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GOVERNING RELATIONS

Conaider a fluid displacement

— —

E=f(nd1e™*90 LoR | mA0, ol

which induces adiabatic perturbations of a Newtonian equilibrium star (an-

gular momentum J,). This produces = total angular momentum
T=J (M0 + (1-K)J,, J.=—-K,*J,. (1)
The canonical angular momentum obeys the relation
dJ, [dt = 2J,[( F,(M,Q) — F,(M,Q,T)] . (2)

For { = m = 2 r-modes, the gravitational radiation growth rate 12

1 Q\°
Fg=(a) (@) , Tan 23268, Q. =+7Gp .

The viscous damping rate 1a
Fo 2 Fa (T + FulS,,8:, 0,7, B) + Fp(T3,0,7T) .

We have modified the viscous and magnetic boundary layer damping rate
(Fy) of Kinney & Mendell (2002). The hyperon bulk viscosity damping
rate (Fyp) dueton+n =n+ A, ete. employs results of Lindblom & Owen
(2002) and Haensel, Levenfish & Yakovlev (2002). {See Figure 1.)

dIfdt = 2T, Fy 4+ J,(¢) , (3)
where J, = j,M(t) is the rate of aceretion of angular momentum.
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Fig. 1. The dependence on tempearature of the three contributions to
the damping rate F,: core shear viscosity (Fu, long dashed), boundary
layer viscosity for B 5 107 Gauss (short dashed) and B = 10! Gauss
(short and long dashed), and hyperon bulk viscosity (solid). The model
chosen has a hyperon superfluid transition temperature T, = 2 x 1079 K,

core—cruat slippage factors &, = & = 0.2, and 02 = 0.3002..
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Combining equations (1), (2], and (3) then gives

L B Rt GR+ (- KRR - () M), (4

(j_) % — 2[K;F,+ (1— K;\F,|K.o7 + [(“?""J;”] M(t); (B
where I,(M,Q) = 8J,/80 and 5,(M,Q) = 8J, /6M.
Thermal energy conservation for the star gives

f i—favdvE G(T)% = 2B, Fy(Q, T)+ Ko (M) — L(T) , (4

where the rotating frame canonieal energy Et;c = —(cr,/m—l—ﬂ) J. = K.QJ .07,
We have assumed that the thermal conduetivity timescales are short enough
to allow the use of a single spatially-averaged temperature 7.

Comparison of observations of thermal emission from 1solated neutron
stars with computed cooling histories has led Kaminker, Yakovlev & Gnedin
(2002) to propose the following maximum values of the (density dependent )
superfluid transition temperatures:

(a) T, < 10% K for the (triplet) core neutrons,
(b) T, = 5 x 107 K for the (singlet) core protons,
(e) T, = 5 x 107 K for the (singlet) inner crust neutrons.

The neutrino luminosity is then given by [see Figure 2)

Ly, = C TP By (T/T)) + Con T R [T/ T,) 4 Cos T + Con T2+ C, T

servation:

Loy oo # (3G MJARYM(1) .

We have taken M = MEM/S o 1(]'_8}'11&"@I }Jr_l.
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Fig. 2. The dependence on temperature of the four contributions
to the neutrino luminosity L,: direct Urea [{long dashed), modified Ureca,
(solid), neutron-neutron and electron-ion bremsstrahlung (short dashed),
and Cooper pairing of inner erust neutrons (short and long dashed). The

proton superconducting transition temperature is taken to be I, =5 % 10°

K.
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INITIAL AND EQUILIBERIUM STATES

We are interested in the evolution of neutron stars after they hawve
been apun up to the point where the gravitational radiation growth rate

has become equal to the viscous damping rate:
FQ(QDa MD) = F"—’(Qﬂa Moy, T:') .

This equality defines our initial state, where the perturbation can begin
to grow. (See Figure 3.) The initial temperature Tp is determined by
the vanishing of equation (4), with the nuclear heating in the inner crust

balanced by the neutrino emission.

