Variations in the laser frequency are denoted by
Sw(t). We assume that the mirror displacements are
much less than the nominal cavity length and that the
deviations of the laser frequency are much less than
the nominal frequency.

At any given place the electric fielfl in the cavity
oscillates at a very high frequencg(r) o €. For
simplicity, we suppress the fast-oscillating factor an
define the slowly-varying field as

Note that the time delay appears in the coordinate of
the end mirror, but not the front mirror. Thisis simply a
consequence of our placement of the laser source; the
light that enters the cavity reflects from the end mirror
first and then the front mirror.

There is still an arbitrariness in the position of the
reference planes andb. These reference plane can
g be chosen so that the nominal length of the Fabry—

Perot cavity becomes an integer multiple of the laser
' wavelength, making @~ = 1. Then the equation for
E@) =E@)e ', (2) field dynamics in Fabry—Perot cavity becomes

To properly account for the phases of the propagating g (s) = ¢, Ein (1) + rarpe 2L E — 2T). )
fields, their complex amplitudes must be defined at ] ]

fixed locations, reference planes anday, as shown ~ ForéL =0, Laplace transformation of both sides of
in Fig. 1. (The small offset is introduced for clarity ~ Ed- (9) yields the basic cavity response function

and will be set to zero at the end of calculations.) Es) ta

The equations for fields in the cavity can be H(s)= = = — (10)
obtained by tracing a wavefront during its complete Ein(s) 1—rarse
round-trip in the cavity. The first propagation delay, where tildes denote Laplace transforms.

corresponds to the light transit time from the reference

planea; to the end mirror and back t». The second

propagation delays2, corresponds to the light transit 3. Condition for resonance
time from the reference plane to the front mirror

and back taip. They are given by The static solution of Eq. (9) is found by consid-
ering a cavity with fixed lengths(C = const) and an
cti=L—e+xp(t — 1), @) input laser field with fixed amplitude and frequency

cto=¢€ — x,(t — 12). 4) (A, sw = const). In this case the input laser field and
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the cavity field are given by

Ein(t) = A€, (11)
E(t) = Eg¢®”, (12)
whereEy is the amplitude of the cavity field,

WA
Eo= : (13)

1—rarpexp—2i(Téw +kSL)]
The cavity field is maximized when the length and the
laser frequency are adjusted so that

SL

T
This is the well-known static resonance condition. The
maximum amplitude of the cavity field is given by

1, A
1—rerp

Light can also resonate in a Fabry—Perot cavity
when its length and the laser frequency are changing.

For a fixed amplitude and variable phase, the input
laser field can be written as

Sw_

w

(14)

E= (15)

Ein(t) = A€?®), (16)
whereg (¢) is the phase due to frequency variations,
t
o) = /&o(r’) dr’. a7
0
Then the steady-state solution of Eq. (9) is
E(t) = E&?®, (18)

where the amplitudé® is given by Eq. (15) and the
phase satisfies the condition

(1) — p(t — 2T) = —2kSL(1). (19)

Thus resonance occurs when the phase of the input
laser field is corrected to compensate for the changes
in the cavity length due to the mirror motions. The
associated laser frequency correction is equal to the
Doppler shift caused by reflection from the moving
mirrors

v(t)

Sw(t) —8w(t — 2T) = —ZTw, (20)

whereu(r) is the relative mirror velocityy = d§ L /dt).
The equivalent formula in the Laplace domain is

Sa(s) _ 8L(s)

C(s) 2

(21)

’

w
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where C(s) is the normalized frequency-to-length
transfer function which is given by

1— e72sT

=37

(22)
Eq. (21) is the condition for dynamic resonance. It
must be satisfied in order for light to resonate in the
cavity when the cavity length and the laser frequency
are changing [15].

The transfer functiol€ (s) has zeros at multiples of
the cavity free spectral range,
(23)

Zn = i Wi,

wheren is integer, and therefore can be written as the
infinite product,

o0
C(s)=e—”]_[( )

n=1
which is useful for control system desig.he mag-
nitude of this transfer function,

15
22

(24)

sinf2T
QT

|ICs=i)|= , (25)
for imaginary values of-variable (Fourier domain)
is shown in Fig. 2. Its phase is a linear function of
frequency: ar@C(i2)} = —£2T.

To maintain resonance, changes in the cavity length
must be compensated by changes in the laser fre-
guency according to Eq. (21). If the frequency of such
changes is much less than the cavity free spectral
range,C(s) ~ 1 and Eg. (21) reduces to the quasi-
static approximation,

8a(s) _ SL(s)
o

(26)
w

At frequencies above the cavity free spectral range,

C(s) o« 1/s and increasingly larger laser frequency

changes are required to compensate for cavity length

variations. Moreover, at multiples of the F€Rs) =0

and no frequency-to-length compensation is possible.

1 This formula is derived using the infinite-product representa-
tion for sine: sinv = x []321 (1 — x2/72n?).
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Fig. 2. Magnitude ofC (s = i£2). (The dashed line shows the decay
of the maximum value of (i 2) within each FSR, as a function of
frequency.)

