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Fabry-Perot interferometer

Field equation:

E = taEin + rarbe
−2iφE,

whereφ is the light transit phasein the cavit y:

φ = kL =
1
c
ωL.

Resonancecondition: φ = πN .

In presenceof length (δL) and laser frequency (δω) variations, the condition for resonance
becomes:

δL

L
= −δω

ω
.

Deviation from resonanceis measuredby the Pound-Drever-Hall signal:

V (t) = Im{eiγP1(t)}.

The responsesof a Fabry-Perot cavit y are

HL(s) =
δ ~V (s)

δ~L(s)
, and Hω(s) =

δ ~V (s)
δ~ω(s)

.
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Response of Fabry-Perot cavity (1)

HL(s) = Hω(s) =
1

1− s/p0

,

where the pole is p0 = − 1
τ

and τ is cavit y storagetime. (For LIGO arm cavities: τ = 1.7 ms.)
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Time-domain picture of Fabry-Perot

Time-domain dynamics of ¯eld in a Fabry-Perot cavit y:

E(t) = taEin(t) + q(φ) E(t− 2T ),

whereT = L/c and the round-trip re°ectivit y is

q(φ) = rarb e
−2iφ.

Then the condition for resonancebecomes

δ~L(s)
L

= −C(s)
δ~ω(s)
ω

, where C(s) =
1− e−2sT

2sT
.

The magnitude of the frequency-to-length transfer function is

|C(s = i2πf )| =
sin(2πfT )

2πfT
.

The responseof Fabry-Perot cavit y to length variations is

HL(s) =
1

1− q(φ) e−2sT
.

Correspondingly, the responseto laser frequencyvariations is

Hω(s) = C(s) HL(s).
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Response of Fabry-Perot cavity (2)

HL(s) = esT
∞
∏

n=−∞

pn
pn − s

, Hω(s) =
p0

p0 − s

∞
∏

n=−∞

′ pn(zn − s)
zn(pn − s)

The zeros: zn = i π
T
n, and the poles: pn = zn − τ−1.
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Experiment vs theory

Magnitude of HL Magnitude of Hω
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Resonanceposition (FSR) = 37.52kHz

Width of resonance= 164 Hz
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Swept sine of the cavity length
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Transfer function HL(s)

HL(s) =
1

1− rarbe−2sT
∝ 1
s− p1

, where p1 = 2πi FSR− 1
τ
.
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Arm-length mismatch

The magnitude of the transfer function has a small wiggle near the top. This feature is
reproduced by numerical models (Finesseand e2e) and indicates a di®erencein the arm lengths
of about 3{4 cm (Y arm shorter). The simulation results are obtained with the arm-length
mismatch = 4 cm.
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Swept sine of the laser frequency
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Transfer function Hω(s) (100-kHz span)
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Hω(s) near the FSR (200-Hz span)

Hω(s) =
(

1− e−2sT

2sT

) (

1
1− rarbe−2sT

)

→ Hω(s) ≈ s− z1
s− p1

.
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Hω(s) near the FSR (0:1-Hz span)
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the horizontal axis: x = f − fc, where fc = 37520.164237Hz.
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Excitation of sideband fields

The modulation frequency: fmod = 24.481326MHz.

The propagation phase:ψ = 2πfmodT and the round-trip re°ectivit y is

qn = rarb e
−2inψ.

Then cavit y responsea to length variations is

HL(s) =
a0

1− q0e−2sT
− a1

1− q1e−2sT
− a∗1

1− q∗1e−2sT
.

The responseto laser frequencyvariations is

Hω(s) = C(s)HL(s)

Thesetransfer functions acquire additional features at

fm = fmod −Nffsr, and f ′m = (N + 1)ffsr − fmod.

aThe relativ e amplitudes are a0 =
(

ei° ½1 + e¡ i° ½¤
1

)

q0
1¡ q0

, and a1 = ei° ½0
q1

1¡ q1
.
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Measurement of Hω(s) near 1
2FSR
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Measurement of Hω(s) near 3
2FSR
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Nyquist Plot of Hω(s)

Resonatingsidebandsappear as double circles in the phasor diagram (Nyquist plot).
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Anti-resonant point for RF-sidebands
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Discontinuity in the phase

• If the origin is inside the contour, the phasechangesmonotonically from 0 to 3600.

• If the origin is outside the contour, the phasechangesfrom 0 to somemaximum value ©max

and back to 0.
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Measurement of Hω(s) near the anti-resonant point
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Measurement of the arm cavity length

The precision is limited by the minimum step size(1 Hz) of the frequencysynthesizer. The cavit y
lengths thus measuredare

LX = 3995084.18± 0.08 mm,

LY = 3995044.37± 0.08 mm.

The 39.81 mm arm-length di®erenceis consistent with the measurement of HL shown above.
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Excitation of higher order transverse modes

When the incident laser beam is misaligned with respect to the cavit y axis, Hω(s) acquires
additional features at

f01 = ffsr φGouy/π.

The Gouy phaseis

φGouy = arccos(
√
g1g2),

where g1,2 = 1− L/R1,2 are the cavit y g-factors, and R1,2 mirror radii of curvature.

Then the cavit y responseto length variations is

H ′
L(s) = HL(s|0) + µHL(s|φGouy).

In this representation HL(s|0) is the transfer function for the 00-mode (de¯ned on page14) and
µ is the relative magnitude of the 01-mode with respect to the 00-mode.

As before, the responseto laser frequencyvariations is

H ′
ω(s) = C(s)H ′

L(s).
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Measurement of Hω(s) with 01-mode
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Nyquist plot of Hω(s)
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Concluding Remarks

Veri¯cation of fundamental equations for time-domain dynamics of Fabry-Perot cavities

Determination of various parametersof the 4-km LIGO arm cavities

Motiv ation for adding the high-frequencyG.W. channelsat LHO and LLO
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