I contrast to the initial state, the equilibrium state of our dynamiecal
variables iz defined by the vanishing of the evolution equation (3), in ad-
dition to equations (2) and (4). The equilibrium amplitude is then given

by

r 1/2
_ o L f10-8 _ 105
QE_IQHCFJ (107% — 1079,

These values of o, are much less than the saturation amplitude of the r-
mode Instability [Arras et al. {2002)].

The linearized analysis of Wagoner, Hennawi & Liu (2001) shows that
stability of the equilibrinm requires that

(1 9L\ {195\ _,

assuming that |8/8T| ~ 1/T.
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Fig. 3. The relation bewtween 2 and 7" on the eritical eurve defined
by F, = F, 12 shown for the choices (a) T =3x 107K, §,. =10 (lnng
dashed), (b) T, = 3% 10° K, &, =01 (s.hc-rt das.hed), and (e) T, = 1x10°
K, S.s < 0.3 (solid). [S2, = (282 + §2)/3.] The magnetic boundary-layer
viscosity 1s assumed negligible. Also shown are the initial and equilibrium

states (at the higher temperature on sach curve),

The maximum rotation rate (due to shedding) of our chosen neutron

star model 13 fruae = (2/3)(Q,/27) = 856 Hz. Coherent oscillations in
30 LA SRS Degn ehser ek ab T apnsisn £ RN Briiiich
There 13 evidence that some of these are the first harmonie, in which case

the highest spin frequency iz 350 Hz. (For isolated neutron stars, f < 642
Hz.)



EVOLUTION

For a typical value 0 ~ 0.3Q2,, the time scale 7, = 1/F, ~ 104 sac.

Two other key time scales are that due to cooling and aceretion,

1 L, (Th) 1 1 Fa : 1
—=F, = e , —=F, =7 {M)~ :
T (T Ty 10% yr Ta (J.:. M) 107 »r

It can be shown that the evolution from the initial state 13 also controlled
by the sign of (8F, /8T )y, which is equal to the sign of the slope of the

critical curve.

o If the slope is negative [case (a)], there will be a thermal runaway

with a growth rate that is of the same magnitude as found by Levin (1999,

o If the slope i close to zero [case (b)], there will initially be overstable

oscillations of the type found by Wagoner, Hennawi, and Liu (2001).

o If the slope iz positive [casze (e)], the oseillations of the growing am-
plitude are damped out on a timescale 7., atter which it slowly inereases
to its equilibrium value [, = 1.9 x 107° for the parameters of case (c]],
along with © and T (see Figures 4, 5, and 6). The tims required to reach
aquilibrium 1a

At (AQ/Q)7, .

Throughout, £, remains very close to F,, so the evolution iz along the

critical curve.



—8:
" i
'Tj L
it L
_.|':1| i
—~ _9f
& I |
Eﬁ I il
3 “10f |
a i
I——l L
_11_
_12_ . . . . ! \ \ \ L | L L 1 L 1
1 2 3 4

Log, (t/t.)

Fig. 4. The early svolution of the r-mode amplitude o, for case (¢).

The initial amplitude was chosen to be o = 10712, and t, = 1 year.
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Fig. 5. The sarly evolution of the angular velocity, for case (¢)
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CONCLUSIONS

Evolution to a stable equilibrium state can oceur if

(&) & significant fraction of the neutron star is above the density threshold
[(5 —8) x 10 g em™2] for hyperons,

(b) their superfluid transition temperature T S 2 % 107 K,

(¢) the core neutrons near the crust are not a superfluid whose vortices are

strongly pinned to the erust,

(d) the magnetic field B 5 101% G in that core—crust boundary layer.

If Seco X-1 has been spun up by accretion to such a astable equilib-
rium state (in which gravitational-wave flux is proportional to X-ray flux),
it should be detectable by the second generation LIGO detectors. (How-
ever, its spin period P remains unknown; with f,, = 4/3P. Also, verying

M(t) = phase change by one e¢yele in = 3 days.)

When signal recyeling { ‘narrow-banding’) is employed, a few additional
LMXB’s may also be detectable [Cutler & Thorne (2002]].
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