4. Frequency response

In practice, Fabry—Perot cavities tend to deviate
from resonance, and a negative-feedback control sys-
tem is employed to reduce the deviations. For small
deviations from resonance, the cavity field can be de-
scribed as

E@t)=[E+8E®)]e??, @7)

whereE is the maximum field given by Eq. (15), and
SE is a small perturbation{E| < | E|). Substituting
this equation into Eq. (9), we see that the perturbation
evolves in time according to

SE(t) —rqarpdE(t — 2T)
irarpE[¢(t) — p(t — 2T) + 2kSL(1)].  (28)

This equation is easily solved in the Laplace domain,
yielding

(SE(S) = —irgrpE d- eist)J)(s) + Zk(SZ(s)

1—rgrpe=2T

(29)

Deviations of the cavity field from its maximum
value can be measured by the Pound-Drever—Hall
(PDH) error signal which is widely utilized for feed-
back control of Fabry—Perot cavities [16]. The PDH
signal is obtained by coherent detection of phase-
modulated light reflected by the cavity. With the ap-
propriate choice of the demodulation phase, the PDH
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signal is proportional to the imaginary part of the cav-
ity field, § E, and therefore can be written as

5V (s) o H(s) [(SL(S) + ()20 } (30)

L 0]
where H (s) is given by Eq. (10). In the presence of
length and frequency variations, feedback control will
drive the error signal toward the null poirty =0,
thus maintaining dynamic resonance according to
Eq. (21).

The response of the PDH signal to either length or
laser frequency deviations can be found from Eq. (30).
The normalized length-to-signal transfer function is
given by
H(s) 1—rarp
H@O) 1—rurpe 2T’
A Bode plot (magnitude and phase) Hf, is shown
in Fig. 3 for the LIGO [2] Fabry—Perot cavities with

L =4 km,r, =0.985, andr;, = 1. The magnitude of
the transfer function,

1

Vi1t FsitQT

is the square-root of the well-known Airy function
with the coefficient of finess& = 4r,ry/ (1 — rarp)2.
(In optics, the Airy function describes the intensity
profile of a Fabry—Perot cavity [17].)

The transfer functio{;, has an infinite number of
poles:

1
Pn = —= T lwish,
T
wheren is integer, andr is the storage time of the
cavity,
2T
T=———.
IInCrarp)|

Therefore,H; can be written as the infinite product,

Hp(s) = (31)

|HL(i2)| = (32)

(33)

(34)

oo

Hy(s)=¢T ]_[

n=—0oo

Pa
Pn—S’

(35)

which can be truncated to a finite number of terms for

use in control system design.

The response of a Fabry—Perot cavity to laser fre-
guency variations is very different from its response to
length variations. Eq. (30) shows that the normalized
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Fig. 3. Bode plot ofHy (i§2) for the LIGO 4-km Fabry—Perot
cavities. The peaks occur at multiples of the FSR§3Hz) and
their half-widths (91 Hz) is equal to the inverse of the cavity storage
time.

frequency-to-signal transfer function is given by

H,(s) =C(s)HL(s), (36)
or, more explicitly as

—eg 2T 1—rurp
Hu(s) = < 2sT ) (1 — rarpe= T ) (37)

A Bode plot ofH,,, calculated for the same parameters
as for Hy,, is shown in Fig. 4. The transfer function
H,, has zeros given by Eq. (23) with+ 0, and poles
given by Eq. (33). The poles and zeros come in pairs
except for the lowest order pol@g, which does not
have a matching zero. Therefoté, can be written as
the infinite product,

1—5/z, )
1—5/pn ’

oo

IT (
n=—oo

where the prime indicates that= 0 term is omitted

from the product.

The zeros in the transfer function indicate that the
cavity does not respond £ = 0) to laser frequency
deviations if these deviations occur at multiples of
the cavity FSR. In this case, the amplitude of the
circulating field is constant while the phase of the
circulating field is changing with the phase of the input
laser field.

The cusps in the magnitude @f,, at frequencies

Po
po—s

H,(s) = (38)
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Fig. 4. Bode plot of H,(i$2) for the LIGO 4-km Fabry—Perot

cavities. The sharp features are due to the zero-pole pairs at
multiples of the FSR.
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Fig. 5. Bode plot ofH,,(i£2) in the vicinity of the first FSR for the
LIGO 4-km Fabry—Perot cavities.

in Fig. 5, can be utilized for accurate measurements
of the cavity length. This technique is being used
to measure the length of the 4-km LIGO Fabry—
Perot arm cavities. The preliminary results confirm the
functional form and sharpness of the cusp predicted
by our calculations [18]. Measuring the length in
this way can be performed while the cavity is in
lock. Alternative methods utilizing linear ramps of the
laser frequency across several FSR inevitably disrupt
the lock and therefore cannot be used for in-situ

equal to multiples of the FSR, such as the one shown measurements.
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